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The behavior and the properties of medium-energy protons with kinetic energies in the range
26 − 400 MeV is derived from measurements of the particle yields and spectra in the final state
of relativistic heavy-ion collisions (16O-AgBr interactions at 60 A and 200 A GeV and 32S-AgBr
interactions at 3.7 A and 200 A GeV) and their interpretation in terms of the higher order moments.
The multiplicity distributions have been fitted well with the Gaussian distribution function. The
data are also compared with the predictions of the modified FRITIOF model, showing that the
FRITIOF model does not reproduce the trend and the magnitude of the data. Measurements
of the ratio of the variance to the mean show that the production of target fragments at high
energies cannot be considered as a statistically independent process. However, the deviation of each
multiplicity distribution from a Poisson law provides evidence for correlations. The KNO scaling
behavior of two types of scaling (Koba−Nielsen−Olesen (KNO) scaling and Hegyi scaling) functions
in terms of the multiplicity distribution is investigated. A simplified universal function has been
used in each scaling to display the experimental data. An examination of the relationship between
the entropy, the average multiplicity, and the KNO function is performed. Entropy production and
subsequent scaling in nucleus-nucleus collisions are carried out by analyzing the experimental data
over a wide energy range (Dubna and SPS). Interestingly, the data points corresponding to various
energies overlap and fall on a single curve, indicating the presence of a kind of entropy scaling.
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I. INTRODUCTION

Multiparticle production (MP) is an important ex-
perimental phenomenon in high-energy nucleus-nucleus
(AA) collisions [1, 2]. The history MP investigation is
very interesting. It is connected on the one hand with
the developing theory and on the other hand with the
increasing energy of accelerators. In this regard, most
features of MP, such as the average charged particle mul-
tiplicity and the particle densities, are of fundamental
interest as their variations with the collision energy, im-
pact parameter and the collision geometry are very sensi-
tive to the underlying mechanism involved in the nuclear
collisions. The energy-independent KNO (Koba-Nielsen-
Olesen) scaling function [3] is a good measure for the
study of the MP mechanism. In the recent past, the
hypothesis of KNO scaling became the dominant frame-
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work for studying experimentally [4] and theoretically [5]
the behavior of the multiplicity distribution of secondary
hadrons produced in hadron-hadron and hadron-nucleus
collisions at high energy.

The scaling represents independence of a scaling func-
tion from the collision energy, the types of the inclusive
hadrons, and their production angles and includes spec-
tra for various selection criteria with different charged
multiplicities [6]. The general principles can be applied
to the AA interactions as well. Various analyses have
been carried out on the produced pions. Although very
little work has been done with fast target recoil protons,
which are also supposed to carry information about the
interaction dynamics because the time scale of emission
of these particles is the same (≈ 10−22 s) as that of the
produced particles. These target fragments, which are
known as grey-track particles in nuclear emulsion, are
the low-energy part of the intranuclear cascade formed
in high-energy interactions.

The main goal of the present investigation is to study
-1150-
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the distributions of medium-energy protons emitted in
the interactions of 16O-AgBr at 60 A and 200 A GeV and
32S-AgBr at 3.7 A and 200 A GeV. We have compared
our experimental results with the results obtained from
the analysis of the data generated by using the modified
FRITIOF model [7]. The validity of two types of scaling
laws (KNO scaling [3] and Hegyi scaling [8]) for the ex-
perimental data is examined as well. In our earlier publi-
cation [9], we also performed similar investigations in the
case of black multiplicity for these interactions. Finally,
we study of the entropy production and the subsequent
scaling in AA collisions by analyzing the experimental
data over a wide range of incident energies.

II. KNO-SCALING FORMULAE

In 1969, Feynman [10] concluded that the mean to-
tal number of particles increases logarithmically with in-
creasing the collision energy

√
s. He argued that the

probability of finding a particle of type i, mass m, trans-
verse momentum pt, and longitudinal momentum pz had
the form

Pi(pT , pz,m) = fi(pT , pz/W )
dPzd

2pT

E
, (1)

where the energy of the particle E and the parameter W
is given by

E =
√

m2 + p2
T + p2

z =
√

m2
T + p2

z and W =
√

s

2
. (2)

The function fi(pT , pz/W ) is a structure function and
is known as the Feynman function. Feynman’s assump-
tion was that fi was independent of W , which is called
Feynman scaling.

