ISSN 1068-3623, Journal of Contemporary Mathematical Analysis (Armenian Academy of Sciences), 2023, Vol. 58, No. 6, pp. 400-404. © Allerton Press, Inc., 2023.
Russian Text (© The Author(s), 2023, published in Izvestiya Natsional’noi Akademii Nauk Armenii, Matematika, 2023, No. 6, pp. 49-55.

REAL AND COMPLEX ANALYSIS

On Khinchin’s Theorem about the Special Role
of the Gaussian Distribution

L. A. Khachatryan”

Institute of Mathematics, National Academy of Sciences of the Republic of Armenia, Yerevan, Armenia
Received April 19, 2023; revised August 4, 2023; accepted August 25, 2023

Abstract—The purpose of this note is to recall one remarkable theorem of Khinchin about the
special role of the Gaussian distribution. This theorem allows us to give a new interpretation of
the Lindeberg condition: it guarantees the uniform integrability of the squares of normed sums of
random variables and, thus, the passage to the limit under the expectation sign. The latter provides
a simple proof of the central limit theorem for independent random variables.
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1. Let {&,;} = {&;,1 <Jj < kn,n>1}, k, = 00 as n — oo, be a triangular array (double se-
quence) of independent in each row random variables on a probability space (X, B, P). For the sake
of simplicity, we always assume that E¢,, ; = 0 for all j and n. For any n > 1, denote S,, = E;‘Ql &n,js

and let DS, be its variance. The Gaussian (normal) distribution function with parameters a and o2,
a,0 € R, o >0, is defined by

1 t—a)?
D, 02(z) = /2 /exp{—( 20(21) }dt, z € R.

—00

Khinchin [4] (translation into English can be found in [6]) noted that the Gauss law, as a limiting law
for sums of independent random variables, has a very special role that distinguishes it from all infinitely
divisible laws. Namely, we arrive at the Gauss law in all cases when the limiting negligibility of the
components of the sum of terms under study reaches a sufficiently strong degree; and this happens
completely independently of the special properties of the laws of distribution of these terms.

The condition of asymptotic infinitesimality (or, equivalently, limiting negligibility) on the summands
&n,j, in the general case, is formulated as the condition that for any € > 0, probability of the inequality
|n,j] > € tends to zero uniformly in j as n — oo:

1;1}:%};”P(|§n,j|25)—>0 asn — o0o. (0.1)
Khinchin showed (Theorem 42 in [4]) that if we assume that not only this probability but the probability
that all |£, 5|, 1 < j < k,, are greater than € tends to zero as n — oo, that is,

P | > 2
(1%2}1; €n,5] > 5) —0 asn — oo, (0.2)

then the only possible limiting law for normed row sums is the Gauss law.

Theorem 1 (Khinchin). Let {&, ;} be a double sequence of independent in each row random
variables. If a limiting nondegenerate distribution for the sums S, exists, then for it to be
Gaussian, it is necessary and sufficient that for any € > 0, random variables {&, ;} satisfy (0.2).

"E-mail: linda@instmath.sci.am

400



ON KHINCHIN’S THEOREM ABOUT THE SPECIAL ROLE 401

Since condition (0.2) represents only a somewhat strengthened requirement (0.1) for the limiting
negligibility of summands and does not contain any special assumptions about the nature of the laws of
distribution of summands, the above result characterizes the Gauss law as, in a certain sense, a universal
limiting law for sums of independent random variables and justifies the exclusive place given to this law
in classical studies.

In the bibliographical notes [4], Khinchin mentioned that a more general result was obtained by Lévy
in [5]; however, Khinchin was not able to find the proof of the latter based on the sketch suggested by
Lévy. Khinchin’s proof is based on the direct investigation of the characteristic functions of summands.
Another (shorter) proof, based on the Lévy—Khinchin formula for the decomposition of characteristic
functions, was suggested by Gnedenko [2]. The latter can be found in book [3] by Gnedenko and
Kolmogorov (see Theorem 1 on p. 126).

