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Cross-modal slant and curvature matching
of stereo- and motion-induced surfaces
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In many laboratory setups and in many day-to-daysituations, a unique solution ofthe structure-from­
two-views problem is unobtainable. Yet,when the visual system is presented with two projections in a
sequence, it nevertheless appears to generate a reasonably stable percept of structure. In the research
reported here, we examined whether the same surface would be perceived when subjects were pre­
sented with a pair of views that alternated in time monocularly (two-frame motion) or were shown si­
multaneously to both eyes (stereo). In Experiment 1, we studied slant perception: human observers
were asked to match the slant of a motion-induced planar surface with its stereo-induced counterpart.
In Experiment 2, the perceived curvature of parabolic surfaces was matched in a similar way. The
results show that motion-induced slant is matched with a higher value of the stereo-induced slant.
However, the curvature experiment showed that motion-induced curvature is matched with a lower
stereo-induced curvature. One possible explanation may be that the slant and curvature are internally
inconsistent in at least one of the modalities.

Mathematically,the metric three-dimensional (3-D) struc­
ture of a rigid set of identifiable points is generally fully
specified by only two perspective projections ofthe object
from different viewpoints (see, e.g., Longuet-Higgins, 1981).
Representations ofsuch 3-D structures can be useful to sys­
tems interacting with their environment.

The human visual system appears to be able to extract cer­
tain (not necessarily Euclidean) 3-D properties of a rigid
scene from two distinct projections shown either to both eyes
simultaneously (i.e., stereo) or sequentially to one eye (i.e.,
motion parallax).

The displacement of a point in the scene between pro­
jections is called disparity in the stereo domain and veloc­
ity in the motion domain (given the time frame). The dis­
placement fields in both domains, however, can in principle
be processed identically in order to extract 3-D information
about the scene. Indeed, ample psychophysical evidence
indicates a close relationship between the processing in both
modalities (Graham & Rogers, 1982; Nawrot & Blake,
1989; Norman, Todd,Tittle, & Perotti, 1993; Rogers & Col­
let, 1989; Rogers & Graham, 1982, 1983).

Our aim is to study the ability ofthe visual system to ex­
tract and match 3-D properties in these modalities. Our
study focuses on the extraction of surface slant and curva-
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ture specified by either stereo or motion parallax and puts
some constraints on the stratification of processes in the
two domains.

When we refer to specified slant or specified curvature
in the following text, this should be read as the slant or cur­
vature that can be calculated from the stimuli, given the
information of the viewing geometry. Furthermore, if the
specified slant or specified curvature ofa motion stimulus
equals, respectively, the specified slant or specified cur­
vature of a stereo stimulus, their displacement fields will
be identical.

Figure 1 is a scheme of possible processing streams for
extracting slant and curvature in both domains. The inter­
nal representations 5m and S, of slant 5 in, respectively,
motion and stereo (and, similarly, the representations Cm
and C, of curvature C) are psychophysically not observ­
able. However, we can measure the slants 5m and 5s (and
similarly the curvatures Cm and Cs ) that observers judge
to be equivalent, by using matching experiments. That is,
one can obtain the relations Me and Ms: S, = Ms(5m) and
Cs = Me(Cm). In Experiments 1 and 2, we will measure
these relations Me and Ms. We also tried to compare depth
in both modalities. During the pilot measurements, we found
depth from motion to be basically nonexistent. The rela­
tive movement of two surfaces (a planar foreground sur­
face and a planar background) with respect to each other
looked in most cases just like two surfaces sliding closely
over each other. This phenomenon was previously reported
by Gibson, Gibson, Smith, and Flock (1959): "The two ve­
locity case yielded consistent perceptions ofthe separation
of one surface into two. The flow-gradient case (motion
perspective) yielded consistent perceptions of slant, or rate
of recession in depth." The problem is that the situation
oftwo surfaces sliding over each other may be a correct al­
ternative interpretation of the stimulus. It is probable
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Figure 1. Scheme of possible processing streams for the extraction ofslant and cur­
vature from motion and stereo. Slant can be derived from curvature by integration
and curvature can be derived by slant by means of derivation. Furthermore, both
quantities may be derived independently. The dashed arrows indicate where our mea­
surements fit in. M, indicates the relation that is found by matching motion-defined
slants with stereo-defined slants and Me indicates the relation that is found by match­
ing motion-defined curvatures with stereo-defined curvatures.

that a perception of depth (if it exists) is only obtained in
situations in which at least a slant in depth is present. The
consistency of depth and slant "modules" might then be
tested by examining the perceived depth difference of two
positions connected by a series of (differently) slanting
surfaces. This, however, is beyond the scope ofthe present
research.

Structure From Motion
Metzger (1934), as well as Wallach and O'Connell

(1953), demonstrated the ability of the human visual sys­
tem to acquire a 3-D structure from the projections ofmov­
ing objects which, when viewed monocularly and statically,
were purportedly devoid of3-D depth cues. That observers
obtain a unique solution is intriguing, since the computa­
tion of structure from motion is an ill-posed problem: an
infinite number ofmoving structures project onto the same
retinal images (the movement of images on a projection
screen itself is an example of such a solution). To reduce
the family ofsolutions, assumptions have to be made about
the underlying structure; constraints such as connectivity,
(piecewise) rigidity, smoothness of the objects, and/or
knowledge of the common motion parameters have been
proposed to deal with the ambiguities (see, e.g., Hoffinan
& Bennett, 1986; Koenderink, 1986; Longuet-Higgins,
1981; Longuet-Higgins & Prazdny, 1980; Roach & Ag­
garwal, 1979, 1980; Subbarao, 1988). And even then, the
solutions might not be unique.

