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1. INTRODUCTION

In this paper we continue the study of Bohr-Riemann surfaces, started in the paper[1]." Recall that
the Bohr-Riemann surfaces are obtained by coverings of the generalized plane A - a locally compact
space, obtained from a Cartesian product G x [0, 00) by means of identifying the fibre G x {0} with a
point, where G is the group of characters of everywhere dense in Euclidean topology 7 of the subgroup
I" of the group of real numbers R. The elements of A are the points (a, ) with @ € G, r > 0 and * =
G x {0}. Notice that the punctured generalized plane A\{x} := A%is a group with respect to the natural
operation of coordinate-wise multiplication. The construction of the space A goes back to the paper by
Arens and Singer[2], and A is canonically identified with the space C = {ar : a € G,r € [0, 00)}, which
is the analog of complex plane C, consisting of homomorphisms ar : I' — C : a — a(a)r®. The topology
on A is the standard quotient topology 7a = {U C A : U € k X 7|9 o}, Where k is the topology on G,
and 7jg o is the contraction on [0, 00) of the Euclidean topology 7. Similarly is defined the topology
TA0 =k X T(0,400) ON A°. On the space A the theory of generalized analytic functions is developed,
allowing to obtain new results by means of methods of classical theory of analytic functions (see [3], [4]).

Now we recall the definitions of generalized analytic function and thin set in A, by means of
which is defined the Bohr-Riemann surface. Let I'y = {a € ' : @ > 0}. Each character x*, a € 'y,
corresponding to an element a € I'y, can be extended to a continuous function ¢ on A, by setting
fors = ar:

with x*(a) = a(a).

Definition 1.1. Let D be an open subset of A. A continuous on D function f is called a generalized
analytic function if for any s € D there exists a neighborhood U C D, s € U, such that the
restriction of f on U can be uniformly approximated by linear combinations of functions %,
ac F_;,_.

The space of all generalized analytic functions on D we denote by O(D). In the next definition we use
the fact that the space AY = A\ {*} locally has a structure of the form: V. x W,V c G,, W C C, where
Gy, ={a € G;a(a) =1} witha € T (see[3], p. 10-11).
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Definition 1.2. Let D be an open subset of A. A closed subset K C D is said to be a thin set if the
following conditions hold:

1) for each point s € D, s # x, there exist a neighborhood U C D, U =V x W and a function
feOoU), f #0vanishingon KNU,

2) for each a € V the restriction of f on W, = {a} x W is not identically equal to zero,

if x € D, then there exists a non-trivial function f € O(A,), A, C D, vanishing on A, N K, where
A, ={se A: |s| <r}isageneralized disc of radius r in A.

Now we proceed to the definition of Bohr-Riemann surface. It is known (see[5], p. 25) that a mapping
of topological spaces 7 : Y — X is called (in general, branched) covering, if it is continuous, open and
discrete, that is, for each x € X the fibre 771(x) is a discrete set in Y. A mapping of topological spaces
m:Y — X issaid to be unbranched covering, ii each point x € X has (the so-called smoothly covered)
neighborhood U, such that

=~ U) = | | U;
icA
is a disjunctive union of open sets in Y and all the contractions 7|y, : U; — U are homeomorphisms.

If a set A is finite (hence, all the fibres of covering consist of the same number of points), then the
(unbranched) covering is called finite-sheeted, and the number of fibres is called its number of sheets.

Definition 1.3. A fopological space X is called a Bohr-Riemann surface over A, if there exist a
thin set K C A and a coveringw : X — A, such that the contraction « on the set X* = X\n~ ! (K)
is an unbranched finite-sheeted covering of the set A* = A\K.

Note that questions of group structures on the Bohr-Riemann surfaces were studied in the works
[1],[6] — [8]- Now we define the notion of a plane in the space A. Since the subgroup I' is dense in R, it
follows that the mapping o : R — G : t — ay with a;(a) = €', a € T'is injective and the image a(R) is
dense in G (see [9], p. 55). The mapping a : R — G generates an imbedding

0:C—o AV z=t+iy— @, =ae?.

The set A = G x (0, +00), which is canonically identified with the space {ar : a € G,r € (0,00)},is a
locally compact group with respect to the coordinate-wise multiplication by unit element ap = a(0) =
©(0). Note that the image ¢(C) is dense both in A? and in A. A set of the form C, = s¢(C) is called a
plane in A® passing trough the point s € A% Cy = C)(= ¢(C)). Below, using the notion of the plane
in the space A, we introduce the notions of an analytic curve and equivalent points on the Bohr-Riemann
surfaces.

2. ANALYTIC CURVES

Let Cg be the above defined plane in A°, passing through the unit element aq of the group AY. As
it was noticed, the set Cq is an everywhere dense subgroup of the group A°, being the image of the
additive group of complex numbers C under the operation of group homeomorphism ¢ : C — A°. Since
ag € Co, then for any s € A the set sCy = C, is a plane in A passing through s. The set of all planes
of this form decompose into cosets of the group A® by the subgroup Cy.

Consider a curve in A, that is, the mapping v : I = [0,1] — A, which is continuous with respect
to topology 70 in A°.

Definition 2.1. A curve v(I) C A is called an analytic curve, if it is completely contained in the
plane C,,, for some sq € A°.
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Let y(I) be an analytic curve in A, lying in the plane Cy,, so € A°. Then for any s € A° the curve
vs(I), vs(t) = sy(t), t € I, lies in plane Css,, and hence it is also an analytic curve.

