ISSN 1068-3623, Journal of Contemporary Mathematical Analysis (Armenian Academy of Sciences), 2019, Vol. 54, No. 4, pp. 210-215. (© Allerton Press, Inc., 2019.
Russian Text © The Author(s), 2019, published in Izvestiya Natsional’noi Akademii Nauk Armenii, Matematika, 2019, No. 4, pp. 3-11.

REAL AND COMPLEX ANALYSIS

Convergence of a Subsequence of Triangular Partial Sums
of Double Walsh-Fourier Series

G. Gat'" and U. Goginava®>™

'University of Debrecen, Debrecen, Hungary®

2Tbilisi State University, Thilisi, Georgia®
Received September 13, 2017; Revised January 21, 2019; Accepted January 24, 2019

Abstract—In 1987 Harris proved-among others that for each 1 < p < 2 there exists a two-
dimensional function f € L, such that its triangular Walsh-Fourier series does not converge almost

everywhere. In this paper we prove that the set of the functions from the space L,(I?) (1 < p < 2)
with subsequence of triangular partial means SZAA (f) of the double Walsh-Fourier series convergent
in measure on I? is of first Baire category in L, (I%). We also prove that for each function f € Ly(I?)
a.e. convergence SaA(n) (f) — f holds, where a(n) is a lacunary sequence of positive integers.
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1. INTRODUCTION

We denote the set of all nonnegative integers by N, the set of all integers by Z and the set of dyadic
rational numbers in the unit interval I = [0, 1) by Q. In particular, each element of Q has the form 2’; for
somep,n € N, 0 < p < 2" Denote the dyadic expansion of n € Nand x € I by

(o] (o] T
_ 97 _ — J _
n—E n;2’, n; =0,1, and x—E 017 z; =0,1.
Jj=0 Jj=0

In the case of x € Q chose the expension which terminates in zeros. n;, z; are the i-th coordinates of n,
x, respectively. Define the dyadic addition + as

e e}

sty=> |mp—ypl27*Y.
k=0

Denote by @ the dyadic (or logical) addition. That is, k ©@n = Y |k; — n;| 2¢, where k;, n; are the ith
i=0
coordinate of natural numbers k, n with respect to number system based 2.
The sets I, (x) ={y€l:yp=20,..,Yn—1 = Tp—1} for x €L, I, = I,(0) for 0<n €N and
Iy (z) =1 are the dyadic intervals of I. For 0 < n € N denote by |n| = max {j € N:n; # 0}, that is,
2lnl <'n < 21 Set e; = 1/27+1 the i-th coordinate of e; is 1, the rest are zeros (i € N).

The Rademacher system is defined by r, (z) = (=1)*",z € I, n € N.
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CONVERGENCE OF SUBSEQUENCE OF TRIANGULAR PARTIAL SUMS 211

The Walsh-Paley system is defined as the sequence of the Walsh-Paley functions:

= Inl
wy, (2) = [] (e (@)™ = (=1)2k=0™" (2 €1, neN).
k=0
n—1
The Walsh-Dirichlet kernel is defined by D,, (z) = >_ wy, (z) . Recall that (see[13])
k=0
o ifx € [0,277
Do () = 0,27 (L.1)
0, ifz €[27",1)

We consider the double system {wy, (z!) x wy,(2%) : n,m € N} on the unit square I* = [0,1) x [0,1).

We denote by Lo(I?) the Lebesgue space of functions that are measurable and finite almost every-
where on I2. yi(A) is the Lebesgue measure of A C I%. We denote by L, (I?) the class of all measurable
functions f that are 1-periodic with respect to all variable and satisfy

1/p
i1, = ([ 17 o) Patag?) <o

If f € Ly (I?), then
f(nt,n?) = /H2 £ ' y?) war (w2 (v dy' dy?

is the (n',n?)-th Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the Walsh system are defined by

NI—-1NZ2-1

SN1N2 zl ,f Z Z f nt,n? w ot (2w, (22).

nl=0 n2=0
The triangular partial sums defined as
k—1k—i—1

Sk a', 2% f) = Z ah)w;(x?).
=0 j=0
Leta = (a(n)) be a lacunary sequence of positive integers with quotient ¢. Thatis, a(n +1)/a(n) > ¢ >

1 for any n € N. Now, set the maximal function Sf*f = sup,, Sﬁn)(f)‘ . In 1971 Fefferman proved [2]

the following result with respect to the trigonometric system.
Let P be an open polygonal region in R?, containing the origin. Set \P = {(Az!, \z?) : (2!, 2?) € P}
for A > 0. Thenforeveryp > 1, f € L, ([—7r, w]z) it holds the relation

