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Electroelastic actuators with piezoelectric and
electrostrictional effects are promising for use in
nanomechanics and nanotechnology, nanobiology,
the power industry, microelectronics, and astronomy.
A piezo actuator is a piezomechanical device for set-
ting mechanisms in motion or controlling them on the
basis of the piezo effect and also for converting electri-
cal signals into mechanical parameters: displacement
and force. Nanometric precision of mechanical
devices is ensured by precision mechatronic systems
with electroelastic actuators. Cellular structures based
on piezo actuators are used in nanomechanics. Piezo
actuators for nanomechanical devices are used in pho-
tonics, adaptive optics, and nanotechnology in adjust-
ing mirrors of annular laser gyroscopes, in information
and energy transmission in laser systems, and for
assembly and scanning purposes in electron, probe,
and scanning-probe microscopes [1–12].

The structural-parametric model of an electroelas-
tic actuator in nanomechanical devices provides a sys-
tem of equations for Laplace transformation of the
displacement of the tips of the device. Taking account
of the actuator’s electromechanical parameters, this
system describes its structure and the conversion of
the electrical energy to mechanical energy, as well as
the corresponding Laplace transformations of the dis-
placements and forces at the tips of the actuator.

In the present work, a structural-parametric model
of an electroelastic actuator for nanomechanics is
derived by means of mathematical physics, taking
account of solutions of the wave equation for different
boundary conditions. By means of Laplace transforma-
tion, the wave equation with partial derivatives of hyper-
bolic type is reduced to a linear differential equation.
The transfer functions of nanoactuators are determined

from the structural-parametric model of the actuator,
in contrast to the expressions derived from equivalent
electrical circuits of piezoconverters, piezoemitters,
piezoreceivers, and piezovibrators with velocity and
pressure as the output parameters [2, 8].

In the present work, the influence of the direct
piezo effect on the voltage that acts at the actuator
plates is taken into account; the change in elastic pli-
ability due to the direct piezo effect is determined; and
a structural-parametric model of an electroelastic
actuator with feedback for use in nanomechanical
applications is derived. We consider the following
structural-parametric models and structures of the
electroelastic actuator for nanomechanics: the case
with an inverse piezo effect and constant elastic pli-
ability and rigidity of the actuator; the case with
inverse and direct piezo effects and variable elastic pli-
ability and rigidity of the actuator; and the case with
inverse and direct piezo effects and variable elastic pli-
ability and rigidity of the actuator, when the direct
piezo effect modifies the voltage on the actuator
plates. On account of the reaction of the piezo actua-
tor in the presence of the direct piezo effect, with dif-
ferent types of control (voltage or current control), the
elastic pliability and rigidity of the actuator vary.
Together with the piezomodulus, these are the main
actuator parameters. When the tip of the piezo actua-
tor moves at high speed, we take account of the influ-
ence of this speed through the direct piezo effect on
the current through the piezo actuator and the voltage
at its plates. For purposes of piezo actuator design and
use in nanomechanics, we solve the wave equation
with different boundary conditions and find the struc-
tural-parametric model of the actuator and its transfer
functions in different operational frequency ranges.
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The structural-parametric model and structure
with feedback obtained here for a nanomechanical
piezo actuator clearly reflect its ability to convert elec-
trical energy to mechanical energy and the mutual
dependence of its electromechanical parameters.

STRUCTURAL-PARAMETRIC MODEL 
AND TRANSFER FUNCTIONS OF ACTUATOR

We now consider the deformation of an electro-
elastic actuator corresponding to its stress state. If
electric field strength  is created in the piezo actua-
tor, strain  and mechanical stress  will appear. Cor-
respondingly, if mechanical stress  is created in the
piezo actuator, we will observe the appearance of elec-
trical induction  and electrical charge at the plates of
the piezo actuator.