Let X be a Bohr-Riemann surface over A, and let K be the thin set of critical points of the covering
7: X — Ain A. Now we define the notion of an analytic curve on the subset X* = 7=1(A*) of the space
X, where A* = A\ K (we assume that * € K and consider the initial covering over AY = A\ {*}).

By the theorem of lifting curves (see [5], §4), for each analytic curve «(I) in A* and each point
w € 7 1(7(0)) there exists a unique curve (1) C X* with the origin at the point w, covering the curve
~v(I), that is, 4(0) = w and y(t) = w0 4(t), t € I. In this case the curve §(I) is called the lifting of the
curve y(I).

Definition 2.2. A curve on X* is called an analytic curve, if it is a lifting of some analytic curve
from A*.

Thus, if 4(I) € X* is an analytic curve, then it is a lifting of some analytic curve y(I) C C¥, s € A”,
where C} = Cs\ K. Now we introduce the notion of equivalence on the fibres 7=1(s), s € A*.

Definition 2.3. Two points wy,ws € 7 1(s) are called equivalent, if there exists an analytic curve
A(I) C X*, such that wy =4(0) and wy = 4(1). The equivalence of points wy and we will be
denoted by the symbol wy ~ wo.

It is easy to check that if wy ~ ws and wo ~ w3, then wy ~ ws. Hence, the set 7=1(s) = {w1, ..., w,}
is decomposed into a finite number of equivalence classes. On X* we define a functionv : X* — Z,, by
setting for wg € X*:

v(wg) = card{w € 7~ (r(wp)) : w ~ wp}.

Thus, v is a function acting on the set X*, which to each point wy € X* assigns the number of points
that are equivalent to wy.

3. LOCAL CONSTANCY OF FUNCTION v

The main result of this section is to prove the local constancy of the counting functionv : X* — 7.
We first examine the behavior of function v on the set 7=1(C¥), s € A*. Let s € A*. Denote by u(s) the
number of equivalence classes (in the sense of Definition 2.3) over s, that is, the number of equivalence
classes in the set 771(s):

w(s) = card{C(w) : w € 77 1(s)},
where
C(w) ={uecr (r(w)):u~w}
Thus, C is a mapping acting on X*, which to each point w € X* assigns the set of points that are

equivalent to w. Hence, we have cardC(w) = v(w). Now we proceed to the proof of local constancy of
function v on 771(C?), s € A*.

Lemma 3.1. Let s € A*. Then the function p: A* — Z4 is constant on C¥, while the function
v: X* — Z, is constant on the connected components of the preimage =1 (C}).

Proof. First observe that since the continuous mapping 7s := w\ﬂ_l(cz) ;7 1(C?) — C¥ is a covering
of a connected and locally linearly connected space C}, in general, non-connected Riemann surface
7~ 1(C?), then its contraction 7|, on any connected component (linear) L of the surface 7=1(C¥) is also
a covering of the space C?. In particular, since 7 is a finite-sheeted covering, it follows that the number
of such components is finite, and for any o € C* the quantity m(L) = card(x~(o) N L) is constant,
independent of o and is equal to the number of sheets of the covering of space C by mapping 7s|r. It is
clear that the sum of all m(L) over all connected components L gives n, which is the number of sheets
of the covering 7).
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We fix an arbitrary o € C* and consider a partition 7=!(0) = C(w1) U ... U C(wy,) of the fiber 771(o)
into disjunctive union of equivalence classes over o. By the definition of equivalent points, for any
i,1 <1 < m all the points of the class C(w;) are connected by analytic curves, and hence, for any
i,1 <i < m the class C(w;) lies in some connected component L; of the space 7=1(C?), containing
the point w; € L;. Also, we have 7=!(0) N L; = C(w;), because all the points of the fiber 7 =1 (o) lying in
a single connected component with w; are clearly equivalent to w;. Since the contraction of the covering
75 on each connected component of the surface 7=1(C¥) is a covering of the space C¥, then there is no
other connected components for 7=1(C?) different from L;,i = 1, m, because, otherwise, C* will contain
points that can be covered more than o times. But this contradicts the fact that 7 is a covering. Therefore
m coincides with the number of connected components of 7=1(C?*), that is, does not depend on o. Thus,
forany o € C}, we have p(o) = m.

Next, let w € 771(C%) and L be the connected component of 7 ~1(C?), containing w € L. As it was
shown above, we have C(w) = 7~ 1(7(w)) N L. Therefore v(w) = cardC(w) = m(L). Lemma 3.1 is
proved.

To prove local constancy of v on X* we will need the following result, which can be considered as a
version of the theorem on covering homotopy for covering 7 : X* — A*.

Lemma 3.2. Let s € A* be a given point and v C A* be a given closed curve with v(0) = (1) = s.
Let 77 Y(s) = {x1, 20, ..., } and let 4 : I — X* be a curve in X* with 4(0) = z1, 4(1) = z2, and
T1, 29 € T 1(8), 21 # T2, covering the curve y: y(t) = w0 4(t), t € I. Further, let

=~ U) =V, (3.1)

be a fixed decomposition of the preimage == (U) of an open smooth covering of the neighborhood
U of a point s into the disjunctive union of open sets V; that are homeomorphic to U under the
mappings w|y, : V; — U with inverses ¢; = (nt|y,) "t : U — V;, and p;(s) = z;,1 = 1,n, that is, the
enumeration in (3.1) is chosen so that x1 € V1, xo € Va. Then there exists an open neighborhood
Wo of the unit element ag of the group A, such that sWy C U and for any o € Wy the lifting
Yo : I — X* of the curve v,(t) = ov(t), t € I starting at the point ¢1(os) € Vi has endpoint at
pa(os) € Va.