If the invariant cross section, σ, is used, the integration
of Eq. (1) under the assumption Feynman made (W is
large) can give the mean multiplicity in the form

< n > ∝ ln(W ) ∝ ln
√

s. (3)

The concept of Feynman scaling was the main assump-
tion when Koba, Nielsen, and Olesen suggested a similar
scaling in 1972 [3]. This scaling is now called KNO scal-
ing.

One of the most influential contributions to the analy-
sis of multiplicity distributions was made by KNO. They
put forward the hypothesis that at very high energies,
the probability distributions P (n) for detecting n final
state particles exhibit a scaling law of the form

P (n) =
1

< n >
ψ(z) =

σn

σinel
. (4)

The variable z = n/ < n > stands the for normalized
multiplicity, < n > represents the average number of
charged secondary particles, σn is a partial cross-section

for producing n charged particles and σinel is the total
inelastic cross-section. That is to say, the < n > P (n)
measured at different energies (i.e., < n > scales to the
universal curve ψ when plotted against the multiplicity n
rescaled by the average multiplicity < n >. The scaling
function ψ(z) must satisfy the normalization conditions

∫ ∞

0

ψ(z)dz =
∫ ∞

0

zψ(z)dz = 1, (i.e., < z >= 1). (5)

As the multiplicity increases, the fluctuations increase
accordingly. To normalize the fluctuations from naively
increasing in multiplicity, we define the normalized stan-
dard moments Mq as

Mq =
< nq >

< n >q
, (6)

where q = 2, 3, 4 · · · . Obviously, the standard moments
Mq of ψ(z) are independent of the collision energy if
Eq. (4) is satisfied.

Besides ψ(z), a second properly-normalized scaling
function is obeyed by P (n). Hegyi [8] demonstrated that
in addition to < n > P (n), the more simple combination
nP (n) also scaled to a universal curve in the variable
n/ < n > if KNO scaling is valid. This yields the scaling
law for the multiplicity distributions (MDs) in the form

ϕ(z) = nP (n). (7)

The obvious advantages of this new scaling are as follows:
(i) nP (n) is not influenced by statistical and systematic
uncertainties in < n >; hence, ϕ(z) provides more selec-
tive power than the original KNO-scaling function ψ(z).
(ii) The new scaling function generates a scale parameter
σ = 1 because it depends only on the combination of z
and the scale parameter of ψ(z).

III. EXPERIMENTAL DETAILS

Two stacks of nuclear emulsions were horizontally ex-
posed to 32S beams at two widely differing energies. The
first stack of Br-2 emulsion pellicles was irradiated at 3.7
A GeV at the Dubna Synchrophasatron, and the sec-
ond one of FUJI films was exposed to 200 A GeV at
the CERN-SPS (Exp. no. EMU03). Additionally, two
stacks of nuclear emulsions were horizontally exposed to
16O ion beams at the CERN SPS. The first stack of the
FUJI films was irradiated at 60 A GeV and the second
one of the ILFORD−G5 was exposed to 200 A GeV.
The chemical compositions of the used emulsion types
are shown in Table 1.

The pellicles were scanned under 100× magnifica-
tions with an “along-the-track” scanning technique. Each
beam track was carefully followed up to a distance of 5
cm or until it interacted with an emulsion nucleus. Other
details of the irradiations and the scanning are given in
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Table 1. Chemical composition of the used emulsion types (atoms/cm3 × 1022).

Element 1H 12C 14N 16O 32S 80Br 108Ag 133I

NIKFI-BR2 3.1500 1.4100 0.3950 0.9560 - 1.0280 1.0280 -

FUJI 3.2093 1.3799 0.3154 0.9462 0.0134 1.0034 1.0093 0.0055

ILFORD-G5 3.1900 1.3900 0.3200 0.9400 0.0140 1.0100 1.0200 0.0060

earlier publications [9, 11–13]. At all energies, all sam-
ples with inelastic interactions with emulsion nuclei were
analyzed by studying the tracks emitted from each inter-
action detected. Depending on the commonly-accepted
emulsion experiment terminology [14], we classified the
tracks of secondary charged particles generated in each
interaction according to their ionization, range and ve-
locity as follows:

(a) Black (b) particles are those having a range of L <
3 mm, corresponding to protons with kinetic ener-
gies ≤ 26 MeV. They are mainly due to evaporated
target fragments. Their multiplicity is denoted as
nb.

