ISSN 1068-3623, Journal of Contemporary Mathematical Analysis (Armenian Academy of Sciences), 2018, Vol. 53, No. 4, pp. 187-200. (© Allerton Press, Inc., 2018.
Original Russian Text © G. A. Karapetyan, H. A. Petrosyan, 2018, published in Izvestiya Natsional’'noi Akademii Nauk Armenii, Matematika, 2018, No. 4, pp. 46-65.

FUNCTIONAL ANALYSIS

On Solvability of Regular Hypoelliptic Equations in R"

G. A. Karapetyan'” and H. A. Petrosyan'"

'Russian-Armenian (Slavonic) University, Yerevan, Armenia®

Received 20 March, 2017

Abstract—1In this paper the unique solvability of regular hypoelliptic equations in multianisotropic
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1. INTRODUCTION

In this paper we study the solvability of a class of regular hypoelliptic equations in R™. The obtained
results generalize the results by G.V. Demidenko [1]-[3], where using a special integral representation
(obtained by S.V. Uspenski [4]) were constructed approximate solutions for quasielliptic equations in the
whole space. The study of regular hypoelliptic equations is more challenging problem. The issue is that
the principal parts of elliptic and quasielliptic operators are homogeneous and generalized homogeneous,
respectively, while the principal part of a regular hypoelliptic operator is multi-nonhomogeneous. Notice
that the regular operators were introduced and studied by S.M. Nikol’skii [5] and V.P. Mikhailov [6])
(see also[7]). In derivation of our results, we essentially use a special integral representation of functions
through a multianisotropic kernel and estimates of such kernels obtained in [8]-[11]. Notice that this
approach goes back to the classical work by S.L. Sobolev [12], where has been obtained integral
representations of functions through the function itself and its derivatives. Later on, these results were
extended for functions belonging to generalized homogeneous spaces (see [13]-[15]).

In the present paper, we prove the unique solvability of regular equations in the special weighted
functional spaces. Similar spaces in the case o = 1, for elliptic operators have been studied in [16]-
[17], and for quasielliptic operators in [18]. For an arbitrary o € (0, 1), such spaces were introduced and
studied by G.V. Demidenko (see[1]).

2. APPROXIMATE SOLUTIONS FOR REGULAR EQUATIONS AND THEIR PROPERTIES

Let R™ be the n-dimensional Euclidean space and Z"} be the set of multiindices from R™. For §,n €

R™, oo € Z7 and t > 0 we introduce the following notation: |a| = a1 + - + ay, £* = &7 ... 0, 17 =
(m,...,t), Dy = 181 (k=1,...,n), and let D* = D" ... D% denote the generalized Sobolev

derivative of order a.

For a given collection of multiindices, by 91 we denote the minimal convex polyhedron containing
all points of that collection. The polyhedron 91 is said to be completely regular if 91 has a vertex at the
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188 KARAPETYAN, PETROSYAN

origin and vertices on all coordinate axes, and the exterior normals to all (n — 1)-dimensional non-
coordinate sides of 90 have positive coordinates. We denote by ' (i = 1,..., 1,1, I,—1 > n) the
(n — 1)-dimensional non-coordinate sides of the polyhedron 9, by 9’91 the set of all multiindices that
belong to at least one (n — 1)-dimensional non-coordinate side of the polyhedron 9, (¥ = 91\ oM,
and let {a!,a?,...,aM} denote the set of all different from zero vertices of the polyhedron .

Let p' (i= 1,...,I,-1) be that exterior normal to the side M, for which the equation of the
hyperplane containing that side is given by formula (o, u*) = 1 (i = 1,..., I,_1). In what follows, we will
assume that the polyhedron 91 has (n — 1)-dimensional sides, containing the points {a!,...,a"} \ {a*}
(i=1,...,n), where o = (0,...,0,1;,0,...,0). The exterior normal to the ith side we denote by p’
(i=1,...,n),and let \; = zli (i=1,....,n)and A = (Aq,..., \p).

Let v = (71,...,7n) be the intersection point of hyperplanes, containing the n-dimensional sides
with exterior normals p!, ..., ", and, for simplicity, we assume that 71 < vo < -+ < Ypep < Ynerp1 <
-+« < yp, Wherer = 0,1,...,n — 1. Consider the differential operator

P(D)= > anD" (2.1)
acd’'N

with real coefficients a,. Assume that the operator P(D) is regular, that is, there exists a constant y > 0
such that for any £ € R™ the following inequality holds:

Z aaga

a€ed’'Mm

|P(&)| = >x Y 1€l (2.2)

aced’M

For a positive parameter v and a natural number &, define the functions Go(&,v) = e~ WPE)™ and
Gi(&v) = le_(”P(f))%(uP(&))Qk_l, and by Go(t,v) and G4(t,v) denote the Fourier transforms of

Go(&,v) and G1(€,v), respectively. For functions Gy(t,v) (I = 0,1), we have the following estimates
(see[10]).