Remark: In other words, if there is a lifting of the curve  starting and ending on the sheets V; and V5,
respectively, then the lifting of the "perturbed" curve ~, starting on the sheet V; also ends on V5.

Proof of Lemma 3.2 We use the standard technique of construction of 4 with 4(0) = x1, adapted to the
considered case. First, for a compact () we construct an open covering by smoothly covered sets of a
special form. Namely, we show the existence of an open neighborhood W C s~1U of the unit oy of the
group AY, such that for any ¢ € I the set v(t)W is smoothly covered.

Since the open smoothly covered sets form a base of the space A*, then there exists a finite covering
of the compact v(I) by such sets:

Let {W;};es be an open base of the locally compact space A® at the point ap, such that for any j € J
the closure W is compact. For each j € J we define the set

Kj={tel: vt)W; CU; forsome i, 1 <i<I}.
Since all W are closed and each of the sets U;,7 = 1,1 is open, then K also is open, j € J. Next, we
1
have v(I) € U U;, and hence for any ¢ € I there exists i such that y(t) C U;. Also, since {W;};csisa

=1

base at the point ayg, there exists j € J, such that (t)W; C U;, implying that ¢ € K. Thus, the family
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{Kj}jes forms an open covering of the compact I, implying that a finite number of indices ji, .., jq can
be chosen to satisiy I C Ldj Kj, . Now consider the set W = (C'l} W;, Ns~1U c s71U. Since the sets
{W; }4_, and s71U are (]:;eln neighborhoods of the unit eleme];:tlozo, then the set W is non-empty and

d
is also an open neighborhoods of . Let t € I be an arbitrary point. Since I C |J Kj,, there exists

k=1
Jm, such that ¢t € K, which in view of definition of the set K, implies existence of 7,1 <7 <'m
satisfying v(t)W,, C U;. Taking into account that all U; are smoothly covered, we conclude that the

set y(t)W C ~(t)W},, is smoothly covered. Thus, the existence of the set W with desired properties is
established.

Now we outline the basic elements of construction of lifting a curve in the considered case. It is clear
that the open sets y(¢)W, t € I cover the compact (7). Hence there exists a finite number of points
{t}.}7, such that the sets v(¢})W, k = 1,m cover v(I) and the intersection of the "adjacent" sets
YW Nyt )W, k= 1,m — 1 is non-empty. Also, it is clear that {#}}}; can be chosen so that
ty = 0,t,, = 1. Then there is a partition of the segment I = [0, 1] by the points 0 =ty < t1 < ... < tp, =
1, such that for any k, k € 1, m the image ~([tx_1,tx]) is completely contained in the open smoothly
covered set y(t;,)W. It is clear that y(tz) € y(t;,)W N~ (t),, )W,k € 1,m — 1. Denoting v, := y(t},),
k = 1, m, for the preimage of the open smoothly covered set v, W we obtain the representation

W) = Vi
i=1

and for each i, i = 1, n, the contraction 7T|Vik : V¥ — 4, W is a homeomorphism with the inverse ¥ :=
(7)yx) L iy W — Vi = 1,n, k = 1,m. Now we proceed to the by steps construction of of the curve
3. We have v = mo#, hence on the first segment [to, 1] = [0, ¢1] C I there are n possibilities to construct
the first part of the curve 4, namely: 4([0,¢1]) = ¢} o y([0,#1]), @ = 1,n. Since for the lifting 4 we have
4(0) = z1, then we choose i to satisly ¢} ((0)) = x1. Denote the chosen i by 4. The construction of the
continuous curve 4 is continued by linking the continuous on [tx_1, tx] pieces ¥ = gofk ov,k=1,m at
points t; by means of selection of the next gpfk by the previous gofl;ll so that gofk(bk_l) = gpf];ll (bg—1),
where bg_1 = Y(tk—1) € Yk—1 W N W. The chain of homeomorphisms

oF W — v

ensures the continuity of the curve 4 on the sequence of sheets Vilz, k = 1,m on which it lies. Since the

curve 4,4(0) = 1 is uniquely determined by ~ (uniqueness lifting the curve), then it does not depend on
its representing construction, which we choose according to the conditions of the lemma.

Further, we have 71 = y(t]) = v(0) = s = v(1) = v(t),,) = ym. Hence vy W = sW C U, and the
obtained first homeomorphism ¢; : sW — V;! satisfies the condition ¢} (¥(0)) = 21 € Vi, implying
that o] is a contraction to the set sW: ¢; = ¢1]sw of the mapping ¢y : U — V1, because both ¢; and
‘Pill are homeomorphisms that are local inverses to 7). Therefore, in view of the assumption concerning
enumeration (9(1) = x2 € V3), by similar arguments we obtain ¢} = a|sw. Thus, the construction of
lifting a curve in the considered case is done.

Now we are going to show that for small perturbation of the initial point z; € V; the corresponding
(lifted) curve cannot slide from the mentioned sheets, and hence its endpoint should lie on V5. To this

end, we establish the existence of sets Uy, and U}, with specific properties.