(b) Gray (g) particles have a range L ≥ 3 mm in the
emulsion. These tracks are mostly due to protons
with kinetic energies in the range 26 − 400 MeV.
Their multiplicity is denoted as ng. In each event,
the black and the gray tracks together are called
heavily-ionizing tracks. Their multiplicity is de-
noted as nh = ng + nb.

(c) Shower (s) particles are singly-charged relativistic
particles that mainly consist of pions. Their mul-
tiplicity is denoted as ns.

An event-by-event analysis demands the separation of
events into ensembles of collisions of different projectiles
with hydrogen (H), light nuclei (CNO) and heavy nuclei
(AgBr). Usually events with nh ≤ 1 are classified as
collision with hydrogen. Events yielding two to seven
heavy tracks are classified as CNO events. Events with
nh ≥ 8 arise from collisions with heavy nuclei. In this
method the separation of events for an AgBr target is
quite accurate in samples with nh ≥ 8, but in samples
with 2 ≤ nh ≤ 7, there is an admixture of CNO events
and peripheral collisions with the AgBr target. In this
work, only events with a number of heavy tracks nh ≥
8 were selected so as to exclude CNO interactions and
peripheral collisions with the AgBr target [15].

IV. EXPERIMENTAL RESULTS

In this work, the modified FRITIOF code (MFC) used
is based on the earliest version of the FRITIOF code
(version 1.6) [16]. The modification was carried out by

Shmakov and Uzhinskii [7]. Running the encoded simu-
lation for different emulsion types (see Table 1), we sim-
ulated the probabilities of collisions with different com-
ponents of the nuclear emulsion according to Glauber’s
approach [7]. Then, the FRITIOF simulations were run.

1. Higher-order Multiplicity Moments of Grey
Particles

The usual method of investigating the charged-particle
multiplicity distribution and its shape is to calculate its
higher moments. Higher moments, which have become
very popular nowadays, are much more sensitive not only
to physics effects but also to statistical fluctuations. Re-
cently, the beam-energy and the system-size dependences
for higher moments of net-charge and net-proton MDs
in AA interactions at different beam energies have been
studied in Refs. [17] and [18]. In statistics, probabil-
ity distribution functions can be characterized by using
moments of various orders [19], such as the mean, M
= < n >, the variance, σ2 = < (Δn)2 >, the skew-
ness Skew = < (Δn)3 > /σ3, and the Kurtosis K =
< (Δn)4 > /σ4 − 3, where Δn = n − < n >. Collec-
tively, all moments contain information on the full dis-
tribution, but in practice, only the first few moments
can be calculated with reasonable uncertainties due to
limited statistics.

Skewness and kurtosis are widely used to character-
ize the properties of probability distributions. Skewness
which is used to describe the asymmetry property of
distributions can come in the form of “negative skew-
ness” or “positive skewness”, depending on whether data
points are skewed to the left (negative skew) or to the
right (positive skew) of the data average. On the other
hand, in statistics, kurtosis is the degree of flatness or
‘peakedness’ in the region of the mode of a frequency
curve. That is, kurtosis quantifies whether the shape of
the data distribution matches the Gaussian distribution.
It is measured relative to the ‘peakedness’ of the normal
(Gaussian) curve and tells us the extent to which a dis-
tribution is more peaked or flat-toped than the normal
curve. If the curve is more peaked than a normal curve,
it is called Leptokurtic (more than 3). In this case, items
are more clustered about the mode. If the curve is more
flat-topped than the normal curve, it is Platykurtic (less
than 3). The normal curve itself is known as Mesokurtic
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Table 2. Experimental mean values as well as the variance, skewness, kurtosis and the scaled variance (ratio of variance to
mean), for the g-particles and the corresponding values calculated by using the MFC.