Lemma2.l. Lety1 <y < - <Ynor < Vpert1 < <Y (r=0,1,...,n—1). Then for any mul-

tiindex m = (my,ma,...,my) and for any even number N (N > Ngy) there exist constants C;
(i=0,1,...,n —1), such that for every v : 0 < v < 1 the following inequalities are satisfied:
— max p [+ (m,pt
‘DmG‘ ’ U)‘ - i=1,..., In_1(| I+ ))(C’n_1|ln v[" 1+ Oy Inv| 4 Cp) (2.3)
PP (1 o NNy 4 N8 o 4 tNO)) (1 4 = N (N N6 4 (NT)) ‘
where ({~,B,...,0},...,{7,0,...,7}) is some set of n vectors and | = 0, 1.
Lemma 2.2. Let the vector v be as in Lemma 2.1. Then there exist constants C; (i =0,1,...,1) and

a natural number Ny, such that for any number N : N > Ny and any v : 0 < v < 1 the following
inequality holds:

/OO /OO dtidty ... dt,
o o (LA UNENY 4 INB 4 tNO)) (14 o N(ENY 4 NS 4 ¢NT))

< Vz‘:lr,I.l.l.?r+1|M | (Cﬂln V‘l 4+ 4 Cl‘ In y‘ + CO) , (2.4)
here l is the number of equalities between the coordinates of the vector v = (v1,...,Vn)-

Lemma 2.3. There exists a constant C > 0 such that for any v > 1 the following inequality holds:

R —(|Al+(m,A))
D] < , (25)
1+ v Nefy

1/2
where |t|, = (tfh +-- 4+ t?j") ,andl=0,1.
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ON SOLVABILITY OF REGULAR HYPOELLIPTIC EQUATIONS 189

For a function f € L,(R™), we denote (see [8

/ " dv / ) / ) e 2O G (¢, v)dedt. (2.6)

By means of the vertices o' : o ;é 0 (i=1,...,M) of the polyhedron 91 we introduce the mul-
A 1/2

tianisotropic distance: pm(z) = (Zf‘il xzo‘) and the weighted spaces ng(R”), which are the

completions of the space C5°(R™) by the norm

—cr(l—m?x(ui ,a))

DU () : (2.7)

Lp(R™)

1+ po())

10z, e = 3 [
aEMN

where 0 < o < 1. Let L, ,(R™) be the space of summable functions, having finite norm

101, ey = 11+ pm(@) U @) oy

Denote by £, 5 n(R™ the subspace of functions f € L,(R") () L1~(R"), v = —(o0 + N|A|), such that
Jen 27 f(x)dz =0, (8] =0,1,...,N — 1.

Lemma2.4. Let 5 € O'N. Then there exists a constant C > 0such that Jor every f € L,(R™) () Ly (R")
|poun)

L&) <COlfllp,@ny 0<h<1, (2.8)

HDBU}“ = DU, Lp(R™) =

E(hl,hQ)HfHLP(Rn) for 0< hy <he< 1, (29)
where e(hy, ha) — 0as hy, ha — 0.

Proof. Let 3 € 0’M, that is, there exists 1’ such that (3, u®) = 1. From the representation of U (z) we

have
h— 1
DPU,(z) o / dv / / e =2 eBG (¢, v)dedt.
7'[' n n

Hence, applying Fubini’s theorem, we get

hl
DPU () / dv | FOL O € v)de.

Again applying Fubini’s theorem, we obtain

h71
D) = [ HOLEIR) [ P e PO dudg

f(g)gﬁ z(x 5) hilp(g) Qk_l _t2k n /_\{
=/ (2 ’ dtdg = (2m)2 F, 2.10
LLen s e [ e e = emiA©f©), (2.10)

where f is the inverse Fourier transform, and

B rhTP(E) o
Fi(€) = (2k) ]f( 6 /h e 2Lt gt

[t follows from (2.10) that, the inequality (2.8) will be satisfied with some constant C' > 0, if we prove
that the function F}, (&) is a (L, Lp)-multiplicator (see [19]), which is uniformly bounded in h. We have

fﬁ % ok—1 2k
|Fh(£)|§O‘P(§)"/O 2Rt dt < M,
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190 KARAPETYAN, PETROSYAN

because £7 P(¢) is a multiplicator for 3 € &N (see [20]). Hence, for some constant M; > 0 and any
& € R", we have |£5/P(£)‘ < M;j. Since the product of two multiplicators is again a multiplicator, it is

enough to show that f:];(lg(é) 2k=1e=t"" gt is a multiplicator. To this end, we estimate

h=1P(€)
gini / tzk_le_t% dt
hP(£)

k

< |eh VL (©) (h P(£) ™ e (PO 1 |ghpL () (hP(€))P e PO

&PL(€) &PL(€)
P(¢) P(¢)

where C'is a constant, independent of h, and s = 1, ..., n. Similarly, it can be shown that