The literature cited above is concerned with perspective
projection. Aloimonos and Brown (1989) have shown that
in the case oforthographic or parallel projection, the rigid­
ity constraint is not sufficient for two views with an arbi­
trary number ofpoints to arrive at a unique solution. Sev­
eral researchers (Bennett, Hoffinan, Nicola, & Prakash,
1989; Koenderink & Van Doom, 1991; Kontsevich, 1993)
have demonstrated how a one-parameter family of solu­
tions can be found from two parallel views. Because the
quantitative difference between parallel projection and
perspective is negligible in many cases (small objects at

about arm's length or farther away) and is often even ob­
jectively zero in typical laboratory setups (e.g., on discrete
raster displays under the same viewing conditions), one
cannot expect the visual system to do any better than to ar­
rive at such a set of solutions (see also van Veen & Werk­
hoven, 1994). To arrive at a unique solution, extra as­
sumptions have to be made about the specific surface
transformation between projections or additional infor­
mation has to be derived from other sources (e.g., from ac­
commodation, familiar size, etc.). The solution may differ
from setup to setup; a specific environment may force a
certain response. An important question is whether the as­
sumption depends only on the visual input itself. More
specifically, is there a difference in the way we arrive at a
unique solution for planar surfaces as opposed to curved
surfaces?

Structure From Stereo
To derive structure from stereo, fewer assumptions have

to be made about the outside world than have to be made
in order to derive structure from motion in the case of the
passive observer. The two frames ofa stereo image are ob­
tained simultaneously; therefore, they have to be con­
nected by a rigid transformation. The direction of the dis­
placement between the eyes is known, as is the direction
of the axis of rotation (however, torsional movements of
the eyes may change the axis of rotation). Using the same
algorithms as mentioned above for motion, a reconstruc­
tion ofthe visual world may be obtained. Knowledge about
the interocular distance (which could be gauged by expe­
rience ofreaching or moving around in the world) and ver­
gence angle (from eye muscle information) could provide
additional proprioceptive information. However, although
there is evidence that the vergence angle is used by the vi­
sual system, it appears that the angle is not registered very
accurately (Cumming, Johnston, & Parker, 1991; Hofsten,
1976; Johnston, 1991; Ritter, 1977, 1979). There is, how­
ever, also evidence to the contrary. Stevens (1983) found
that the slant of two planes at two different distances could
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be matched quite accurately. One interpretation is that the
distances in his experiments were known, but this claim
should be taken with caution, since Stevens's planes were
richly textured with reasonahly large texture elements that
may have served as additional, distance-independent, cues
for slant.

Other Cues
We wanted to study mechanisms in the visual system

that are tuned to specific local properties ofthe visual world
presented in the form of disparity or velocity fields. For
the surface patches studied in our experiments, such prop­
erties consist of slant (related to the first derivative of
these fields) and curvature (related to the second deriva­
tive ofthese fields). Weused a matching technique to study
these properties. For example, observers were asked to
match the slant of one surface patch with that of another.
To discourage observers from using cues other than those
in the velocity dimension, we had to take special precau­
tions. When the two matched surface patches had identi­
cal shape and size in 3-D, the geometry of the discontinu­
ities in the projected velocity field of the surface patches
(at the edges ofthe patch) would be a sufficient cue to match
their slant. Such a cue would not be sufficient to match the
curvature of surface patches. Since we were interested in
the consistency of local properties, we wanted to eliminate
this cue. Therefore, we chose to randomize the shape of the
motion- and disparity-specified surface patches. More
specifically, we used elliptical surface patches, the size and
aspect ratios of which were randomized.

A complication of the cue elimination described above
is that it introduces a conflicting cue that may bias the ex­
traction ofslant based on local velocity or disparity fields:
the foreshortening cue. Pilot experiments had shown that
observers interpreted a projected surface patch with an as­
pect ratio that deviated from I as being a circular surface
patch in space slanted according to the aspect ratio. Such
an interpretation may interact with the slant estimation
based on the disparity or velocity information of the sur­
face patch. In particular, when the shape of the surface
patch in space is not circular (but is assumed to be circu­
lar by the observer), this foreshortening cue provides a
slant estimate that differs from the disparity-/velocity-based
estimate. To our knowledge, the interaction between the
slant induced by the shape of the surface patch and the
slant induced by motion or disparity distributions has been
studied only scantly (Youngs, 1976). We analyzed our data
for the presence of such an interaction.

Another conflicting cue would be the accommodation
of the eye lens. However, the accuracy of this cue is lower
than the depth range used in our experiments (Helmholtz,
1910), so this cue should not pose much of a problem.

GENERAL METHOD

Procedure
We used a matching paradigm. Subjects were first shown a mo­

tion sequence with a duration of3 sec (reference) with one eye cov-

ered and then a stereogram (test), also shown for 3 see. The stimuli
were separated by a static noise pattern which was shown for 0.5 sec.
The values of the test (be it slant or curvature) could then be ad­
justed. After each adjustment, the resulting test image was shown.
The minimum adjustment step was 0.50 in the slant experiment and
0.02 em -I in the curvature case, but larger steps could be used. Each
test image had a random aspect ratio drawn from the range ofthe ref­
erence's aspect ratios.