Observe first that, since y([tx_1,tx]) C v W is compact and W is open, then forany k,1 < k <m
there exists an open neighborhood Uy, of the unit v, such that Ugy([tk—1,tk]) C v W.

Next, for any k, 2 < k < m there is a neighborhood Uy, of the unit ayg, such that gpfk (B) = gpf];ll (8)

for all 8 € by_1Uy. Indeed, we have by_; = Y(tp—1) € Y1 W N~ W and gok_l (bp—1) = gofk(bk_l).

lg—1
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Since vx_1W and 7~kW are open sets, the set yk_ll/VNﬂ W 3 br_1 is also open, and hence, there
is a neighborhood Uy of the~unit ayg, such that by _1Ur C v 1W N~ W. This implies the equality
gofl;ll (B) = gofk (8), B € bp_1Uyg, because gofl;ll and gpfk are homeomorphisms that are local inverses
to .

Finally, we prove that under the above conditions, for any ¢ from the open neighborhood Wy =

N (U N UR,) NU; of the unit aq the lifting 4, of the curve , with initial point o1 (cs) has endpoint
k=2
at w2 (os). To this end, consider the mapping

v(t) = Sofk(o"}/(t))at € [tk—17tk]7 k=1m,

and show that v is a continuous curve that coincides with 4,,. Clearly, it is enough to establish continuity
of v at the points ¢, k = 1,m — 1. We have

o(t) = P (ov(1), T € [te-1, tel,
i (07(), € [trstria].

Since o € Wy C U1, we have byo € byUp 1. Therefore, gofk(bka) = gpfktll(bka), that is, gpfk (y(tg)o)) =

k+1
Qoik-‘-l

Since each gofk, k = 1,m, on its domain of definition is the inverse of m, it follows from the definition
of v that mov(t) = o7y(t) = v,(t), t € I, showing that v is a lifting of the curve 7,. Further, we have
v(0) = ¢;, (67(0)) = ¢} (0s). Since o € Wy C Uy, it follows from the definition of the set Uy, that
oY([tm—1,tm]) C YW = sW,implying that 0s = o(t,,,) € sW. Hence using go}l = ¢1]|sw, We obtain
v(0) = ¢;, (0s) = p1(os). Thus, v is the lifted curve 4, mentioned in the statement of the lemma. Now
we show that the endpoint of the curve 4, lies on the sheet V3. We have 4, (1) = v(1) = ¢I" (o7(1)) =
@i" (0s), and since os € sW and ¢} = wa|sw, we obtain 4, (1) = ¢ (0s) = pa(0s) € Vo. Lemma 3.2
is proved.

(v(tx)o). Thus, the continuity of v at ¢ is proved, implying that v(¢), ¢ € I is a continuous curve.

Corollary 3.1. For each element w € X* there exists a neighborhood V', such that for any z € V
the inequality holds: v(z) > v(w).

Proof. Let w € X* and w(w) = s € A*. Let U be a smoothly covered neighborhood of the point s, such

that 7=1(U) = |J V; and all 7 : V; — U are homeomorphisms with inverses ¢; : U — V;. Assume that
i=1

w € Vi, and take some u # w from C(w). Then 7(u) = s and from homeomorphism of 7 on each V; we

obtainu ¢ V4. Letu € V5. Sinceu € C(w), by the definition of the set C'(w) there exists an analytic curve

with initial point and endpoint at w and w respectively. That is, there exists an analytic curve v C A*

with v(0) = v(1) = s, whose lifting 4 C X* satisfies 4(0) = w, (1) = u. Now let WO(Q) be the set Wy

from Lemma 3.2 for the considered case (we write index 2 since we assume that u € V5). Denoting

{/1(2) =Vn w‘l(sWé2)) = gpl(sWé2)), we can apply Lemma 3.2 to conclude that for any € V1(2) there
exists an analytic curve with initial point z and endpoint on the set ¢2(5W(§2)) C Va. Therefore, on the

sheet V5 the points from 1/1(2) have the same number of equivalent points as that of w (namely, one
equivalent point).

Next, considering in turn the sheets V3, ..., V,, and taking into account that w can have equivalent
points only on the sheets V;, i = 2,n (namely, at most one equivalent point on each sheet), we obtain

the sets V1(3)7 o Vl("). Now it is easy to see that the set V' = ) Vl(i) will satisfy the requirements of the
=2

2

corollary. Corollary 3.1 is proved.
Now we are in position to state and prove the main result of this section.

Theorem 3.1. The functionv : X* — Z, is locally constant on X*.

JOURNAL OF CONTEMPORARY MATHEMATICAL ANALYSIS Vol.50 No.1 2015



38 BEKNAZARYAN, GRIGORYAN

Proof. We first prove that the function u : A* — Z is constant on A*. We have (o) = card{C(w),w €
7~ 1(0)}. According to Corollary 3.1 for w; € 77 1(0) there exists a neighborhood Vi such that
v(z) > v(wy),z € Vi, meaning that the number of equivalent points for z is greater than or equal to
that of point wy. Let 771(0) = (w1, ..., w,) and let V4, ..., V}, be the corresponding neighborhoods of
these points. Define U = () «(V;). Assume that ¢ € U and consider p(¢) = card{C(z),z € n71(¢)}.
i=1

Take an arbitrary z € w‘l(f) and assume that z € V; for some i,1 < i < n. Then by the definition of
the set V; we have that the number of equivalent points for point z € 7=1(¢) is greater than or equal to
that of point w; € 7=1(o): v(2) > v(w;), implying that the number of equivalence classes of points from
7~ 1(€) is not greater than that of points from 7= (o), that is, (&) < u(o).