(htp(g) e (PO 4 (hP(E)) e MPE™ < o,

i I e
1 n

<M,

where k; (i =1,...,n) are equal to 0 or 1. Thus, the conditions of Lizorkin’s theorem are satisfied (see
[19]), implying that F},(&) is a (L, L,)-multiplicator, and hence the inequality (2.8) is satisfied with
some constant C' > 0.

Now we prove the inequality (2.9). Taking into account that

Dyt vd =, / . / eI (— )Gy (€, v)det
Rn (27‘(‘)2 n n

_1)lo . _ N " .
=0 [ (L peoreaeme 9 ) ai = (1)l 2n)E D (-G €. vDleco
(27‘()2 n Rn
the number k can be chosen to satisfy
5 «a 7 o m_—(v 2k —
A DGyt v)tdt = (—1) (2m) 3 D ((—g) e~ PO (2p) (v P (€))% 1) eco=0  (2.11)
forany a : |oo| <, where [ is a given number.

Let £ > 0 be an arbitrary number. We choose a function fe C§°(R™) to satisfy Hf —f

Lp(R™)
and |2

L@ < Coellfll, @ny forany a: [af < 1. Assuming that hy < hy <1, we can write

<

Rt
B (t — . _f
L) /h dv | DPGi(t—-,v)[f — fldt

HDﬁUhl - DU,
1 Rn

Lp(R™)

+ +

KTl ~
/1 dv [ DPGi(t — -, v)fdt
Ly(R™) h

—1 n
2 R

hy! . .
/ dv | DOGy(t — - w)[f — fldt
h

2 R™

Lp(R™)

+ =L+ I+ I3+ 14

ho R -
/ dv | DPGi(t—-,v)fdt
h Lp(R™)

1 R™

Now we estimate the terms I; (¢ =1,2,3,4) separately. Observe first that by the already proved
inequality (2.8), for I and I, we have I, Is < CHf - f

Lp(R™)
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ON SOLVABILITY OF REGULAR HYPOELLIPTIC EQUATIONS 191

Next, we estimate I3. Since 1 < h;l < hl_l, we can apply Young’s inequality and the estimate (2.5)
for G1(t,v) with v > 1 (see Lemma 2.3), to obtain

o 5 o0 Al 1
I<C DPGH(-v) KA <C | AT dv || £l g
hyt H ‘ H ‘ L1 (R") hy! 1+ ‘t‘i\’ L&) Lp(R™)
A+(B) - -1
< Chy ! HfHLp(R”) —0 as hy—0,

because (A, 3) > 1. For I we have

ha
‘/ dy/ DYG(t,v) f(x +t)dt
hi n

ha
/ dv / DPGy(t,v)
h1 n

where, in view of (2.11), all the terms in the square brackets, except f(z + t), vanish after integra-
tion. Taking into account that by Taylor formula the expression in the square brackets is equal to

> t;;f(a) (t + 04 (t)x), from (2.3) and (2.4), for v < 1 we obtain
|a|=14+1

Lp(R™)

|| <1

a: +1) Z .f ] ,
Lp(R™)

R (N L O P R e

t*DPGH (t ‘ .
1(tv) L+ v NENY + N8 4+ tNoO)) (L4 v N + (N + N0 L+ tNT))

Therefore, applying Young’s inequality, for I, we have

L<c Y / Ht“Dﬁal(t y)‘

|oe]=1+1

- |7
Ll Rn v f

Lp(R™)

—max (1 [+(Bop") = (o)) +- min |t |+1 i1
< > h o (@an+i—1]In ho| + ot aa|Inho| +aa o) fll L, @ny
|o|=l+1

for some constants a0, @a,1; s @ant1—1. Since [ is arbitrary, it can be chosen so that the function of
ho in the last formula tends to zero as ho — 0. Then, we have I, — 0 as hy — 0, and the result follows.
Lemma 2.4 is proved.