Interaction Energy (A GeV) < ng > < ng >MFC Variance (σ2) Skewness (Skew) Kurtosis (K) σ2/ < ng > (ω)
32S-AgBr 3.7 7.15 ± 0.41 11.04 18.53 ± 1.72 0.89 ± 0.54 3.62 ± 1.07 2.59 ± 0.80
32S-AgBr 200 4.75 ± 0.23 9.87 9.04 ± 1.63 0.96 ± 0.63 3.55 ± 1.27 1.90 ± 0.36
16O-AgBr 60 5.56 ± 0.29 8.17 13.53 ± 1.11 0.98 ± 0.55 3.52 ± 1.10 2.13 ± 0.21
16O-AgBr 200 5.01 ± 0.30 8.25 9.61 ± 1.29 0.95 ± 0.63 3.58 ± 1.27 1.92 ± 0.28

Fig. 1. MDs of g-particles fitted with a Guassian distribution and the predictions of the MFC in the collisions of 32S-AgBr
at (a) 3.7 A and (b) 200 A GeV, as well as in the collisions of 16O-AgBr at (c) 60 A and (d) 200 A GeV.

(equal to 3). The measure of kurtosis is very helpful in
the selection of an appropriate average [20]. For example,
for a normal distribution, the mean is most appropriate,
for a leptokurtic distribution, the median is most appro-
priate, and for a platykurtic distribution, the quartile
range is most appropriate.

For Gaussian distributions, the skewness and excess
kurtosis (= kurtosis − 3) are equal to zero. Thus, they
are an ideal probe to demonstrate the non-Gaussian
fluctuation feature. Recently, the results obtained in
Ref. [21] made possible a rather simple way to perform
mathematical and computer simulations of non-Gaussian
distributions with zero skewness and kurtosis in solving

the problems of measurements, detection, and classifica-
tion.

In Table 2, we display the general characteristics of the
g-particle multiplicity distribution emitted in the 32S-
AgBr interactions at 3.7 A and 200 A GeV and in the
16O-AgBr interactions at 60 A and 200 A GeV by using
the higher-order moments [19], such as the mean < ng >,
the variance σ2 which estimates the dispersion of the
data about the mean, the skewness Skew which mea-
sures how symmetric the distribution is, and the kurtosis
K which measures how sharply peaked the distribution
is. The results in Table 2 show that the distributions
are positively and moderately skewed, meaning that the
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Table 3. Parameters and χ2/DoF of the Gaussian fits to the MDs for g-particles.

Interaction Energy (A GeV) Width Peak Central value χ2/DoF

32S-AgBr
3.7 6.68 ± 0.52 0.10 6.15 ± 0.26 0.08

200 6.25 ± 0.46 0.13 3.62 ± 0.22 0.11

16O-AgBr
60 7.27 ± 0.55 0.11 4.13 ± 0.28 0.09

200 6.66 ± 0.59 0.12 3.60 ± 0.31 0.07

right tail of each distribution is longer than the left tail.
Also, the slightly positive values of the kurtosis indicate
the possibility of a slightly leptokurtic distribution.

An event-by-event measurement of the anisotropy in
heavy-ion collisions is expected to yield fluctuations from
different sources [22]. As a measure of multiplicity fluc-
tuations among the emitted fragments, we use here, as
in the study described in Ref. 9, the scaled variance ω
(= σ2/ < ng >) of the multiplicity distribution of g-
particles. The measured values of ω in Table 2 show
that the MDs in the present work are not Poissonian (ω
> 1).

2. Multiplicity Distributions

In Fig. 1, the normalized MD of g-particles is fitted
with a Gaussian distribution in the 32S-AgBr interac-
tions at (a) 3.7 A and (b) 200 A GeV as well as in
the 16O-AgBr interactions at (c) 60 A and (d) 200 A
GeV. A comparison with the predictions from the mod-
ified FRITIOF model is performed as well in Fig. 1. For
the former case, the parameter values for each Gaussian
fit and the corresponding χ2/Degree of Freedom (DoF)
are calculated, as demonstrated in Table 3. The MDs
of g-particles for all interactions are seen to have been
fitted well with the Gaussian distribution function. For
the latter case, however, noticeable from Table 2 is the
fact that the mean multiplicity for all interactions cal-
culated by using the FRITIOF model was larger than it
was in experimental distribution. In addition, generally,
the predictions of the MFC in the region of ng ≤ 10 un-
derestimate the g-particle production and vice versa in
the region of ng > 10. Clearly in all interactions, the
modified FRITIOF model does not describe the target
fragmentation region sufficiently well. The comparison
indicates a need to modify the code to give reasonably
accurate rescattering.