Thus, for any o € A* there exists a neighborhood U of the point o, such that

w(§) < plo),§ € U. (3.2)

We set 1 = mingeax p(o) and D = {o € A* : u(o) = u}. Since the function u takes values from Z,
we have D # @. Now we show that D = A*| thatis, u(s) = pon A*.

We fix an arbitrary s € A* and any ¢ € D. Then in view of (3.2), there exists a neighborhood U > o,
such that |y < (o) = p < u(s). Since the set C} is everywhere dense in A*, we have U N C} # @.
So, by Lemma 3.1, we obtain

ples = plune: < plo) = p < p(s) = plez,

implying u(s) = u(o) = p, and hence s € D. Thus, D = A* and the function p is constant on A*.

The constancy of function p on A* implies the equality v(z) = v(w) for any z from the neighborhood
V of point w (see Corollary 3.1). Indeed, assuming the opposite, that is, existence of z € V' with
v(z) > v(w), by the first part of the proof, yields the strong inequality (7 (2)) < p(m(w)), which is a
contradiction. Thus, the local constancy of function v on X* is established. Theorem 3.1 is proved.

4. LOCAL CONSTANCY OF FUNCTION v. ALGEBRAIC VERSION

In Section 3 it was proved that Corollary 3.1 implies local constancy of function v on X* (Theorem
3.1). Also, Corollary 3.1 was proved by means of constructive lifting of curves from A* (Lemma 3.2). In
this section we prove Corollary 3.1 using algebraic methods. We first prove a technical result.

Lemma 4.1. Let K be a compact set and let p(t,x) = 2™ + g1 ()" L + ... + gn_1(t)x + gn(t), t €

K be a polynomial with continuous coefficients: g; € C(K), i = 1,n. Further, let the function
f € C(K) satisfy the condition p(t, f(t)) =0, t € K and let C = maxi<i<n{||gi||}. Then ||f|| =
supye [f()] < 1+ C.

If C =0, then all g; are equal to 0. This means that p(x,t) = 2™, implying f = 0. Thus, we have
lfIl=0<14+0=1+C.ForC > 0and ||f|| <1 theconclusion is trivial: || f|]| < 1+ C.

Now let C' > 0 and || f|| > 1. Then there exists ty € K, such that |f(to)| = ||f|| > 1. Since f(to)" =
—g1(to) f(to)" ! — ... — gn(to), we have

1 1 (ko)
o) T T r ) < ) - 1

implying that || f|| = | f(t0)] < 1+ C. Lemma 4.1 is proved.

(o) < C(1 + L

The example of polynomial ¢(z) = 22 — C shows that for sufficiently small C' (C < 1/4), the equality
in Lemma 4.1 cannot be improved to obtain || f|| < 2C.

The next result apparently concerns to mathematical folklore, and hence we provide its complete
proof.
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Lemma4.2. Let K = [0,1] and p(t,z) = 2™ + g1 (t)x" L + ... + gu(t) be a polynomial with contin-
uous coefficients: g; € C(K), i = 1,n and with discriminant: d,(t) # 0 for all t € K. Then there

exist exactly n functions h; € C(K), i = 1,n, that are pairwise different for all points of K and
representing the set of solutions of equation p(t,x) = 0 over K, that is,

Pt hi(1) =0, t€ K, i =1,n.

Remark: Notice that since for each point tyg € K the equation p(¢g, x) = 0 has exactly n solutions, then
the mutually distinct values h;(tg), i = 1,n, represent all solutions of equation p(tg, z) = 0, that is, by
the values {h; ()}, t € K, is exhausted the set of al/ solutions of equation p(t,z) =0, t € K.

Proof of Lemma 4.2. Define the set
K, ={(t,z) € K xC:p(t,xz) =0}.

We have to find continuous mutually non-coinciding functions h; € C(K), i = 1,n, such that

K, ={(t,z) € K x C:p(t,x) = 0} =  J{(t, hi(t)) : t € K}.
i=1
By Hurwitz-Rouché’s theorem, the projection 7 : K, — K : (t,z) — t on the first coordinate is un-
branched n-sheets covering, and by continuity of function g; € C(K), i = 1, n, the projection on the
second coordinate n : K, — C: (¢,2) — « is a continuous mapping.

Consider the curveu : I — K, u(t) =t,t € I(= K) and the fiber 7=1(0) = {(0,21), ..., (0, 2,,)} over
the point 0 € K. By the lifting theorem, there exist n liftings 4; : I — K, i = 1,n of the curve u, such
that u = 7o 4; and 4;(0) = (0,;), i = 1,n.

We set h; =nod,, i =1,n, and show that they are the desired functions. To this end, observe
first that the functions h; are continuous as superpositions of continuous functions n and 4;, i = 1, n.
Further, by the definition of the mapping n, the function h;(¢) is the second "coordinate" of the point

4;(t). It Tollows from the relation 7 o 4;(¢t) = u(t) = ¢ that the first “coordinate” of the point ;(¢) is ¢.
Hence, we have

a;(t) = (t, hi(t)), teK, (4.1)

implying (¢, hi(t)) € Kp,t € K,i=1,n.