We assume that for polyhedron 91 the following condition is satisfied:

— 1.
. T?ﬁ,l(“‘ |+ (B,1")) _pin '] <

Ben(©)

Lemma2.5. Let f € Ly(R™), (1 + pm(2))"f € Li(R"), []\| > 1, > o> 1- 1) (p - L= 1). Then
for any B € MO the following inequalities hold: for 0 < h < 1,

—o(1—max(8,u7))
(1 + pm(z)) I DSU(x)

Lp(R™)

> , (2.12)
Ll(R”)
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192 KARAPETYAN, PETROSYAN

and for 0 < h; < hg < 1,

~o(1-max(5.))
’ (DZU, (2) — DYUn, (2))

|1+ pmto) )
»(R™)

) , (2.13)
Ll(R")

o(1—max(B,u7))

< (. ho) (ufuLp(Rn) s pmen™ O

where e(hy,ha) — 0as hy, hag — 0.

Proof. By Minkowski inequality we have

—o(1—max(8,u?
(1—me (ﬁu))DfUh(az)

|<1 + pola))
Lp(R™)

—o(1—max(8,u! 1 ~
§'|(1+Pm($)) O [ 50Dt - nvi
h R”

Lp(R™)

=0L+ I
Lp(R™)

—o(1—max(8,u! h=t A
|1+ porfay) T (5“”/ dv [ FO)DIC(t - x,v)dt
1 Rn

Now we estimate the terms I; and I, separately. Applying (2.3) and (2.4) for function G (¢, v) with
0 < v < 1 and Young’s inequality, for I; we obtain

1
— max(
. ny < dvv 7
o Ml < [

dty...dt,
(L4~ NENY + VO (L4 v NENT + 4 tNT)) 111z, @eny

| [+(8,17))

n< O/hl duHDtﬂél(t, V)H (Cor|In | ...

Li(R
+C1|Inv| + Cp) /
R

U —max(|p|+(8,u9))+ _min |pd] _
S/h o st (C g I L G| + Co)dv | £ ey < CIF Il -

To estimate Iy, we use the inequality po(x — 3)(1 + po(2)) ™ < a(1 + pm(y)) and Young’s inequality,
to obtain

—o(1—max (3,1’ A o(1—max (8,
/ ool — 1) (1—me (ﬁu))DgGl(t—:E,I/)(l—l—pm(t)) (1—max(,n7))

h71
IQ § C/ dl/
1
h—1 o(1—max(8,u’
<o w ) S Ry 701 I
1 Ly (R™)
(2.14)

Using the inequality (2.5) for v > 1, the first factor on the right-hand side of (2.14) can be estimated

from above by
—o(l—max(B,17)) | —(|Al+(8,\))
H<\/ i 14 v-Nz[y

—o(1—max(8,u? .
) " [ o6 ¢

n

Lp(R™)

Lp(R™)

Hence, making a change of variable x = v*n and taking into account that N > Np, the first factor on
the right-hand side of (2.14) can be estimated from above by the integral

/h1 dv
1 p‘|+(ﬁy)\)+0(l—max(ﬁ,pj)_‘2‘ ’
1% J
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ON SOLVABILITY OF REGULAR HYPOELLIPTIC EQUATIONS 193

Al
pl
hence the integral of interest converges, and for I we get the estimate

M+W@WHWw“ﬂw

Next, since op < [\, 1= ) < o, |\| > max |p/|, o < 1, then ] + o + (8, 3) — o max(3, 47) > 1, and
J J

I, <C

Ll(R")‘

Thus, the inequality (2.12) is proved. The inequality (2.13) can be proved similarly, using the arguments
applied in the proof of Lemma 2.4. Lemma 2.5 is proved.

Proposition 2.1.[7] Let (&) = > va&* be a polynomial with constant coefficients, and let M(0) =

{a € Z ,v4 # 0}. A necessary and sufficient condition for existence of a constant C > 0 to satisfy
the inequality |0(&)| < Cpm(§) for every & € R™ with pm(&) > 1is that N(F) C MN.

o
1<l
The number ¢ = min o

EENE

is called the regularity index of an operator P(D).

Lemma 2.6. A necessary and sufficient condition for fulfillment of the inequality

plo)
> (€

Q€ P(f)

for every £ € R™ with |P(§)| > 1, and some positive constants c and A is that ¢ < ¢y, where cg is
the regularity index of operator P(D).