Subjects could view the reference again at any time. There was no
time limit. When the subjects indicated they had obtained a match,
a new reference was presented.

The references were drawn in a random order. In the slant ex­
periment, both the slant values (three) and aspect ratios (five) were
mixed; each combination was presented three times, giving a total of
45 references for each tilt direction. In the curvature experiment,
each of the 5 reference curvatures was presented five times in one
session, with a new random texture surface for each new occur­
rence. Each curvature session was repeated three times, mostly on
different days.

Stimuli
Both motion and the stereo stimuli were generated with the same

program, which calculated the intersections of the lines from the
viewpoints to the object points and the screen. In principle this is a
perspective projection; more about this can be found in the General
Discussion section. The motion frames are shown sequentially (each
image was displayed for the duration of seven vertical retraces ofthe
monitor [i.e. I/lOth of a second]) and the stereo frames (semi) si­
multaneously. Thus, the two-frame motion that is obtained in this
way simulates the visual input of an observer who moves over the in­
terocular distance (ca. 6.5 ern) between frames (see also the Appen­
dix). The stimuli were presented at the same distance as that used for
their calculation (60 ern), The center, which was to be judged, was
indicated by means of a blinking dot.

Random dot stereograms were used to depict the stimuli. Each
surface was surrounded by a background with about the same den­
sity (15%). We tested to ensure that no shape information whatso­
ever could be extracted, monocularly.

Owing to the discrete character of the screen, disparities on the
screen could only change stepwise. In order to smooth the surface, the
disparity of a point on the screen could be increased by one pixel,
with a probability proportional to the rounding error that was made
by truncating the calculated disparity of that point. In this way the
average height (z) of a small neighborhood of a point was about the
same as it would be in the continuous case. More details on the stim­
ulus generation can be found in de Vries, Kappers, and Koenderink
(1993,1994).

Apparatus
We presented the random dot stereograms and the two-frame mo­

tion sequences on an Atari SM 124 white phosphor monitor con­
nected to an Atari mega ST4 computer. Left- and right-eye images
were displayed on alternating vertical blanks of the monitor. The ap­
propriate eye was selected by using LCD spectacles (Crystaleycs
from StereoGraphics Corp.). This reduced the effective frame rate
per eye to about 35 Hz, just above the flicker-fusion frequency for
the lighting condition we used. Experiments were done in a dark
room; average luminance of the screen was 40 cd/rn-.

Screen dimensions were 20.75 X 13.0 em (19.60 X 12AO), with
640 X 400 pixels. The screen was viewed from a distance of 60 ern.

Observers
Three observers (H.V, P.w., and S.V) took part in the experi­

ments. H.V was naive with respect to the goals of the research. Ob­
server P. W. was naive with respect to the use of the aspect ratios.
Spatial acuity and stereo acuity were tested and found to be normal
or above normal. H.V and S.V used correction lenses (- 1.5/+0.75 D
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and - 5.5/- 5D, respectively). The right eye was used for the monoc­
ular task. This was the dominant eye for all subjects.

EXPERIMENT 1
Matching the Slant of Stereo- and

Motion-Induced Planar Surface Patches

This section describes an experiment in which observers
were asked to adjust the slant of a stereo-induced planar sur­
face patch such that its slant was judged equal to the slant
of a motion-induced surface patch (see the Method sec­
tion for a detailed description). In the following subsec­
tion, we discuss how the matched slant ofa surface patch
depends on surface slant.

Method
In the first experiment, we used flat slanted surfaces with an el­

liptic rim (see Figure 2). The aspect ratio ofthe elliptic rim (defined
in this case as the vertical extent divided by the horizontal extent)
was randomized within the range of 0.8-1.2 in order to discourage
observers from using the depth differences at the boundaries of the
projection of the rim (the contour) as a cue to extract slant. The ef­
fect that the aspect ratio of the rim has on judged slant is discussed
in a later subsection. The specific values ofthe aspect ratio were cho­
sen in this way so that with a circularity assumption the range ofap­
parent slants included the range ofstereo-specified slants. Since the
surfaces were surrounded by an equal-density background, the bound­
ary cue was in the cyclopean domain. The surfaces subtended a cir­
cular disk (in the case ofan aspect ratio of I) with an average radius
of3.5 em.

Originally, four slant values were used: 7.5°, 15°,22.5°, and 30°.
Slant was in the horizontal direction (a tilt of 0°) and in the vertical
direction (a tilt of90°). During the pilot phase ofthe experiments we

found that the 7.5° slant condition did appear more like a deforming
patch, which dominated the slant percept. Therefore, we excluded
this value from the experiments. The slant values were chosen so that
the pixel displacements did not supersede D-max (Braddick, 1974).

Results
Dependence on stereo slant. Figure 3 shows which

stereoscopically presented displacement field is matched
to a particular dynamically presented displacement field.
Ofcourse, subjects were instructed to match the apparent
slant only. The settings are quantified as the correspond­
ing slants that can be calculated if the viewing geometry
is known. The direction of the slant (the tilt) was horizon­
tal in the case ofthe data presented in Figure 3a, and ver­
tical in the case ofFigure 3b. The reference slant (i.e., the
motion-specified slant value) is given along the horizon­
tal axis. We have shown the matched slant (i.e., the stereo­
specified slant value) along the vertical axis. The three
graphs correspond to the results for the 3 observers. The
dashed line gives the results that would be expected if ob­
servers judged the slants of motion- and stereo-specified
surface patches to be equal. Clearly, this was not the case.