The electroelastic equations of the nanomechani-
cal actuators in the case of the inverse and direct piezo
effect take the general form [6–8]

where  and ;  is the rel-
ative displacement of the actuator cross section along
the i axis;  is the piezomodulus for a generalized
piezo effect;  is the electric field
strength along the m axis;  is the voltage at the
actuator plates; t is the time;  is the actuator thick-
ness;  is the elastic pliability when   is
the mechanical stress along the j axis;  is the

electrical induction along the m axis; and  is the
dielectric permittivity when 

The equation for the forces on the face of the elec-
troelastic actuator takes the form

where  is the actuator area; F is the external force on
the actuator; and M is the mass being moved.

In calculations of the electroelastic actuator, we use
the wave equation describing wave propagation in a
long line with damping but no distortion [6–8, 12]. By
Laplace transformation, the wave equation with par-
tial derivatives of hyperbolic type is reduced to a linear
differential equation with parameter p, where p is the
Laplacian operator [9–12].

By applying the Laplace transformation to the wave
equation, in the case of null initial conditions, we
obtain a second-order linear differential equation in
the form
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Its solution is the function

(1)

where  is the Laplace transformation of the dis-

placement of the actuator’s cross section; 

is the propagation coefficient;  is the speed of sound
in the actuator when ; and α is the damping
factor, taking account of the damping due to energy
scattering with the heat losses in wave propagation.

The structural-parametric model of a piezo actua-
tor with voltage control is derived by solving the sec-
ond-order linear differential equation, the equation of
the inverse piezo effect, and the equation for the forces
at the actuator’s faces.

In solving the linear differential equation, the coef-
ficients С and B are determined on the basis of the
conditions

We find that

The solution of the linear differential equation
takes the form

The equations for the forces at the actuator’s faces are

We obtain a system of equations for the mechanical
stress of the electroelastic actuator when x = 0 and x = l

(2)

On the basis of Eq. (2), we may write the following
structural-parametric model of the electroelastic
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Fig. 1. Structure of electroelastic actuator with voltage
control and zero resistance of the power source.

1

1

M
1
E
ĳs 0S

1

p
1

p

sinh( )l
γ
γ

cosh( )lγ

mid

( )mE p 0

d

d xx =

Ξ

d

d x lx =

Ξ

1( )pΞ�� 1( )pΞ� 1( )pΞ1( )F p

2( )pΞ�� 2( )pΞ� 2( )pΞ

(0, )jT p−

( , )jT l p− 2( )F p
2

1

M
1
E
ĳs 0S

1

p
1

p

sinh( )l
γ
γ

cosh( )lγ

–

–

–

–

–

–

actuator with a generalized piezo effect, in the case of
voltage control and the parametric structure in Fig. 1

(3)

where 

After appropriate transformations, we obtain

(4)

We may write Eq. (3) in the form

where  is the rigidity of the
actuator with a generalized piezo effect, in the case of
voltage control.

On the basis of the structural-parametric model,
we may determine the transfer functions of the actua-
tor. Solution of Eq. (3) for the displacement of two
faces in an actuator with a generalized piezo effect, in
the case of voltage control, yields

(5)

In Eq. (5), the generalized transfer functions take
the form
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where  and

From Eq. (5), we obtain the matrix equation

We now consider the influence of the actuator’s
reaction associated with the counteremf in the direct
generalized piezo effect with static deformation.

The maximum force  and mechanical stress
 developed by the piezo actuator with a generalized

piezo effect in the case of a voltage source are as follows
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Hence

To simplify the equations, we use the electrome-
chanical coupling coefficient [8, 10–12]

Then, for a piezo actuator of TsTS or PZT piezoc-
eramic, we obtain the electromechanical coupling
coefficients for the transverse, longitudinal, and shear
piezo effects in the form

The maximum force  and maximum stress

 developed by an actuator with a generalized

piezo effect, in the case of voltage control, may then be
derived
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Hence, we may write
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with closed electrodes. With increase in resistance of
the power source and the matching circuits, the elastic
pliability of the actuator declines, while its rigidity
increases.

For a piezo actuator with a generalized piezo effect
in the case of a power source with finite resistance,
taking of the direct piezo effect, we may write the max-
imum force of the actuator in the form

Hence

where the coefficient  characterizes the type of con-
trol (voltage or current control). In the case of current
control, ; in the case of voltage control,

.