—c  max (o,pt)

< A|P(g)| 1=t (2.15)

Proof. Observe first that if |[P(£)| > 1, then for every ¢ > 0 and o € Z7} with some constant C' > 1, we

have
M 1 l M l
1 of 1-¢ max (a,u") 1-¢ max (a,u’) o 1-¢ max (a,pu’)
D T D DI S
j=1 j=1
Hence, in view of Proposition 2.1, the estimate (2.15) is equivalent to the following embedding:
(a) - l n
N (P > M <1 clgrlléafui(_l(a,u )> forany o€ Z. (2.16)

So, to prove the lemma it is enough to show that the embedding (2.16) holds if and only if ¢ < ¢y. We
first show that the fulfilment of (2.16) implies ¢ < ¢g. Let a = ¢/ = (0,...,0,_1 ,0,...,0). Then for any
J
1,7:1 <i<1I,_1,1<j <nthereisavertex 8 on ‘ﬁ?‘l such that (8, u') = 1 and 8; > 1.
Since 8 —a = —¢e € N(P), by (2.16) we have

(@) _ l _ i <1 _ l
np )C‘ﬁ<1 ¢, nax (a,u)>, (f-ap)<l-c max (au)

_lS n—1

foranyi:i <1< 1, 1,thatis,

- iy _ YN = (8= <] — h<1-— L
L=py=0p) = (aop) = (B-ayp’) <1—c max (o) <1-c max

@

This implies thatforany 1 <1< I, jand1 <j <n,c< . - Therefore, we have

1SIST, g7
. l
min .
. 1<I<y
¢ < min ; = Co;
1<j<n  max .
1<I<In_1 7

showing that the fulfilment of (2.16) implies ¢ < ¢p.
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Now we proceed to prove the converse assertion, that is, the condition ¢ < ¢ implies (2.16). Let
a € Z1. Since N(P) c N{B — o, B € (PY),3> a},foranyl:1 <1< 1T, ; wehave

l

(5= sl = (B = ) < 1= () = 1= o (0.
In view of definition of the number ¢g, for any [, : 1 < 1,4 < I,,_1, we have g; > pf. Therefore, for any
[,i:1<I,i<I,_1,weobtain

l
l K i i
_ -1 = <1]1-— <1-—
(B—a,pu)=1-c <a, Co> <1 —colayp') <1—c 1§I}2}§_1(a,u ),

thatis, foranyl:1 <1 <1, ;,

l 7 7
_ <1-— <1-—
(B-ap)<l—c max (op)<l-c max (apu)

implying that, for all « € Z} and g € (P), 8 —a € M(1 — ¢, nax (o, pu%)). Taking into account that

>in—1

M1 —c max (o, p))is a convex polyhedron, and (P™) = {8 — a, 3 € (P), 3 > a}, we conclude

1<i<In—1
that for any o € Z", M(P(®) € M(1 — ¢, nax (o, %)), and the result follows. Lemma 2.6 is proved.
St In—1
lfor0<s<1
Let x(s) = - - and x € C®°(RL).
X(s) {OMZQ X C=(RY)

Lemma 2.7. Under the conditions of Lemma 2.5, for any hand o (0 < h < 1,0 < o < 2¢g), and for
any multiindex f € Mas p —

|1+ omlon " (2 (0(0) - Ui (”3“(”“’))))

' - 0. (2.17)

Lp(R™)

Proof. Let 3 = 0. Then by the definition of function x(s) we have

(1+ p(a)™ <Uh<$) o)y <pg;<2x>>>

Ly(R™) < @+ @) U@ 015 — 0
as p — oo, because by Lemma 2.5, Uj, € L, -(R").
Now let 3 # 0. Then by Leibnitz formula we have

- (357) s 1 (%)

2 X 2 X
—Up(z)D%x (pg;g )> — Y CsqDiUn(z)Dix <p‘3;(2 )> = &), + By, + 3.

s+q=0
Is],lg|>0

Now we estimate the terms ®; , (i = 1,2, 3) separately. Using Lemmas 2.4 and 2.5, and the arguments
applied in [1], for @ , we have

))_U(l—mﬁm(ﬂvﬂz)) _U(l_mﬁx(ﬁ’ul))DgUh(ﬂﬂ) —0

<1>1,p($)

< H(l + pn(a))

(14 pmle

Lp(R™) Ly (pm (x)>p)

as p — 0o, because DU}, € L, s forany g € M.
To estimate @, , and ®3 ,, we use Frankel’s formula for derivative of a composite function (see [21]),
to obtain

18|
DOx(p(1, s 2n) = > X ()l - Quile), (2.18)
=1
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ON SOLVABILITY OF REGULAR HYPOELLIPTIC EQUATIONS 195

where Qg () is a homogeneous polynomial of degree 4 of the form:

Qﬂ,i(@) = Z le(SO)P;"(QO)ﬂ i=1,..|0

rl4. +rn=p

Observe that for p(z1, ..., 25) = p3y(x)/p? each P!, (I —1,...,|8]) is given by

B (30)- 5 4o ()" (o ()

O0eR(rk)

I
where R(r*) = {0; 3 0,0 = r¥;|0] = 1}, and o', ..., ol are vectors such that 0 < o < ¥ (i = 1,...,1).
i=1