For example (see Figure 3a), a slant (in horizontal di­
rection) of 15° for a motion-specified surface patch was
judged equal to a slant of 17°(averaged across observers)
ofa stereo-specified surface patch. Furthermore, motion­
specified slant values of22.5° and 30° were matched with
(averaged) stereo-specified slant values of 32° and 35.5°,
respectively. In general, observers matched a given motion­
specified slant with a stereo-specified slant that was
markedly higher.

Figure 2. Examples ofthe presented stereograms. The upper panels show one ofthe
stimuli of Experiment 1, a slanted planar surface; the lower panels show a horizon­
tally oriented parabolic cylinder used in Experiment 2. Size, density and disparity lev­
els differ from the actual setup. To view the stereograms the right-hand and middle
panels should be cross-viewed or the left-hand and the middle panels should be viewed
with lines of sight parallel.
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Discussion
From Figure 3 we conclude that the matched slant of a

motion-specified surface patch depends on the motion in­
formation contained in that surface patch (the velocity
gradient, or the motion cue). Our visual system makes use
of the fact that local velocities depend on local surface
depth. Figure 4 reveals the dependence of matched slant
on a second source of information: the contour of the pro­
jection of the surface patch. We will refer to the use of
contour information as the foreshortening cue. Both cues
interact in the observers' match of slant.

To discuss the use of the foreshortening cue, we use the
term edge for the curve that "bounds" the surface patch in
3-D space. In the projection, the image ofthe edge appears

However, we should restrict ourselves somewhat here:
if the slant depends on the vergence angle (and there is ex­
perimental evidence which supports this), then, for differ­
ent vergence angles, the stereo slant should be different.
Such variability makes the comparison dependent on the
particular value of the vergence angle, and the obtained re­
lation (motion slant is stronger than stereo slant) cannot be
used for the comparison between slant and curvature cases
in general.

Dependence on aspect ratio. We have reorganized the
data used for Figure 3 in order to reveal the effect that
the shape of the motion-specified surface patch had on the
matched slant of the stereo-specified surface patch. In Fig­
ure 4, we have averaged the matched slant values of the
stereo-specified surface across all possible shapes of the
motion-specified surface patches. In this section, we have
singled out the data for the different aspect ratios of the
motion-specified surfaces.

Figure 4 shows the matched slant of stereo-specified
surfaces (vertical axis) as a function of the aspect ratio of
the motion-specified surface (horizontal axis) for three slant
values of the motion-specified surface: (1) 15°, (2) ns,
and (3) 30°. The results for the vertical slant direction (a
tilt of 90°) are indicated with square symbols: the results
for the horizontal slant (a tilt of0°) condition are indicated
with circular symbols.

For conditions in which the compared slant directions
are vertical, the matched slant of the stereo-specified sur­
face patch roughly decreases when the aspect ratio of the
elliptic patch increases. That is, motion-specified patches
that are elongated in a direction orthogonal to their slant
direction yield higher matched slant values for the stereo­
specified patches than for circularly shaped motion­
specified patches.

For the condition in which the compared slant direc­
tions are horizontal, the matched slant value ofthe stereo­
specified surfaces roughly increases with the aspect ratio
of the motion-specified surface patch. A description in
terms of the elongation of the surface patch for this "hor­
izontal slant" condition is similar to that for the "vertical
slant" condition: an increment of the elongation of a
motion-specified patch orthogonal to the direction of its
slant yields an increment of the matched slant of a stereo­
specified patch.
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Figure 3. Matched stereo-specified slant as a function of motion­
specified slant. Along the vertical axis we have shown the slant of a
stereo-specified surface patch that is judged equivalent to the slant
of a motion-specified surface patch (horizontal axis). The dashed
line gives the results expected when observers judge the slants of
motion- and stereo-specified surface patches equal. The three
curves are for the Observers P.W., S.Y., and H.Y.. (a) Motion- and
stereo-specified surfaces were slanted in a horizontal direction.
(b) Motion- and stereo-specified surfaces were slanted in a verti­
cal direction. Error bars indicate the measurement error.

We observe similar results when the slant has a vertical
direction (see Figure 3b). For the motion-specified slants
within the range studied (15°, 22.5°, 30°), the matched
stereo-specified slant values are markedly higher (21.1°,
27.0°, 35.1°, respectively).

Conclusion. The slant of motion-specified surface
patches was generally matched to a higher value ofthe slant
ofstereo-specified surface patches. Thus, the same pair of
images yielded different slant judgments when presented
simultaneously and binocularly (stereo) than when pre­
sented sequentially and monocularly (motion).
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Figure 4. Effect of aspect ratio. The data used for this figure are the data presented in Figure 3, reorganized to reveal the effect of
the shape of a surface patch. Plotted are the results averaged across observers. Note that observers matched the slant of a stereo­
specified surface patch (of which the aspect ratio of the elliptical rim was randomized) with the slant of a motion-specified surface
patch (with a rim with aspect ratio, say, a). The aspect ratio a ofthe motion-specified surface patch is shown along the horizontal axis.
The slant of the motion-specified surface is different for each panel: (a) 15° slant; (b) 22.5° slant; (c) 30° slant. The matched slant of
the stereo-specified surface is plotted along the vertical axis (averaged across Observers P.W.,S.v., and n.v.). Each panel contains two
curves: square symbols indicate the condition in which the stereo- and motion-specified surfaces to be compared had a vertical di­
rection; circles indicate that compared surfaces were slanted in a horizontal direction.