The elastic pliability takes the form

where the coefficient  characterizes the change in
elastic pliability.

For a piezo actuator with a generalized piezo effect
in the case of a power source with finite resistance,
when the structural-parametric model includes feed-
back with respect to the force (Fig. 2), we may write
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Fig. 2. Structure of electroelastic actuator with voltage control and finite resistance of the power source.
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and thus the structural-parametric model of an elec-
troelastic actuator in the case of a generalized piezo
effect and current control takes the form
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From Eq. (8), we obtain
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Here  and

Introducing the control parameter  for
the actuator, we now write the transfer functions in the
general form
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where  and

Hence, the structural-parametric model for an
electroelastic actuator with a generalized piezo effect
(Fig. 1) takes the form

(9)

where 

To take account of the velocity of the actuator with
a generalized piezo effect associated with the counte-
remf due to the direct piezo effect, we introduce feed-
back in the structural-parametric model

From Eq. (9), we obtain the transfer functions for an
electroelastic actuator fixed at one end in the frequency
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ator, the feedback with respect to the force may be
written in the form
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with a generalized piezo effect, in the case of a power
source with finite resistance, we introduce the follow-
ing feedback in the structural-parametric model

We now consider structures with distributed and
point parameters for an electroelastic actuator fixed at
one end with inertial elastic loading and voltage control,
with finite source resistance. From Eqs. (4) and (5), as

 we obtain a structure with distributed param-
eters (Fig. 3).

After replacing the hyperbolic cotangent with two
terms of the power series and introducing the coeffi-

cient  of the direct electroelastic effect and the coef-

ficient  of the inverse electroelastic effect in Fig. 3

, we obtain a structure with point

parameters as  (Fig. 4).

Transformation of Fig. 4 yields the structure with
point parameters for the actuator in Fig. 5.

Taking account of the structure with point param-
eters, we find the transfer function in the form

( ) ( ) ( )
( )Ψ

= Ξ
 = χ + γ γ 

21 2

2

1 tanh 2 ;

m

mi ij ij

W p p E p

d M p l A

( ) ( ) ( )
( )Ψ Ψ

= Ξ
 = − χ χ + γ γ 

12 1 1

2

2 tanh ;ij ij ij

W p p F p

M p l A

( ) ( ) ( ) ( )
( ) ( ) ( )Ψ

= Ξ =
 = Ξ = χ γ γ 

13 1 2 22

2 1 sinh ;ij ij

W p p F p W p

p F p l A

( ) ( ) ( )
( )Ψ Ψ

= Ξ
 = − χ χ + γ γ 

23 2 2

2

1 tanh ,ij ij ij

W p p F p

M p l A

0;ij ijs SΨ Ψχ =

( )
( ) ( ){ }

( ) ( ) ( )

Ψ

Ψ Ψ

Ψ Ψ

Ψ

= χ

 + + χ γ 
 + + χ α γ +  

+ α + α

2 4

1 2

3

1 2

2 2

1 2

2

tanh

tanh 1

2 .

ij ij

ij

ij

A M M p

M M c l p

M M l c p

p c

( ) ( ) ( ) ( ) ( ){
( )[ ] ( ) ( ) ( )[ ] }

( ) ( ) ( ) ( ){
( )[ ] ( ) ( ) ( )[ ] }

Ψ

Ψ

  Ξ = − + χ Ψ  
− γ γ γ Ξ − Ξ 


 Ξ = − + χ Ψ   


− γ γ γ Ξ − Ξ 

2

1 1 1

1 2

2

2 2 2

2 1

1 1

sinh cosh ;

1 ( ) 1

sinh cosh ,

ij mi m

ij mi m

p M p F p d p

l l p p

p M p F p d p

l l p p

0 .ij ijs SΨ Ψχ =

( ) ( )0 , 1,2.mi

ij

d S RU p p
s

•

αΞα = Ξ α =
δ



Ψ< ω <0 0.01c l 2 1,M m @

( ) ( )
( ) ( )

2
21 2 2

;

2 1

mi

m ij ij ij

p d lW p
E p T p T pΨ Ψ Ψ

Ξ= =
+ ξ +

( ) ( )
( ) ( )