By Lemma 2.6, forany ¢ = 1, ...,1 and pm(z) > 1, we have
Since
Zi: b; max(a’, 1) = m;txzi:(f)iai’ W) = m]aX(T'“ 1),
we have

o ()| ()

where, in view of definition of function x(s), the variables 1, ..., x, vary in the compact K, = {x €

R™; p < pm(z) < /2p}. Therefore, by Lemma 2.6, for any 3 € N there exists a constant C' > 0 such
that

2 .
par() —2co max(S,u*)
D£X<‘I;2 >‘§C’p N (2.19)

Now we use (2.19), to estimate @, , and ®3 ,. Taking into account that the function x (Pigx)) is different

from zero only in the compact K, and all the derivatives of function x(s) are bounded, for ®; , we have

—o(1-max(,u'))

|1+ pmte) ®,,,(2)

Lp(R™)

Lp(Kp)

—2co max(8,u’ o max(f3,u’
2¢o Z(H)( Z(H))H(

<Cp 1+ v2p) 1+ pm(ﬂf))_”Uh(if)\\Lp(Kp)'

Taking into account that by Lemma 2.5, Uj, € L, »(R"), for 0 < 2¢y we obtain

—o(1-max(3,u"))
i —0 as p— o0.

Lp(R™)

|1+ ®s,,(2)

Next, using the inequality max(s + ¢, u*) < max(s, u*) + max(q, u*), for @3 ,(x) we can write
7 7 (2

—o(1—max(3,u'))
) S g ()

|1+ pnie
Lp(R™)
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—0' —max(3,pt 2
<cy H 1+ pon(a)) TG s Dy <pm(2:1:)>'
s+q=p P Lp(Kp)
—2co max(q,u?) —o(1—max(s+q,u')) ¢
<o Y p e |<1 + pnla) ) e )
s+q=0 LP(KP)
<C Z p—2c0 m?x(q7ul)pa m;ix(q#ﬁ) <\/2>0'miax(q,u ) (1 n pm(m))—a(l—m?x(s,ul))D;Uh(:p) ’
s+q=0 LP(KP)

Therefore, in view of Lemmas 2.4 and 2.5, for ¢ < 2¢qy we get

—0 as p— o0.

—o(1—max (8,
H(l-i'Pm(iE)) (A-maxBaDg, )
Lp(R™)

Lemma 2.7 is proved.

Definition 2.1. (see [1]). Let V and W be normed spaces. A family of linear operators P
(h € (0,1)) is said to be fundamental in the pair of spaces {V,W} as h — 0, if for any h € (0,1)
the operator Py, : V. — W is bounded, and the following conditions are satisfied:

sup [|[Pp]| < C < oo, ||Pn, — Phyl| =0 as hy,hg — 0. (2.20)
h

For a function f € L,(R™) () L1,—+(R™) we denote Uy, = P, f. We use Lemmas 2.4, 2.5 and 2.7 to
prove the following theorem.

Theorem 2.1. Let |\ > 1, W >o0>1-— |p>‘,‘ (117 =1). Then the family of operators Py is
fundamental in the pair of spaces {L,(R™) (| L1 - (R”), W (R™)} as h — 0.

Proof. It follows from Lemma 2.7 that for any function f € L,(R™) () L1,—»(R™) the function Uj, = P, f
belongs to the space W;JL(R”). Hence, in view of Lemmas 2.4 and 2.5, we obtain

10, ey < € (16 ey + 10+ o) S @)y ) (221)

where the constant C' does not depend on f and h, h € (0,1). Thus, the condition (2.20) is satisfied.
Also, we have

—o(1l—max(«, ¢ o a
H<1 +po(a)) D (pap, (2) — DU, ()

Lp(R™)

L1(R")> ’

where e(hy, hy) — 0 as hy, ho — 0. The last relation implies (2.20), and the result follows. Theorem 2.1
is proved.

< £(hn, ho) (nfan(Rn) 0+ a0 g

For |A] < 1 we have the following analogs of Lemmas 2.5 and 2.7.
Lemma 2.8. Lef 1> |\ > 1— Ny, 0 < min{cy, |;‘}, o>1—|\+ ‘;' — NAmin. Then for any
function f € £, ; n(R™) and for any f € N the following inequalities hold: for 0 < h < 1,

_U(l_mf‘x(ﬂvﬂz))DgUh(aj)

|1+ pm(o)
Lp(R™)
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f(z) > : (2.22)
L1 (R™)

where the constant C > 0 does not depend on f and h, and for 0 < hy < hy < 1,

o (1—max(8,4)+ NI

<C (HfHLp(Rn) + H(l + pm(z))

—o(1—max (8,
”<1 + pla)) T (DI (@) — DEU, ()
Lp(R™)

) , (2.23)
Ly (R™)

o (1—max(8,1))+ N|A

/(@)

< e(hn, o) (HfuLp(Rn) n H(l T (@)
where e(hy,hay) — 0as hy, ha — 0.