Z f(n n)exp( (n'y! +ny))—>f(y1,y2)as)\—>oo
(nl,n2)eXP
for a. e. (y',y?) € [~m,7]*. Thatis, Sxpf — f a. e. Sjulin gave [14] a better result in the case when
P is a rectangle. He proved a. e. convergence for the class f € L (logJr L)3 loglog L and for functions

felL (logJr L)2 log log L when P is a square. This result for squares is improved by Antonov [1]. There
is a sharp constraint between the trigonometric and the Walsh case. In 1987 Harris proved [8] for the
Walsh system that if S is a region in [0, 00) x [0, 00) with piecewise C! boundary not always paralled to
the axes and 1 < p < 2, then there exists an f € L, (]Iz) such that Sypf does not converges a. e. and in
L, norms as A — oo. In particular, from theorem of Harris follows that for any 1 < p < 2 there exists an

f € Ly (I?) such that S2AAf does not converges a. e. as A — co.
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In this paper we improve this result of Harris for triangular partial sums (P = A), In particular,
let 1 < p < 2, then we prove that the set of the functions from the space L,(I?) with subsequence of

triangular partial means S2AA (f) of the double Walsh-Fourier series convergent in measure on I? is of first
Baire category in L, (I?). We also prove that for each function f € Ly(I?) a.e. convergence S (f) — f
holds, where a(n) is a lacunary sequence of positive integers.

For results with respect to convergence of rectangular and triangular partial sums of Walsh-Fourier
series see [6, 7, 9—12, 15].

2. MAIN RESULTS

Theorem 2.1. Let 1 < p < 2. The set of the functions [rom the space L,(I?) with subsequence of
triangular partial sums SzAA(f) of the double Walsh-Fourier series convergent in measure on 12 is
of first Baire category in Ly,(I?).

Theorem 2.2. The operator Sﬁ* is of strong type (L, La). More precisely,

St lla < Collf-
By Theorem 2.2 and by the usual density argument we have

Corollary 2.1. As n — oo we have SaA(n)(f) — fa.e. forevery f € Ly(I?), where a(n) is a lacunary
sequence of positive integers.

The following theorem is proved in [4, 5].

Theorem GGT. Let {T,,}°°_, be a sequence of linear continues operators, acting from space L,(I?)
in to the space Lo(I?). Suppose that there exists the sequence of functions {£}52, from unit bull
5,(0,1) of space Ly(I?), sequences of integers {my}32, and {\;}32, increasing to infinity such
that

g0 = ill'ifu{(xl,xQ) € I?: T &k (21, 2%) | > N} > 0.

Then the set of functions f from space L,(I?)), for which the sequence {T,, f} converges in measure
to an a. e. finite function is of first Baire category in space Ly(I1%).

Proof of Theorem 2.1. First we prove that there exists a function h4 for which

[hall, <1 (2.1)
and
2A/p A
u{(:pl’;ﬂ) cI?: ‘52%‘ (331’1'2;hA)‘ \/A} 2 asse (2.2)
Let
=i 2 1.2 WoA_1 (xl) 1.2
fA( kzongk@l (a:), hA(a:,a:):2A(1_1/p)\/AfA(ac,:17).

We can write

A-1 p 1/p
||fA||p = (/ Wok (;L‘l) Dy (1.1 _I_;L'Q) dﬂ:ld:EQ)
L
A—1 1/p
:(/Zka </D ac—l—x da:)d:z:l)
k=0
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([ e (frnrae))

k=0

(/ (Z wor ( ) ) 2A=1/p) — \/A2A0-1/P),

Hence (2.1) is proved. From simple calculation we obtain that

IA

o~

ha(ij) = /H ha (y'y?) wi (y') w; (v*) dy*dy®
1

= 24(1-1/p) /A /]12 fa (yl,y2) WA _q (yl) w; (yl) w; (y2) dyldyz
1

T 2A(-1/p) VA /]12 Fa(yhy?) waa 1y (v') wy (v*) dy'dy?
1

i -~ A4
- 2A(1—1/p)\/AfA (2% —1-ij).