2
23 2 2

2

1
;

2 1

ij

ij ij ij

Cp
W p

F p T p T i p

Ψ

Ψ Ψ Ψ

Ξ= = −
+ ξ +

( ) ( )
( )

( )
( )

2
21 2 2

;

2 1

mi

ij ij ij

d lp
W p

U p T p T pΨ Ψ Ψ

δΞ= =
+ ξ +

( )2 0 2 0

2

; ;

3.

ij ij ij ij ij

ij

T M s l S M C C S s l

m M

Ψ Ψ Ψ Ψ Ψ

Ψ

= = =

ξ = αδ

Ψ = , ,
E D

ij ij ijT T T Ψξ = ξ ξ ,,
E D

ij ij ij
Ψ = , ,

E D
ij ij ijC C C

Ψ = ,
E D

ij ij ijs s s

Ψ = ,E D E
D

( ) ( ) ( )2

0

/
.

u mi
F

k l d
U p F p

C
δ=

1u Rk →∞ =

0
0u Rk → =

( ) ( )0
2 .mi

ij

d S RU p p
sΞ = Ξ

δ
 

1 ,M → ∞

dk
rk

0mi
d r

ij

d Sk k
s

 = = δ 
1M → ∞

( ) ( )
( ) ( ) ( )ν ν

Ξ= =
+ + + + + + + +

2

3 2

0 2 2 0 0 0

,r

ij e r d ij e

p kW p
U p RC M p M RC k p k RC C RC C Rk k p C C
RUSSIAN ENGINEERING RESEARCH  Vol. 40  No. 11  2020



ELECTROELASTIC ACTUATOR FOR NANOMECHANICS 899

Fig. 3. Structure of an electroelastic actuator fixed at one end, with distributed parameters, in the case of an inertial elastic load
and voltage control with finite resistance of the power source.
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where  and  are Laplace transforms of the

tip motion and the voltage at the actuator plates;  is

the rigidity of the electroelastic actuator

( ); and  is its damping factor.
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When  we write the transfer function in the
form
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Fig. 4. Structure of an electroelastic actuator fixed at one
end, with point parameters, in the case of an inertial elastic
load and voltage control with finite resistance of the power
source.
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where

For the transfer function of an electroelastic actua-
tor with a transvers piezo effect and voltage control,

when 

(10)

Where

In Eq. (10),  and  are the actuator’s thickness and

height; and  and  are its time constant and damping
coefficient.
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Fig. 5. Transformed structure of an electroelastic actuator
fixed at one end, with point parameters, in the case of an
inertial elastic load and voltage control with finite resis-
tance of the power source.
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From Eq. (10), by Laplace transformation, we
determine the transient characteristic of an actuator
with transvers piezo effect and voltage control

Here

where  is the steady displacement; and  is the
voltage amplitude.

For a piezo actuator of TsTS ceramic that is rigidly
fixed at one end, with a transvers piezo effect and volt-
age control, in the case of an inertial elastic load, when

 and  we find that  nm and

 s for a step voltage of amplitude

 V and the following parameters:

 m/V; ;  kg;

 N/m; and  N/m.

CONCLUSIONS

We have determined the structural-parametric
model and structure of an electroelastic actuator for
nanomechanics with a generalized piezo effect, taking
account of the counteremf due to the direct piezo
effect. Structural-parametric models have been
obtained for actuators with transverse, longitudinal,
shear, and generalized piezo effects and with voltage
and current control. The differences in the structural-
parametric models for actuators with voltage and cur-
rent control are established. On introducing feedback
in the models, the conversion of electrical energy to
mechanical energy in the actuator is clearly evident.

The maximum forces and stresses developed by
nanomechanical piezo actuators with transverse, lon-
gitudinal, shear, and generalized piezo effects are
determined, and the elastic pliability and rigidity of
the actuator are determined for the different types of
control (voltage or current control).

Likewise, transfer functions are determined for
actuators with transverse, longitudinal, shear, and gen-
eralized piezo effects and voltage and current control.
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