as the contour. To make use of the foreshortening cue, our
visual system has to make assumptions concerning the edge
of the surface patch. For example, under the assumption of
a circular edge, the aspect ratio ofthe contour is directly cor­
related with the slant of the surface patch. Under this "cir­
cularity" assumption, a manipulation of the edge (e.g., tak­
ing an elliptical edge) will yield a contour-based estimation
of slant that deviates from the motion-based slant estima­
tion. It is likely that the foreshortening cue biases the motion
cue when the edge ofthe surface patch is not circular.

Under the circularity assumption, an aspect ratio of I
for the edge of the surface patch is expected not to bias the

slant matches. Therefore, the motion-based slant match­
.ing is revealed best by the data for aspect ratio I. From all
the panels in Figure 4, we see that the matched slant ofthe
stereo-specified surface patch is higher than the motion­
specified value (except in panel b, when the surface slant
is 22.5° in the vertical direction). This suggests that stereo­
induced slant is indeed underestimated relative to motion­
induced slant.

For aspect ratios of the edge higher than I, the matched
slant of the stereo-specified surface increases for a hori­
zontal slant direction (circular symbols in Figure 4). This
is consistent with the "circularity" assumption. The con-
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motion curvature (l/cm)

Figure 5. Matched stereo-specified curvature as a function of
motion-specified curvature. Along the vertical axis, we have shown
the curvature of a stereo-specified surface patch that is judged
equivalent to the curvature of a motion-specified surface patch
(horizontal axis). The straight line shows the results that would
have been obtained had the observers matched dynamically pre­
sented displacement fields to the same displacement fields pre­
sented in stereo. The three different curves are for three different
observers (P.W., S.V., and H.Y.). (a) Motion- and stereo-specified
surfaces were curved in a horizontal direction. (b) Motion- and
stereo-specified surfaces were curved in a vertical direction.

ilar.The straight linegives the results that would be expected
if observers judged the curvature of motion- and stereo­
specified surface patches as equivalent.

In general, observers matched the curvature of a mo­
tion-specified surface with a lower curvature of a stereo­
specified surface. This effect can be rather extreme. For
example, a motion-specified curvature of 1.35 cm -I was
matched with a stereo-defined curvature of 0.97 cm" '
(averaged across observers). Matched curvature values
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tour of the motion-specified surface is elongated in the di­
rection orthogonal to its slant direction. Thus, the fore­
shortening cue cooperates with the motion cue. For a par­
ticular aspect ratio smaller than 1 (dependent on the
surface slant), the contour becomes circular, suggesting a
flat surface. These values are 0.97 for a slant of 15°, and
0.92 and 0.87 for slants of22'so and 30°, respectively. Be­
neath these values, the judged contour-based slant of the
surface changes in direction from horizontal to vertical.
For such conditions, the motion-induced slant of the sur­
face is smaller than the motion-induced slant ofa surface
patch with aspect ratio of 1, suggesting that contour-based
and motion-based slant estimates interact even if the tilt
values are orthogonal.

For the condition in which motion- and stereo-based
surface slant is vertical (square symbols in Figure 4), the
observations are similar when discussed in terms ofrecip­
rocal aspect ratios. For a purely isotropic visual system,
the ascending curves (circular symbols) and descending
curves (square symbols) in a panel should be each other's
mirror images with the vertical through the aspect ratio I
as a symmetry axis. Such symmetry is observed in Fig­
ure 4a (15° slant).

Obviously, however, such symmetry does not generally
exist. The effect ofcontour-based information on the judg­
ment motion-specified surface slant is clearly anisotropic
for higher slant values (Figures 4b and 4c).

Method
In this experiment. we used convex parabolic arches with a cen­

tral curvature of 0.45, 0.68. 0.91, 1.13, and 1.36 cm " (see Figure 2).
As in the slant case, the values were chosen so that all displacements
were within D-max. In pilot experiments. we noticed that areas on
the surfaces with a zero velocity (this is the case for positions whose
simulated distance from the monitor was zero) seemed to separate
from the adjoining areas. Since the observers were required to judge
the center part of the arches. we raised the arches 2.5 em so that at
least these parts were always moving.

EXPERIMENT 2
Matching the Curvature of Stereo- and

Motion-Specified Curved Surface Patches

Results: How Matches Depend on the Curvature
of the Surface Patch

In Experiment I, observers matched the slant of a pla­
nar motion-specified surface patch with that of a stereo­
defined planar surface patch. Here, we studied curvature
and use parabolic cylinders. The procedure followed was
similar to that ofExperiment 1,except that observers were
now asked to match the curvature of a motion-specified
surface patch with that ofa stereo-specified surface patch.

Figure 5a shows matched curvature values when the
parabolic cylinder was oriented in the vertical direction­
that is, the surface was curved in a horizontal direction.
Wecall this the "curved-horizontal" condition. The matched
curvature values of the stereo-specified patches are plot­
ted along the vertical axis as a function of the curvature of
the motion-specified patch (horizontal axis). The perfor­
mance on observers (three different curves) is very sim-
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correspond to identically curved patches only for the low­
est curvature value measured (0.45 crrr t).