Proof. We prove the inequality (2.22). We consider the case § = 0 (the remaining cases can be treated
similarly). As in the proof of Lemma 2.5, we have

(1 + por(@) " Un(@)|[ gy < H 1+ po(x / du/n /n =28 Gy (¢, v)dedt

(14 pm(z /h ldy/n /n =28 @G, (¢, v)dedt

The term I; can be estimated as in Lemma 2.5. So, we have to estimate only I5. Since f € £, 5 N(R"),
thatis, [5. 2P f(x)dx = 0for |3 = 0,1, ..., N — 1, the Fourier transform of function f can be written in
the form (see[1]):

1 1 1 ) . 3
= @ )Z /0 /0 (/R e_’()‘l"')‘Ny’g)(—zy,£)Nf(y)dy> -)\le LA AN 1dA..d)y.
7'(' n

Therefore, we can write
h—1 1 1
I gc/ du/ / AL NR o N
1 0 0

H SRS / / NGy (,v) (—iy, €)Y f(y)dedy

Lp(R™)

=11 + I5.
Lp(R™)

dA1...dAN
Lp(R™)

<ZC’/h dv

lp|l=N

(pmla)) ™ [ 96 € v)erae

Ny (X + pn(¥)7 F W)l 1y ey
Lp(R™)

—1

< Z C / v A=) gy |y (1 +pm(y))0f(y)HL1(R")

lp|l=N

ll(\/ T —|—x2ln>_g LK <\/ . +x2ln>K]_1

Lp(R™)

— — ‘A‘—U g
<Y ¢ / =050 0 11921+ pon()7 ()1,
lp|=N
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Lp(R™)

—o K|~
: <\/yf“ + .. +y72f”> 1+ (\/y%ll + ... +y72~f"> ]
Al

In the last integral we have used the change of variables = = vy. Since p >0, then for large
enough K the integral in L, converges. The integral in v also converges, because by assumption

Al + (A, p) — ‘;' +0 > A+ Nnin — |;‘ + o > 1. As a result, we obtain

I < €|+ @) @)

Ly (R™)

Thus, the inequality (2.22) is proved. The inequality (2.23) can be proved similarly. Lemma 2.8 is proved.

Lemma 2.9. Let the conditions of Lemma 2.8 be satisfied, and let the function x(s) be defined as
above. Then for any h € (0,1) and 3 € N the relation (2.17) holds.

The proof is similar to that of Lemma 2.7 (by applying Lemmas 2.4 and 2.8).

Theorem 2.2. Let the conditions of Lemma 2.8 be satisfied. Then the family of operators Py is
fundamental in the pair of spaces {£, o n(R™), W% (R"} as h — 0.

The proof is similar to that of Theorem 2.1 (by applying Lemmas 2.8 and 2.9).
For non-weighted spaces (when o = 0) we have the following result.

Theorem 2.3. Let |\ (1 — 110) > 1. Then the family of operators P, is fundamental in the pair
of spaces {L,(R™) " L1(R™), W (R™)} as h — 0. Moreover, if |A| (1 — 11,) <1 and |\ (1 — 11,) +
NAmin > 1 > || (1 - 117) + (N — 1)A\in, then the family of operators Py is fundamental in the
pair of spaces {£,0, 8 (R™), W(R™)}.

3. REGULAR EQUATIONS IN R"

In this section, we use the results obtained in Section 1, to prove existence and uniqueness of a
solution of the following equation:

P(D)U = f, (3.1)
where the operator P(D) is defined by (2.1), and satisfies the regularity condition (2.2).

Theorem3.1. Lef |\| > 1, |;‘ >o0>1—|\+ @‘. Then for any function f € L,(R™)( L1,—s(R"™) the
equation (3.1) has a unique solution U from the class ngo(Rn), which is the limit (as h — 0,)

in the class ng(R”) of approximate solutions Uy, defined by formula (2.6), and there exists a
constant C > 0 such that for any function f € L,(R™) () L1,—«(R™) the following inequality holds:

10T, gy < € (111, ey + 160z ) - (32)

Proof. Let f € L,(R™) () L1,—+(R™). We consider a family of operators P}, and construct a sequence of
functions Ug(x) by formula