Under conditions of the Khinchin theorem, the limiting distribution (in the case of centered random
summands) is g ,2 with some parameter 6. Since the limiting law is nondegenerate, 62 > 0. Note that
Khinchin do not impose any restriction on the second moments of the summands, which is a minimal
condition on the moments in the central limit theorem (CLT). We say that for a sequence {¢, ;} of
(centered) random variables, the CLT holds if

. Sn ~
nll_)IIOlOP <\/D5n < m) =& (z), zeR

The Khinchin theorem cannot be considered a CLT since the limiting Gaussian distribution is not
necessarily the standard one with 2 = 1. However, if we impose the uniform integrability condition
on the squares of normed row sums, we will be able to prove CLT based on the Khinchin result.

We will need the following statements (see, for example, Lemma | on p. 322 and Theorem 5 on p. 189
in[7]). Under convergence of distribution functions we understand convergence in general, i.e., at each
point of continuity of the limiting distribution function.

Proposition 1. Let {F,} ={F,,n > 1} be a sequence of distribution functions. Suppose
that any convergent subsequence {F,/} of {F,}, {n'} C {n}, converges to the same distribution
function F. Then the sequence {F,,} converges to F as well.

Proof. Let X be the set of continuity points of the distribution function F'. Fix some z € X and
assume that F),(z) does not converge to F(z). Then there exists ¢ > 0 and an infinite sequence {n’} of
natural numbers such that

|For (z) — F(z)| > e. (0.3)

By the Helly theorem, from the sequence {F,,+ }, one can select a convergent subsequence {F},» }, and let
generalized distribution function G be its limit. By the hypothesis of the proposition, G = F, and thus,
F,n(z) — F(x) as n — oo, which contradicts with (0.3). This completes the proof. O

We remind that a family of random variables {7,,n > 1} is uniformly integrable if

sup / [9n|dP — 0 as C — co.
n
|77n|>c

Theorem 2. Let n,, n > 1 be a sequence of positive random variables with En, < oo such
that n, — nasn — oo. Then En, — En < oo as n — o if and only if the family {n,,n > 1} is
uniformly integrable.

Now we present the following version of the CLT for independent random variables.

Theorem 3. Let {,, ;} be a double sequence of independent in each row random variables such
that ngw- <00, 1<j <k, n>1 If random variables {&, ;/~/DSn, 1 < j < k,, n > 1} satisfy
condition (0.2) and the squares of normed row sums {S2/DS,,n > 1} are uniformly integrable,
then for the sequence {&, ;}, the CLT holds.

Proof. Let F,, be the distribution function of S,,/v/DS,, n > 1. Then

52
2 — n — > 1. ]
/xan(m) E<DSn> 1, n>1 (0.4)
R
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Further, let {F,/}, {n'} C {n} be some convergent subsequence of the sequence {F,,}. Due to the
Khincin theorem, Fy/(x) = ® ,2(x) as n’ — oo for any x € R and some ¢ > 0 if random variables

{€,.5/v/ DSy} satisly condition (0.2). Since {S2/DS,,n > 1} are uniformly integrable, due to Theo-
rem 2, we can pass to the limit under the expectation sign, and thus,

lim [ 2%dF,(z) = / 2% lim dF,(z) = / 2%d® 42 ().

n’—o0 n/—o00
R R R

Tacking into account (0.4), we conclude

/mzd@o,oz (z) =1,

R

that is, the parameter o2 in the limiting Gaussian distribution is equal to one. Thus, from the uniform
integrability of {S2/DS,,,n > 1}, it follows that F,,/(x) — ®¢ 1(z) asn’ — oo forany = € R.

Thereby, any convergent subsequence {F,} of the distribution functions of the normed row sums
Sn/v/DS,, converge to the same limiting distribution ®¢ ;. Hence, by Proposition 1, the sequence {F,, }
converges to ®¢ 1 as well. Therefore, for random variables {&, ;}, the CLT holds. O

2. Theorem 3 allows us to give the new probabilistic interpretation of the Lindeberg condition. We
will show that from the Lindeberg condition, the uniform integrability of the squares of normed sums of
random variables follows, which, in its turn, allows passage to the limit under the expectation sign, and
thus, guaranties 02 = 1 in the limiting Gaussian distribution in the Khinchin theorem.

The double sequence {&, ;} of random variables satisfies the Lindeberg condition if for any € > 0,

kn
Dls > / & AP =0 asn — oco. (0.5)
=Yl j1>evDSn}

The classical interpretation of the Lindeberg condition is that if a sequence {¢, ;} of random variables
satisfies (0.5), then its elements are asymptotically infinitesimal uniformly in each row, that is, rela-
tion (0.1) holds. Billingsley (see p. 90 in [1]) noted that from the Lindeberg condition, the uniform
integrability of the squares of normed sums follows as well.