Figure 5b shows matched curvature values when the
surface patches were curved in the vertical direction (hor­
izontally oriented parabolic-cylindrical surface patches):
the "curved-vertical" condition. As can be observed for the
"curved-horizontal" condition, in the "curved-vertical"
condition motion-specified surface patches are generally
matched with "flatter" stereo-specified surface patches.
Although observers performed very similarly in curvature
matching when parabolic cylindrical surface patches were
curved in the horizontal direction (Figure 5a), perfor­
mance differed somewhat when the surface patches were
curved in the vertical direction. For example, Observers
H.Y.,P.W, and S.Y. matched a motion-specified curvature
of1.35em-I with stereo-specified curvature values of0.59,
0.99, and 1.20 cm", respectively. For 1 observer, the re­
sults for the lowest curvatures measured deviate from this
general trend: Observer S.Y. matched a motion-specified
curvature of 0.45 and 0.68 em"! with a stereo-specified
curvature of0.68 and 0.71 em:", respectively.

Discussion
Generally, the curvature of amotion-specified surface

patch ismatched with a lower curvature ofa stereo-specified
patch. Roughly speaking, matched stereo-specified cur­
vature varies linearly with motion-specified curvature.
The steepness ofthese approximately linear curves in Fig­
ure 5 can be interpreted as the "gain" with which curvature
is extracted in the stereo domain relative to such gain in
the motion domain. Averaged across observers, this rela­
tive gain ofcurvature extraction is approximately 60% for
the "curved-horizontal" and 76% for the "curved-vertical"
condition. However, it is clear that the linear relation should
break down at lower slant values, since the nonzero inter­
cept would imply a considerable curvature of the fronto­
parallel plane. Such a high curvature was never observed
in the case of apparentfrontoparallel plane tasks (Helm­
holtz, 1910), in which only small deviations ofa real fronto­
parallel plane were found.

GENERAL DISCUSSION

Inconsistency of Slant and Curvature Extraction
We asked observers to match quantities of the 3-D en­

vironment specified by two images that were presented ei­
ther simultaneously and binocularly (stereoscopic surface)
or sequentially and monocularly (moving surface). We were
particularly interested in comparing human performance
for matching surface slant and surface curvature. In our
experiments, matched stereo-specified slant was gener­
ally higher than motion-defined slant, whereas matched
stereo-defined curvature was lower than motion-defined
curvature. From this it follows that in at least one of the
modalities the "internal representations" of slant and cur­
vature are not related in a strict mathematical way, since
an overestimation ofthe slant should necessarily lead to an
overestimation of curvature if this were the case.

Did the Stimuli Contain Perspective Information?
The observer-object geometry and the metric object

representation can be fully specified by two perspective
projections of five surface markers in general positions
given unlimited precision (Longuet-Higgins, 1981). The
same information is specified for two views of an object
moving rigidly relative to the observer (except for special
movement conditions). A key notion here is the use ofper­
spective information. When the contribution of perspec­
tive transformations becomes unmeasurable (small viewing
angle, small depth range), we can consider the two images
as two parallel projections ofthe object.

Inorder to assess the amount ofperspective information
that was present in our stimuli, we calculated two per­
spective projections PI(X; ,y; ,z;) and P2 (x;,y;,z;) ofa given
set ofpoints x;, y;, z; (i = 1 ... N, N = 841) uniformly dis­
tributed across the surface patch. PI andP2 differ from each
other, owing to the stochastic rounding process (see the
Method section). We also calculated a parallel projection
P'(x;,y;,z;) of the same set of points.

As a measure ofthe difference between two perspective
disparity fields we use the averaged squared difference:
L~[PI (x;,y;,z;) - P2(x;,y;,z;)]21N. We call this the inter­
nal variance. Similarly, the averaged squared difference
between a perspective and a parallel projection is:
L~[PI(X;,y;,z;) - P'(x;,y;,z;)]2IN, which we call the ex­
ternal variance.

If the external variance is not significantly higher than
the internal variance, the difference between a parallel pro­
jection and a perspective projection will be negligible. For
a set of five slanted surfaces with a slant of30°, we found
an average internal variance of0.62 ± 0.02 and an average
external variance of 0.65 ± 0.03. Hence, our stimuli can­
not be distinguished from parallel projections.

Computational Differences Between Motion and
Stereo Processing

With only two parallel projections, metric information
is lost, yielding a one-parameter family ofpossible object
representations (Koenderink & van Doorn, 1991). Only
affine properties are invariant within this one-parameter
family (e.g., distance ratios along the same direction). Con­
sequently, the slant and curvature ofa surface patch are no
longer uniquely determined. They are known only as a func­
tion of an unknown parameter: the magnitude of the sur­
face rotation about an axis in the frontoparallel plane, or
the turn. To reduce this family of solutions for the surface
properties to a single surface representation, missing infor­
'mation has to be added or extra assumptions need to be
made. For example, one can pick a solution with the small­
est surface slant (Koenderink & van Doorn, 1991). Alter­
natively, one can guess a turn (in motion) or a vergence
angle (in stereo) and complete the reconstruction. It is ob­
vious that the extraction of surface properties via such as­
sumptions may no longer be veridical.