Now we show that for any ¢ € K the points h;(t) are mutually distinct. Assume the opposite,
that is, existence of an element ty € K and indices i # j, such that h;(t9) = h;(to). Consider the set
T = {t € K : hi(t) = hj(t)}. According to the above assumption, 7" is non-empty. From continuity of
functions h; and h; it follows that T"is a closed set. We show that 7" is also open in K.

Let ¢/ € T. Then by (4.1) we have 4;(t') = 4;(¢'). Since 7 is a covering, there exists an open set
U > 7w(a;(t") = t' in K, for which there is an open set V' 3 @;(t') = @;(t') in K, suchthat 7 : V. — U
is a homeomorphism, and hence is a bijection on V. On the other hand, since 1, ; are continuous, there
exists ¢ > 0, such that t € K and |t — ¢/| < 0 imply that @;(¢) and u;(¢) belong to V. Since on the set
V, m is a bijection, the relation 7(a;(t)) = ¢t = m(4;(t)) implies that for t € K, |t — t/| < ¢ the following
equality of liftings holds:

a;(t) = a;(t), (4.2)
that is, h;(t) = h;(t), implying K N (¢ — 6, +9) C T, and hence the set T is open. Since K is
connected, we have T'= K. This means that the equality (4.2) is fulfilled on the entire K, which
is impossible, because @;(0) = (0, ;) # (0,z;) = 4;(0). Thus, the points h;(t),i = 1,n are mutually
distinct on t € K. Lemma 4.2 is proved.

Note that the assertion proved in the Lemma 4.2 can be reformulated as non-existence of a

continuous on K function g # h;, i = 1,n coinciding with one of the functions h; at each point from
K.

Our basic tool in this section is the following lemma.
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Lemma 4.3. Under the conditions of Lemma 4.2 for any § > 0 there exists € =€(0) > 0, such
that for any collection of functions ¢; € C(K),e; : K — C with ||g;|| < e, i =1,n can be found
n Junctions h; € Bs(hs), i = 1,n for which for each t € K the points hi(t), i = 1,n, represent n
distinct zeros of the "perturbed" polynomial

(t,x) == 2" +Zgz +&(t))z" 7k, (4.3)

Here Bs(h) ={f € C(K) : ||f — h|]| < d}.

Proof. We first prove existence of g9 > 0, such that for each € < gy any polynomial of the form (4.3) with
lleil] < e, i =1,n, satisfies the conditions of Lemma 4.2, that is, it has everywhere different from zero
discriminant on K. To this end, we use the known interpretation of C™ as a space of the coefficients of
the polynomials over the field C. Let D = {w € C™ : d(w) = 0} be the set of zeros of the discriminant
mapping d : C" — C, assigning to the vector w € C™ of the coefficients of a polynomial the value d(w)
of its discriminant. Consider the mapping

G:K—=C":tr (g1(t), ... gn(t) Z 2"+ g1(H)z™ 1 + ... + gu(t) = p(t, x).

Then the image G(K) = g1(K) X ... x g,(K) is a compact, and by the assumption, we have G(K) N
D = @, because the discriminant of the polynomial p(t,z) is everywhere different from zero on K.
Denote by dy = d(G(K), D) the distance between the sets G(K') and D. Since these sets are closed,
and in addition, the first is also compact, we have dy > 0. We show that as ¢y can be taken the

constant dy/2+/n. Indeed, for any collection G = (§1, ..., §n ) With ||G; — gi|| < € < €0, i = 1,n, we have
d(G(t),G(t)) < egy/n = do/2 for any ¢t € K. Hence, using the inequality |[d(G(t), D) — d(G(t), D)| <
d(G(t),G(t)), t € K (see, e.g.,[10], p. 377), for any t € K we obtain the following chain of inequalities:

d(G(t), D) > d(G(t), D) — d(G(t),G(t)) > do — do/2 > 0,

which implies that G(K) N D = @.

Thus, under the above conditions, for any polynomial of the form (4.3) by Lemma 4.2 there exist n
functions izl-, i = 1,n, representing the zeros of this polynomial for each fixed ¢t € K with ¢; = §; — ¢;.
Now we show existence of € > 0, such that for ||g;|| < e, i = 1,n the continuous solutions of the
equation p.(t,z) = 0 are contained in Bs(h;),i = 1, n.

Observe first that for any choice of G with ||§; — || < €0 we have ||g;|| < ||g:|| + €0,7 = 1,n. Then,

we have C':= max; ||§|| < C + €0, where C' = max; ||g;||. By Lemma 4.1 we obtain ||h]| < 14 C <
1+C +epforalli=1,..,n
Next, let 6o = min 1nf |hi(t) — h;(t)|. By Lemma 4.2 we have ¢y > 0. Since for §; < &2 clearly

1<i<j<nteK

Bs, (h) C Bs,(h), then, without loss of generality, we can assume that the arbitrary chosen ¢ satisfies
the condition 0 < dp/2. Then by Hurwitz-Rouché’s theorem, there exists a constant 1 > 0, such
that for |b; — g;(0)| < &1, i = 1,n the polynomial P(z) = 2™ + byz" ! + .. + b, in each of the circles
|x — hi(0)| < 6,i=1,n, has exactly one zero (of multiplicity 1).