3. Scaling and Entropy

In Fig. 2(a), the KNO scaling function < n > P (n) =
ψ(z) for g-particle multiplicity data at different energies

Fig. 2. (a) KNO scaling function < n > P (n) = ψ(z)
and (b) KNO scaling function nP (n) = ϕ(z) for g-particle
multiplicity data at different energies fitted with Eqs. (8)
and (9), respectively.

is fitted with the function (solid curve)

ψ(z) = (1.66z + 16.96z3 − 3.96z5 + 1.68z7 − 0.09z9)
× exp(−3.44z). (8)

The value of χ2/DoF is 0.03. Thus, we can see that
our experimental data are consistent with the KNO-
scaling hypothesis. In Fig. 2(b), the KNO scaling func-
tion nP (n) = ϕ(z) for g-particle multiplicity data at dif-
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ferent energies is fitted with the function

ϕ(z) = (1.01z + 13.26z3 − 1.03z5 + 1.57z7 − 0.10z9)
× exp(−3.36z). (9)

The scaling function ϕ(z) represented by the solid
curve approximately reproduces the MD of g-particles
for all the interactions with a χ2/DoF = 0.03. The er-
ror bars are drawn for every experimental point. The
errors shown in Fig. 2 are purely statistical. Investigat-
ing nP (n) instead of < n > P (n) has the obvious ad-
vantage that the statistical and the systematic errors of
< n > do not contribute to the experimental uncertainty
in the shape of the scaling function. Therefore, ϕ(z) can
be more selective between various theoretical predictions
than ψ(z) [8].

Previously [23], the analysis of the p-p, d-d and a-
a data in terms of multiple nucleon-nucleon collisions
was most convenient when Gamma distributions were
used to represent the spectral shapes. This property is
also known as KNO scaling. In this context, because
the gamma distribution has a scaling property (that is,
if ψ(z) ∼ gamma(θ, k) with a scale parameter θ and
a shape parameter k, then ϕ(z) = zψ(z) also has the
gamma distribution), Hegyi proposed a form for the scal-
ing function by using a new scaling variable ω = zθ,
which is given in Ref. [8] by Eq. (15):

ϕ(ω) = ωk exp(−ω)/Γ(k). (10)

It is tempting to check the validity of Eq. (10) against
the data shown in Figs. 2(a) and (b). Accordingly, the
solid curves in Figs. 3(a) and (b) represent the theoretical
ψ(z) and ϕ(z), respectively, corresponding to Eq. (10).
The results lend support for the validity of the above
scaling (Eq. 10).

Obviously, the moments Mq of ψ(z) are independent
of the collision energy as long as the KNO form is valid.
Thus, the moments of the two KNO-scaling functions are
related by

Mϕ
q = Mψ

q+1. (11)

The values of the moments in Table 4 satisfy the equality
in Eq. (11).

In high-energy heavy-ion collisions performed at ener-
gies per nucleon considerably greater than the nucleon
rest mass, the final state contains a large amount of en-
tropy related to multiparticle production, as compared
to N−N reactions, and to their spectral distributions,
which are of a thermal character. An entropy measure-
ment in AA collisions may serve as a tool to investigate
correlations and event-by-event fluctuations. However,
we study here the energy dependence of the multiplicity
by estimating the entropy production in multiparticle
systems, which is defined by Simak et al. [24] as

S = −
∑

n

P (n) ln P (n), (12)

Fig. 3. (a) KNO scaling function < n > P (n) = ψ(z)
and (b) KNO scaling function nP (n) = ϕ(z) for gray-particle
multiplicity data at different energies. Both are fitted with
Eq. (10).

where
∑

n P (n) = 1. A relationship exists between the
entropy S, the average multiplicity < n >, and the KNO
function ψ(z), as long as the KNO form in Eq. (4) is
valid. Therefore, for functions satisfying the normal-
ization conditions in Eq. (5), the following inequality is
valid:

S

ln < n >
≤ 1 +

1
ln < n >

. (13)

The present values of the mean multiplicity and the en-
tropy of medium energy protons in Table 5 seem to be
prove the inequality in Eq. (13). We notice that KNO
scaling is equivalent to scaling with the ratio S/ ln <
ng > in the asymptotic limit, and that the approach to
this limit is very slow.