When a static scene is viewed, the processing ofmotion
parallax by a moving observer and of stereo information
by a static observer are not necessarily different: the ob-
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server may have access to ego-motion parameters (for the
motion domain) or relative eye positions (for the stereo
domain) through proprioceptive information.

For a dynamic scene, however, processing in the two
domains does differ fundamentally. That is, in the stereo
domain, the observer can still rely on proprioceptive infor­
mation, whereas in the motion domain, the object-motion
parameters (e.g., the tum) are unknown. Therefore, the ex­
traction of 3-D information from the projections of a re­
volving object necessarily relies on assumptions ofthe tum
(or, equivalently, the slant of the axis of rotation; see Ben­
nett et aI., 1989).

We have analyzed two possible strategies of an ob­
server: (I) picking a solution for which the slant (attitude)
ofthe surface patch is nearest frontoparallel, and (2) guess­
ing a tum.

Affine Structure From Two Parallel Projections
of a Surface Patch

Here, we describe a method offinding the complete fam­
ily of consistent representations of a planar surface from
two parallel projections. A detailed analysis is given in
Koenderink and van Doom (1991 ).

In our experiments, the surface transformation between
projections is a rotation R around the vertical (y- )axis with
a tum p. The horizontal axis is labeled the x-axis. The view­
ing direction is the z-axis. A plane is specified by three~­

bitrary points ol!Jhat plane: 0 (taken to be the origin), A =

(A),A Z,A3) and B = (B),B Z,B3) . Let the equation describ­
ing this plane be: z = G)x + Gzy. The tilt ofthe plane is de­
fined as: 7 = arctan(G2/G). The slant a is defined as: a =

~!2 2 -> -> -}->,
arctan ( v G1 + G2). PointsA andB move toA andB un-
der rotation R. The y-components are invariant under R,
whereas the z-components are not observable. Thus the in­
formation about the slant and tilt of the plane is contained
in the change of the projected x-components (which are
the x-components themselves in parallel projection):

A~ = cos(p)A, - sin(p)(A )G) + A2G2)

B~ = cos(p)B) - sin(p)(B) G) + B2G2)· (1)

The equations for other points on the plane are linear
combinations of Equation 1 (more points do not add in­
formation'). The solution of G1, G2 is given by

(
G1) = ( A1 A2)-)(AI/tan(p)-Ai/s~n(p»). (2)
G2 B 1 B2 B)/tan(p)-B/sm(p)

G) and G2 , and thus the slant and tilt of the surface, are a
function of the unknown tum p. Generally, one obtains a
range ofpossible orientations of the tilt and a lower bound
on the slant. Two points are worth mentioning here: (I) the
dependence of slant on the tum is independent of the par­
ticular choice of pair A and B as long as these pairs are in
the same plane, and (2) the relation between slant and tum
is approximately inverse. This predicted relation is sup­
ported by psychophysical evidence (van Veen & Werk­
hoven, 1994).

Minimum Slant Solutions
We have computed the minimum slant solutions for

three stimuli presented in the motion domain: a vertically
slanted patch with a slant value of 15°,ns, or 30° revolv­
ing about the vertical axis with a tum of6°between frames.
Following Koenderink and van Doom (1991), the mini­
mum slant values for these stimuli are a= 14.0°, 11.9°, and
9.6°, respectively. The corresponding turns are p = 19.7°,
16.8°, and 13S between frames, respectively. When the
surface patches are slanted in a horizontal direction, the
minimum slant values are all zero; that is, a frontoparallel
patch is a possible solution.

Assuming that the differences between slant judgments
in motion and stereo are due to the unknown turn in the
motion domain, the minimum slant solution is clearly in­
consistent with the results presented in Figure 3.

Guessing the Turn
The family ofpossible 3-D representations ofa surface

patch is reduced to a unique representation when the turn
p is guessed. Conversely, given the judged 3-D properties
(slant, curvature) of the surface patch, one can calculate
the corresponding tum that was guessed by the observer.

Following Koenderink and van Doorn (1991), we have
calculated the corresponding turn from the judged slant
values of planar patches. That is, we have solved Equa­
tion 2 for p, given the a' judged by the observers. For ex­
ample, a patch with a vertical slant a = 30° that is judged
as a' = 35.1° (see Figure 3a, averaged across observers)
corresponds to a guessed tum p' = 4.9° between frames
(note that the simulated tum was p = 6° between frames).
We have averaged the judged slant values presented in
Figures 3a (vertically slanted patches) for other slant val­
ues: the calculated guessed turns are o' = 4.29° and 4.9°
between frames for a= 15° and 22.5°, respectively. Fur­
thermore, for horizontally slanted patches (see Figure 3b),
the guessed tum is p' = 4S, 3.7°, and 4.6° between frames
for slant values a= 15°,22.5°, and 30°, respectively.

We have also calculated the guessed tum for the judged
curvature values ofthe curved patches. This calculation is
based on a consistent relation between local slant and the
curvature of a patch. When viewed along the y-axis, the
vertical cylinders used in Experiment 2 are exact parabo­
las with a curvature c at the fixation point. Physical slant
values a vary along the position x along the x-axis:
a(x;c) = arctan(cx), where c is the physical curvature. We
now assume a consistent relation between the extraction
of slant and curvature: The judged slant values a' vary
along the position x along the x-axis: a' = arctan(c'x),
where c' is the judged curvature. We have calculated the
guessed tum that maps a to a' as a function of x and c.
The guessed tum varies only slightly for these conditions
and is described by a distribution with a mean p' = 6.32°
between frames with a standard deviation of0.63° between
frames.