Further, we fix an arbitrary e > 0 satislying the following conditions:

a)e < go; then by the definition of g, from ||g; — g;|| < e follows existence of mutually non-coinciding
functions h; € C(K), i = 1,n, representing the zeros of the polynomial (4.3),

b) e < e1; then by the definition of &1, if |§;(0) — ¢g;(0)| < &, then h; can be enumerated so that
|hi(0) = hi(0)] < 6,i=1,n,

¢)e[(14 C +e0)* — 1]/(C +eo) < 6™; thenforany i € {1,..,n}, in view of equality p. (¢, h;(t)) = 0,
we have

Ip(t, hi(t))] = |p(t, hi(t)) — pe(t, hi(t))|
= (hi(®)" + gi(®)h:i ()" + .. 4 gu () — ()" + G ()R ()" + .. + Gn (D)) (4.4)
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= |er(Ohi ()L + ...+ en(t)] < 6"

on K for||g;|| < e, where g; = §; — g;.
Now we show that for such ¢ the following implication holds:

\leil| < € = hi € Bs(hy), i =1,...,n.
To this end, we choose an arbitrary iy € {1,...,n} and consider the quantity
to := sup{7 € [0,1] : |y (t) — Do (t)| < & for t € [0,7]}.

We have ¢y > 0, because the function 7(t) = |k, (t) — hs, (t)| is continuous and is strictly less than d for
t = 0(seepartb)). Itis clearthatty < 1. Assume that ¢ty < 1. By the definition of ¢ty we have r(¢) < § for
t € [0,%p). Next, we have r(ty) = J. Indeed, the assumption r(¢) < ¢ contradicts the precision of upper
bound tg < 1, and r(t) > ¢ - the continuity of function r(¢). Finally, using the definition of dy, we obtain

forany j # ig
|hj(to) — hig (to)| = |hj(to) — hig(to) + hig (to) — hig(to)| >

> |hj(t0) — hio(t0)| — ’r’(to) >0—0>20—06=04. (45)

Since the pairs (to, h;(to)), j = 1, n, are the roots of polynomial p(t, z), we can write p(to,z) = [] (z —
j=1

hj(to)), which in view of (4.4) and (4.5) implies
0" > |p(to hig (to))| =r(to) [ Mo (to) — hy(to)| > 6671 = 6™ (4.6)
j=1,j#i0
The obtained contradiction shows that ¢g should be 1.

However, the substitution ¢t =1 into~(4.5) and (4.6) demonstrates also the Contradictorirless of
the assumption (1) = 4. Thus, |h;, (t) — hi,(t)| < 6 for t € K, and since the function h;, and h;, are
continuous, then ||h;, — hi,|| < 0, implying h;, € Bs(hi,). Taking into account that i is arbitrary, this
completes the proof of Lemma 4.3.

Now we turn to the study of the algebraic version of the theory developed in this paper. Let
p(s,x) = 2" + fi(s)z" 1 + .. + fu(s)

be a polynomial with generalized analytic coefficients f; € O(AY), i = 1,n and discriminant d,,. It is
clear that d,, also is a generalized analytic function: d, € O(A?). Denote by N,, = N(dp) the set of zeros
of the discriminant d,,. Then either N, is nowhere dense (discrete) in A, or N, = A%, We assume the
first case, that is, N, is nowhere dense in A% and the null-set N, will play the role of a thin set. Consider
the space

Ag = {(s,z2) € A x C: p(s,z) =0},

and the covering
W:A2—>Aoz(s,a:)»—>s.

Observe that the contraction m|as : Ay = 77 1(A*) — A* will be an unbranched covering over A* =

A"\ N, which we also denote by . Thus, Ag becomes a Bohr-Riemann surface. We denote C} =
CsNA*=C,\ Ny, C;  =7"1(C:) and Cp s = 77 1(Cy). Recall that a curve u: I — A is called
analytic, if u(I) C Cg for some s € A® (as s can be taken u(0)).

Definition 4.1. A curve i : I — Aj m A} is called analytic, if its projection u = 7 o4 under the
covering m is an analytic curve.
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Lemma 4.4. The following conditions are equivalent:
1) 4 : 1 — A} isananalytic curve,

2) there exists s € A°, such that a(I) C C; .

Proof. Assume that @ : I — A% is an analytic curve. Then there exist s € A and a curve u(I) C
Cs, such that u = 7o 4. Since 4(I) C Ay =7 *(A*), then u(I) = woa(I) C A*, implying u(I) C
Cs N A* = Ct, and hence 4(I) € n1(C}) = C; ;. Now assume that there exists s € A%, such that
a(I) C C, ;. Then u(I) = moa(I) C Cg, that is, u is an analytic curve, and hence the curve 4 is also
analytic. Lemma 4.4 is proved.

As it was shown above, the locally compact abelian group structure given on A® allows for each
s € A% and an analytic curve u : I — A to define a curve u, : I — A, by setting us(t) = su(t),t € I,
which also will be an analytic curve.

Lemma 4.5. Let u: I — A* be a (analytic) curve. Then there is a neighborhood U of the unit
element of the group A such that for any s € U the (analytic) curve us(I) is contained in A*.

Proof. We have u(I) C A*, implying that w(I) does not contain points from N,. Since the set N,
is discrete, there is a non-overlapping with NV, neighborhood of the curve w([I), that is, there is a
neighborhood U of the unit element o, such that u(I)U N N, = @. Then, it is clear that, for any s € U
the curve uy(I) = su(I) does not intersect N, implying that us(/) C A*. Lemma 4.5 is proved.