Finally, an attempt is made to examine the occurrence
of entropy scaling with the present data over a wide en-
ergy range (Dubna and SPS). Figure 4 illustrates a plot
of the behavior of the entropy S as a function of the
number of the target protons, ng, emitted in all inter-
actions. Interestingly the data points corresponding to
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Table 4. Moments of the two KNO scaling functions.

Interaction
Energy Mϕ

q Mψ
q

(A GeV) M2 M3 M4 M5 M2 M3 M4 M5 M6

32S-AgBr
3.7 2.33 4.60 9.97 23.70 1.39 2.35 4.62 10.07 23.93

200 2.70 5.74 13.53 34.32 1.55 2.84 6.03 14.22 36.07

16O-AgBr
60 2.72 5.74 13.21 32.32 1.54 2.83 5.95 13.70 33.53

200 2.63 5.46 12.57 31.10 1.60 2.87 5.97 13.73 33.95

Table 5. Values of the mean (see Table 2) and the entropy for g-particles prove the inequality of Eq. (13).

Interaction
Energy

S S/ ln < ng > 1 + 1/ln < ng >
(A GeV)

32S-AgBr
3.7 2.74 ± 0.16 1.39 ± 0.08 1.51 ± 0.09

200 2.35 ± 0.11 1.51 ± 0.07 1.64 ± 0.08

16O-AgBr
60 2.57 ± 0.13 1.46 ± 0.08 1.57 ± 0.08

200 2.35 ± 0.14 1.46 ± 0.09 1.62 ± 0.10

Fig. 4. Behavior of the entropy as a function of the number
of target protons emitted in all interactions.

various energies overlap and fall on a single curve, indi-
cating the presence of a kind of entropy scaling that is
well fitted with the function S = 0.232ng exp(−0.303ng),
with χ2/DoF = 0.02.

V. CONCLUSION

Based on the findings of this study, let us summarize
our main results:

1. In this work, the behavior and the properties of
medium-energy protons with kinetic energies in the range
26 − 400 MeV are derived from measurements of the

particle yields and spectra in the final state of relativistic
heavy-ion collisions (16O-AgBr interactions at 60 A and
200 A GeV and 32S-AgBr interactions at 3.7 A and 200
A GeV) and their interpretations are given in terms of
the higher-order moments.

2. The multiplicity distributions for all interactions
are well fitted with Gaussian distribution functions. The
data also are compared with the predictions of the mod-
ified FRITIOF model, showing that the predictions do
not reproduce the trend and the magnitude of the data.
The comparison indicates a need to modify the code to
give reasonably accurate rescattering.

3. Fluctuations and correlations are second moments,
so they allow for a better understanding of physical pro-
cesses. The direct measure of the scaled variance ω was
used as a measure of multiplicity fluctuations. The mea-
surements (ω > 1) showed that the production of target
fragments at high energies could not be considered as
a statistically-independent process. However, the devia-
tion of each multiplicity distribution from a Poisson law
is evidence for correlations. These correlations may be
interpreted in terms of the concept of clustering [25]; that
is, the particle production takes place via the formation
of some intermediate states, referred to as “clusters”,
which finally decay isotropically in their center-of-mass
(c.m.) frame to real hadrons.

4. The KNO scaling behaviors of two types of scal-
ing (Koba−Nielsen−Olesen (KNO) scaling and Hegyi
scaling) functions in terms of the multiplicity distribu-
tion were investigated. We demonstrated that besides
< n > P (n), the more simple combination nP (n) also
scaled to a universal curve in the variable n/ < n > when
KNO scaling was valid. A simplified universal function
was used in each scaling to display the experimental data.
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5. The examination of the relationship between the
entropy, the average multiplicity, and the KNO function
suggests that KNO scaling is equivalent to scaling of the
ratio S/ln < ng > in the asymptotic limit as long as the
KNO form is valid.

6. Entropy production and subsequent scaling in AA
collisions was carried out by analyzing the experimen-
tal data over a wide energy range (Dubna and SPS).
Interestingly, the data points corresponding to various
energies overlap and fall on a single curve, indicating the
presence of a kind of entropy scaling.

Recently [9, 26, 27], the search for a scaling formula,
which is universal to all types of reactions, that is,
hadron−hadron, hadron−nucleus, and nucleus−nucleus
interactions, has been of great importance for studying
the collision dynamics involved in particle production.
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