In conclusion, our data are consistent with a model in
which perspective information is not used (parallel pro-



1184 DE VRIES AND WERKHOVEN

jections) and in which the judgment of surface properties
(where curvature is the spatial derivative of slant) is de­
termined by a systematic underestimation by a factor of
0.6-0.8 of the tum for planar patches and a small and in­
significant overestimation for cylindrical patches. How­
ever, this does not necessarily mean that in the case ofcur­
vature the tum is guessed correctly, since the turn was
calculated on the basis ofa stereo-specified slant that did
not have to be veridical. It might beinteresting to know what
happens to the tum in the curvature case if, for instance,
we double the viewing distance. This could show whether
the tum estimate was fixed or whether it was correlated
with vergence or other factors such as accommodation.

The preceding calculations suggest that the estimates of
tum are fairly constant (but they do not exclude the possi­
bility that they covary with the vergence estimate). This
finding contrasts strongly with the results ofTodd and Bres­
san (1990). In their experiment, a metric task (comparing
the length oftwo nonparallel line elements) was performed.
The results for two-frame motion were best explained by
assuming that the tum was selected at random upon each
presentation. Recent research ofLiter,Braunstein, and Hoff­
man (1993), however, has shown that the tum estimate is
not random, and that it depends on certain aspects of the
stimulus, such as velocity differences after curl is removed.

In the analysis above, we have assumed a consistent re­
lation between slant judgments and curvature judgments;
that is, the curvature at the fixation point ofour parabolic
cylinder is extracted by taking the local spatial derivative
of slant values across the surface. Under this assumption,
the empirical inconsistency between matched slant and
curvature values leads to the conclusion that the guessed
tum or magnitude ofrotation depends on the shape of the
surface patch.

Alternatively, we can assume that the guessed tum is in­
dependent of the shape of the surface patch and that cur­
vature extraction and slant extraction are simply inconsis­
tent. That is, our visual system does not extract curvature
by spatially differentiating slant values across the surface
patch (or does not extract slant by spatially integrating
curvature). Such a conclusion suggests different task-spe­
cific mechanisms for slant and curvature extraction. Since
we have matched stereo- and motion-specified slant and
curvature in our experiments-that is, we have made rel­
ative judgments-such inconsistency between the pro­
cesses ofslant and curvature extraction within a domain can
occur in either the stereo-domain or the motion domain, or
in both.

CONCLUSIONS

The results of the matching experiments concerning
stereo- and motion-specified slant and curvature described
in this paper lead to the following conclusions: (1) The
judged slant ofa surface patch is strongly biased by its pro­
jected contour. (2) Slant and curvature matches are not con­
sistent: motion-specified slant is overestimated in terms of
stereo-specified slant, whereas curvature is underestimated.

This may be due to (a) the dependence of the guessing of
the missing information (the tum) on the shape of a motion­
specified surface (planar vs. parabolic-cylindrical), or
(b) a nonconsistent relation between the coding of mech­
anisms tuned to curvature and those tuned to slant.
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APPENDIX

When we use a stereogram to generate a motion sequence, we
simulate a monocular observer moving from the left-eye position
to the right-eye position, or alternatively, a rotation and transla­
tion of the scene. During this movement, the angle between the
surface normal of the projection screen and the line of sight
changes somewhat. When we now project both images on the
screen for the observer to view them monocularly and stationary
from, for instance, the left-eye position, we introduce a small dis­
tortion. This is clear from Figure AI.

Figure AI (panel a) shows the construction ofthe stereogram.
The dots on the projection screen symbolize the two images that
will be shown sequentially. Panel b shows the left eye viewing
the right eye's image; the angles are slightly different when com­
pared with the original angles from panel a, owing to small dif­
ferences in distances. To calculate the influence ofthese differ­
ences approximately, we examine the reconstruction made by an
observer with knowledge of the angle between both views. We
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Figure At. Possible reconstruction ofthe scene when a stereogram is viewed as an
oscillatory two-frame motion sequence. Panel a shows the construction ofthe two im­
ages of the stereo pair. In a motion sequence the left eye views the right eye's image
(panel b) as well as its own-left eye's-image. A system knowing the original angle
between the two images could then transport angles p and q to the right eye (panel c)
and make the reconstruction, as in (panel d). The dotted line shows the original slanted
line. Interocular distance and size of the stimulus are both magnified by a factor of
about three. The distortions in the real setup are about 10 times smaller. Notice that
the slant at the fixation point is not distorted.
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Figure A2. Influence of incorrect projection on a curved surface. Continuous line,
original shape; dashed line, distorted shape.

transport the angles p and q from the left eye to the right eye
(panel c) and obtain a new solution (panel d). The real distortion
is smaller than that shown in the figure. Ifwe divide the plane in
half, we find slant to be decreased by about 2° in the left half and
increased by about the same amount in the right half. The slant
ofa straight line fitted to the distorted line deviates only slightly
(ca. 0.2°) from the original. In slant detection experiments, we
have found average thresholds of about 4°. It is therefore rea­
sonable to assume that the distortions are negligible.

The distortion of a curved object can be seen in Figure A2.
This is a parabolic arch with curvature 0.9 em -I and a distorted
curvature of 0.87 cm :". Again, the distortion is fairly small,
very much smaller than the effect found in Experiment 2.
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