Similar to the Definition 2.3, two points w, w’" € A% will be called equivalent, and denoted by w ~ w/,
if 7(w) = w(w') and there exists an analytic curve @ : I — A%, such that 4(0) = w, 4(1) = w'. Again,
if w~w and w' ~ w”, then w ~ w”. Let, as before, C'(w) be the set of all points (including w) that are

equivalent to w. Taking into account that the covering is n-sheeted, we have cardC(w) < n. Also, it
follows from the transitivity of the equivalence relation that for any w € AJ there exists an analytic curve

a(I), such that 4(0) = w and C'(w) C a(I).
Now we examine the local behavior on Ay of the function v : A7 — Z 1, v(w) = cardC(w). As it was

mentioned above, Corollary 3.1 implies the local constancy of function v on the Bohr-Riemann surface
(Theorem 3.1). In the next theorem, using an algebraic method, we prove the assertion of Corollary 3.1
for the considered case, which again yields the local constancy of function v on A7,

Theorem 4.1. For each element w € A} there exists a neighborhood V', such that Jor any z € V
the inequality holds: v(z) > v(w).

Proof. Wefix an arbitrary wo € Ap with m(wo) = so € A*. Let v(wp) = kand C(wo) = (wo, w1, ..., Wg—1)-
Further, let 4 : I — A} be an analytic curve with @(0) = wo and C(wp) C a(I). Then there exist
O=to<t1 <..<tp1 < 1suchthatﬂ(ti) = wi,z' = O,k‘ -1 andﬂoﬂ(ti) = ﬂ(wi) = So,i = O,k‘ — 1.
Denoting by u(t) = wou(t), t € I the projection of the analytic curve & C A%, we obtain u(I) C A* and
’U,(tl) =T Oﬂ(ti) = S0, 1= O,k — 1.

Clearly, to complete the proof, it is enough to show that for any sequence wy — wy there exists Ao,
such that v(wy) > v(wy) = kfor A > A\g. From the convergence wy — wy it follows that sy := m(wy) —
sg. Denote sg)\ = salsA and observe that sg)\ — o, Where oy is the unit of the group A°. Define the curves
uy : I — A by uy(t) = sQu(t), t € I. Then, by Lemma 4.5 there is A; such that for A > A; the curves
u)(I) are contained in A*. Next, consider the polynomials

plult),z) =" + fr(u(t)z""" + ... + falu(t)),

plur(t),z) = 2" + fi(un ()"~ + ..+ fu(ua(t)).
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Since the curve u(t), t € I belongs to the set A*, by Lemma 4.2 the equation p(u(t),z) = 0, ¢t € I has
exactly n continuous mutually distinct solutions. It is clear that for any € > 0 there is A, such that for
A > A. the inequality holds:

max [|fi(u(t) — filur(®)lleq) < <

1<i<n

Applying Lemma 4.3, we conclude that for A > max{A;, A\.} the equation p(uy(t),z) =0, t € I also
has exactly n continuous mutually distinct solutions, close (uniformly on [0,1]) to the solutions of the
equation p(u(t),z) =0,t € I.

Let a(t) = (8(t),z(t)), t € I. It follows from the definition of covering 7 that u(t) = 7 o a(t) = 5(¢),
t € I, that is, a(t) = (u(t),2(t)), t € I. In particular, we have w; = a(t;) = (u(ts), 2(t;)) = (s0, Z(ti)),
i =0,k — 1. Sinced(t) C Ay, t € I, from the definition of the set A} we obtain

() + frlu@®)E"HE) 4 A falu(t) =0, tET,

implying that the function Z(¢) is one of the solutions of equation p(u(t),z) = 0. Hence, according to
Lemma 4.3, for A > A, (5) among the solutions of equation p(ux(t), z) = 0 there is & (¢) to satisfy

|z — 2o <9, (4.7)
where

o< |Z(t;) — 2(t5)|/2, (4.8)

min

1<i<j<k—1
with w; = (so,Z(t;)), ¢ = 0,k — 1. Next, since the curve w is analytic, uy also will be an analytic
curve, and taking into account the relation uy = m(uy, Z)), we conclude that the curve @y : I — AYis
analytic with @ () = (ux(t),2(1)), t € I. By the construction we have uy(t;) = sQu(t;) = sy ' sxs0 =
sx, % = 0,k — 1. Therefore the points @y (t;) = (sx, ZA(%i)), i = 0,k — 1 belong to the curve @, (I). Since
m(ty(tg)) = sy = w(wy) and wy — wy = (S0, Z(to)), sx — So, then taking § in (4.7) sufficiently small
and A sufficiently large (A > Ao > max{A1, A(5)}), we obtain wy = @x(to). Besides, using (4.7) and
(4.8), for i £ j we obtain

@a(t) — 2a(ty)] = [(@(t) — 2(1;)) — (@(t:) — (8)) — (@x(ty) — &(t5))]
> [(@(t) — (6))] — [(@(t) — 2(t)] — [a(ty) — &(t)] > 25— 6 — 5 = 0,

implying that Z,(t;) # £(t;), and hence ) (t;) # x(t;), 7 # J.

Thus, we have constructed an analytic curve uy in A%, for which @) (0) = @y (to) = wy, 7(x(t;)) =
sx, 1 =0,k —1,and uy(t;) # x(tj), 7 # j. This means that w)y has at least k equivalent points 4 (t;),
i =0,k — 1, implying that v(wy) > k = v(wyp). Theorem 4.1 is proved.

Corollary 4.1. The function v : Ay — Z is locally constant on Ay,
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