Proposition 2. Let {¢, ;} be a double sequence of (centered) independent random variables
with finite second moments. If {&,;} satisfies the Lindeberg condition (0.5), then squares of
normed row sums {Sy/\/DSp,n > 1}, are uniformly integrable.

Proof. The statement follows from inequality (12.20) in [1], according to which for any n > 1 and
C > 0, one has

kn

/ Si qp< I 1+1Z / 2 qp
DS, ~ C ' DS, & md ’
{52>CDS,} 7= Nign 121D,

where K is some universal constant. By (0.5), for any C' > 0, there exists ny = ng(C') > 1 such that

k
I / 1
E < forany n > ng.
DS, = 1 C
{‘5n,j|24CDSn}

Thus,
52 2 1 & )
sup / " dP <K +  sup / & dP |
n DS, C " 1<m<no(c) DSm z_; "
{S3>CDsn} I {|€m ;1> 1CDSm}
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and hence,

52
sup / Dg dP -0 asC — oo.

{S2>CDS,}

O

The statement above reveals the true essence of the Lindeberg condition. Since uniform integrability
condition is the necessary and sufficient condition for taking limit under the expectation sign, we con-
clude that the Lindeberg condition is one of conditions under which the limiting Gaussian distribution
in the Khinchin theorem is the standard one. Tacking into account this fact, we provide the new proof of
the well-known Lévy—Lindeberg theorem.

Theorem 4 (Lévy—Lindeberg). Let {&, ;} be a double sequence of independent in each row
random variables such that E¢,; =0, 0 < ngw- <oo, 1 <j<ky n>1 If random variables

{&n,;} satisfy Lindeberg condition (0.5), then the CLT holds.

Proof. First note that random variables {&, ;/v/DSy,1 < j < k,,n > 1} satisfy condition (0.2),
since for any € > 0, we have

kn
P< max [&, ;| > 5\/Dsn> < ZP(|£n,j| > 5\/D5n)
j=1

1<j<kn

k
1 = 9
< dP
_EQDSH; / 0, AP — 0
T {lénsl>evDSn}
as n — oo. Further, by Proposition 2, random variables {S2/DS,,,n > 1}, are uniformly integrable.
Thus, by Theorem 3, for {&, ;} the CLT holds. O

3. Let us illustrate the application of Theorem 3 in the case of independent identically distributed
(i.i.d.) random variables. Namely, we will use this theorem to prove the following classical result.

Theorem 5 (Lévy—Khinchin). Let {n,,n > 1} be a sequence of i.i.d. random variables such that
Em = 0and Dy = o} < co. Then for {n,} the CLT holds.
nj
oo/n
not difficult to check that random variables {&,, ;} satisfy condition (0.2). Further, put S,, = > i1 =

Proof. Consider the double array {, j,1 < j <n,n > 1} of random variables &, ; = Ctis

1 .
Jn 22:1 n;, then DS,, = 1. With application of inequality (12.19) in[1], for any C' > 0, we can write
o

P(S2 > (C?) < max P(A?ZCQ) gP(max |‘§J| ZO)

1<j<n

n

2
02 / ganP ’

k=1
{lén 51> 5C3

where K is some positive constant. Further, applying equality (3) on p. 223 in[1], we can write

/ SZdP:C’P(S,%zC)Jr/P(AZzt)dt
52>C C
K K ) Tk K )
g C 04 + 020_(2] / nldP +/ t4 + t20‘(2) / Tth dt
{Im|>Coo/4} c {Im|>to0/4}
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1 Tdat 1 (1 Ta
K 24p
03+/t4+a(% C+/t2 / n
c C/ mlStoo/a)

From here it follows that random variables {Sn, n > 1} are uniformly integrable. Hence, by Theorem 3,

for random variables {&, ;} the CLT holds. It remains to note that P (Sn < :1:) =P (\/}S;"S < :1:>,

r € R4 U

We see that checking the uniform integrability of the squares of normmed sums directly requires some
effort. At the same time, the Lindeberg condition fori.i.d. random variables can be checked quite simply.
That is why it is preferable in applications.
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