Hence
SQAA (5131,332; hA) = Zi+j<2A ha (4, 5) wi (951) wj (5’32)
= zAu_bWA Yipjean Ja (24 =1 =i, ) wi (21) w; (2?)
A A_;_ ..
= Jat-im) 2 Y T a2 - =) wi () wy (22)
A
2A(1 l/p)\/A 22 IZ] OfA( )’UJ2A 1- 7«( 1) w] (12)
Consequently,
2, (a1 ) = “’2“1Az ) ()
94 \ LT 5 A 2A11/p k 2kEBl wplx”) .
2k @l

We see that I < 2% @& [ holds if and only if I, = 0. Hence, we have

WoA .
S2AA (a:l,xz;hA) 2A21 ll/p \/A Z ka Z wy (a:l + :1:2) .

le{l:O,l ..... 24_1:1,=0}

Let
1

Since 2! + 22 = Iz (es) , we can write

1 1 1 1 a-1 g .
Z wl(xl-f—xQ):Z"' Z Z Z (1)15{2 , il k .

1e{1=0,1,...,24—1:1;,=0} lo=0  lp_1=01lp1=0 I4_1=0 0,k #s
Hence,
9A—1 A-1 gA/p A-1
‘SQA zt, 2? hA)‘ 2A(-1/)/A ;HGA,S (z',2%) = oA ; g, (z',2?).

Set
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From estimation (2.3) we get

M{(gj17x2)612:‘52%(1‘1,332;]114)‘>2\/A}ZM(QA):221 ZZ Z Z Z 2A+1

p(A) 1
[ (Qa+ (z),23)) | = . (2.4)
Indeed,

p(A) p(A)
u( mA+@;ﬁ») u<r16u+(Jaﬁ)) (25)

j=1

I
—

1,142 .2 1] 17,2
—/p]IQA (t' g, t* F ) -1, (t Fapa),t? F i ))dt dt?.
Interpreting I, (t1 + 21,2 + o) - T, <t1 —i—x;(A),tz —i—xi(A)) as a function of the 2p (A) + 2 vari-

(m}g(A), xi(A)> and integrating over all variables, each over I, we note that

/ / / Lo, (1" F ol Fad) - Do, (1 F a0 F gy ) ditdrdaldad - daygdad
12 2 Jr2

_ (4) _ 1\ 1
= (n(2)) —u—ummwmgQ-pMQ <)

Consequently, there exists (z1,27) , ..., (x;(A),xg(A)) € I? such that

ables t',¢2, (¢}, 27) , ..

; . : . 1
/p Io, (' a2 Fa) - 1, (tl Fapat” + a:f,(A)) di'de* < . (2.6)
Combining (2.5) and (2.6) we conclude that

p(A)
u<uau+<p3»)>1;;

j=1

Hence (2.4) is proved. Let (¢ := t! +¢* €1)

(4)
1 X . . .
Fy(z',2%,t) = o ()7 S v (¢ 1) ha (2t F 2l 2 F 2
j=1
1 « 13,1 ,.2; .2
SR SECICE SR )
j=1

Then it is proved in ([3], pp. 7-12) that there exists ¢y € I, such that

24/p / <2\/A> } N 1

1.2 A ) 2 1
/H|FA(m,x,t0)\ dz'da? <1, ,u{(a: z?) e’ (SQA xt,z? FA)‘ A (78
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Set &4 (2!, 2?) := Fu (2!, 2% t0). Then from (2.7) we have 1€all, < 1and
1
I {(ml,xz) el?: ‘SzAA ($1,332;§A)‘ > 21_3/pA1/p_1/2} > g
and using Theorem GGT we complete the proof of Theorem 2.1.

Proof of Theorem 2.2. First, we suppose that ¢ > 2. Let SH(f) be n-th square partial sums of
the two-dimensional Walsh-Fourier series. It is easy to see that the spectrums of the polynomials

SaD(n)(f) - Stf(n)(f), n = 1,2, ... are pairwise disjoint that implies

2
Sho(5) = St ||

2
Q)] +21715 < clr13,

S ()

S ()

2 2
sup < 2||sup + 2 ||sup
n 2 n 2 n

<2 Sh — 54 ‘o9
= a(n)(f) a(n) (f) 9 —

B[ +22)

where the last inequality is obtained from the Lo boundedness of the square partial sums majorant
operator (see[13]). This completes the proof of Theorem 2.2 in the case of ¢ > 2. 1{2 > ¢ > 1, then let Q

the least natural number for which ¢2 > 2. For any fixed j = 0,...,Q — 1 we have that the quotient of
lacunary sequence n integers (a(Qn + j)) is at least 2 since a(Q(n + 1) + 7) > ¢%a(Qn + j). From the
above written we have

sup sup
n n

2
Shaund|| < 0111
2

sup
n

sef| < callfii.
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and consequently we also have ‘
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