Ur(x) = P, f(z), (3.3)

where h;, — 0 as k — oo.
If [A\| > 1, then we can apply Theorem 2.1 to conclude that the family of operators P, is fundamental
in the pair of spaces {L,(R") (" L1,—o(R"), W\ (R")} as h — 0. If [A| < 1, then by Theorem 2.2, the
family of operators P, is fundamental in the pair of spaces {£, ; n(R"), W;?U(R”)} as h — 0. Thus,
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for any |A| > 0, the sequence {Ug(z)} is fundamental in the space WZ?E,(R") with respect to the norm
(2.7). And by the completeness of the space WS?U(R”) there exists a function U € ng(R”) such that
Uk — UHW%(RW) — 0 as k — oo. Also, for |A| > 1 the inequality (2.12) holds, while for |A| < 1 holds
(2.22). From formula (2.1) of [8] and properties of averaging f, for almost all « from R™ we have

, 1 hl )
fw)==fim | vy [ s0G v (3.4)

On the other hand, applying formulas (2 6) and (3.3), we can write

P(D,)Uy, = / dv / / D,)e "G (¢, v)dedt
(2m)2 Jhy n n

1 [ : d ’“3 Co0
— — —Z(t—.’f,&) _ — —
(27r)3 /hk dy/n f@) /Rn e 8UG0(§, v)dEdt /h 81/ f( )Go(t x,v)dt.

k

Passing to the limit as k¥ — oo and applying the integral representation (3.4), we can state that U is a
solution of equation (3.1). Also, taking into account Lemma 2.4, we conclude that for any 8 € &M the
following inequality holds:

HDQU

<C ny 3.5
L@ S 11, ey (3.5)

Now we proceed to prove the uniqueness of a solution. Assume first that U(x) is a finite solution
of equation (3.1). Then using Fourier transform, we obtain P(i€)U(¢) = 0 for all £ € R™. And since
P(i€) # 0 for € € R™\ {0}, then by a property of Fourier transform, we get U (€) = 0 almost everywhere
in R™. Taking into account that U(€) is a continuous function, we have U(£) = 0 in R”, and hence
U(§) = 0in R™ Thus, the uniqueness of a solution of equation (3.1) for finite functions from WZ?’E,(R”)
is proved. In view of (3.5), we can state that for any smooth finite function v € WS?U(R”) and for any

B € O'M, we have ‘ < CIIP(D)vllp, &n)-

Now we consider the general case. Let U € W;J},(R”) be a solution of the homogeneous equation
P(D)U = 0. We show that for any bounded domain G, [|U||1, ) = 0. Taking into account that U €
ng(R”), and that the finite functions are dense in ng(R”), we conclude that there exists U, €
W;JT(R”) such that

U — UEHW%(R”) <e. (3.6)
Hence, in view of (3.5), for any 8 € &M the following inequality holds:
; S CllP(D2)Uell 1, -

HDI U,
Lp(R

Taking into account that U is a solution of the homogeneous equation P(D)U = 0, we obtain

HDﬁU HDﬁ —U) + CIIP(DYU|l, -

xT

Lp(R™) Lp(R™)

Next, since for the operator P(D) the only non-zero coefficients are those a,, for which a € &N, we can
apply (3.6), to obtain

|ozv]

<C Z |aﬁ|HD£(U—U5) ; (Rn)+€§5-0 Z lag| + €.
Bed' M P ped'm

Lp(R™)

L@ = Oforany 3 € O'M. Therefore, for any bounded domain G,
we have ||Ul|, ) =0, and U(z) = 0 almost everywhere on G. Finally, taking into account that G is an

arbitrary domain, we conclude that U(z) = 0 almost everywhere in R™. Theorem 3.1 is proved.

By arbitrariness of ¢, we have HD?U
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Theorem 3.2. Let 1> |A| > 1 — Nmin, 0 < min {co, " } 1= A+ 2= (N = DA > 0> 1 -

|A| + ‘;' — NAnin. Then for any [unction f e £,,n(R™) there exists a unique solution U €

WS?U(R”) of equation (3.1), and there exists a constant C >0 such that for any f[unction
f € £p5n(R™) the following inequality holds:

10Thez, ey < € (1510 + |+ )P 500)

Ll(]R”)> : (3.7)

The proof is similar to that of Theorem 3.1 with application of Theorem 2.2.
Finally, applying Theorem 2.3, for an ordinary multianisotropic space we have the following theorem.

Theorem 3.3. The following assertions hold.

(a) IT |\ — ‘2' > 1, then for any function f € L,(R™)( L1(R") the equation (3.1) has a unique
solution U € W;,?T(R”), for which the inequality (3.2) is satisfied for o = 0.

) IF A =" <L A = N > 1> (A = P (N = 1) A, then for £ € £,0.5(R?) the
equation (3.1) has a unique solution in W;T(R”), for which (3.7) is satisfied for o = 0.

The proof is similar to that of Theorem 3.1 with application of Theorem 2.3.
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