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Abstract—In this paper, we study the information-generating (IG) measure of k-record values
and examine some of its main properties. We establish some bounds for the IG measure of k-
record values. In addition, we present some results related to the characterization of an exponential
distribution by maximization (minimization) of the IG measure of record values under certain
conditions. We also examine the relative information generating (RIG) measure between the
distribution of record values and the corresponding underlying distribution and present some results
in this regard. Several examples have been provided throughout the study to illustrate the results. We
also consider the problem of estimation of the IG measure for a two-parameter Weibull distribution
based on the upper k-record values.
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1. INTRODUCTION

The record values was formulated by [13] as successive extremes occurring in a sequence of
independent and identically distributed (iid) random variables. Records are of great importance in several
real life problems involving destructive stress testing, sporting and athletic events, meteorological
analysis, oil, and mining, surveys, hydrology, seismology, etc. Prediction of the next record value is
an interesting problem in many real-life situations. For a detailed survey on the theory and application
of record values, see, [2, 4, 29], and the references therein.

Let {X;,i > 1} be a sequence of iid random variables having a common cumulative distribution
function (cdf) F'(x) which is absolutely continuous. An observation Xj is called an upper record if its
value exceeds that of all preceding observations. Thus, X is an upper record if X; > X; for every ¢ < j.
In an analogous way, one can also define lower record values.

The characteristic features of the parent distribution can also be studied by looking at the record
statistics that arise from a distribution. But we can see that after the first observation, the expected
waiting time for the occurance of each record after the first may be infinite. Additionally, the presence
of an outlier in a sequence of random variables prevents the realisation of record values from occurring
later. One may overcome this difficulty by considering the k-record statistics introduced by [17].

Now, for a positive integer k, the sequence of upper k-records, or simply k-records is defined as
follows: For a positive integer k, the upper k-record times T, ), for n > 1 are defined by

Ty =k, with probability 1
and, forn > 1,
Ty =min{j : j > T 1x), Xj > X1, ) —k+1:T5_y 5y (1)
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INFORMATION GENERATING FUNCTION 177

where X;.,,, is the ith order statistic in a random sample of size m. The sequence of the upper k-record
values U,y are then defined by

Un(ky = X Ty —k+1:To for n>1. (2)
In an analogous way, one can also define lower record values.

If the parent distribution is absolutely continuous with survival function F'x(x) and probability
density function(pdf) fx (), then, the pdf of nth upper k-record value U, is given by (see, [4]).

n

Fuo(@) = 1 [Hlog (1~ F@)" 'L~ F@)* f(2), o0 <2 < . 3)

r

The pdf of nth lower k-record value L, is given by (see, [2])

n

Gty (@) = 11 [Flog F@I M F@F f(2), o0 < < oo 4)

Since the ordinary record values are contained in the k-records, by putting k = 1, the results for the
usual records can be obtained as special cases. Several applications of k-records are available in the
literature. For some recent applications of k-record values see, [6, 11, 12].

Information theory is one of the most important branches of science introduced by [18, 31]. The
Shannon entropy of a continuous random variable X, having pdf on support y, is defined as

H(X) = - [ f(a)og fla)de (5)

Shannon entropy measure and its extentions have been considered by several researchers. The study of
the entropy measures for order statistics and record values has received considerable attention recently.
For more details, one may refer to[1, 5, 7, 24, 27].

In information theory, generating functions have also been defined for probability densities to deter-
mine information quantities such as Shannon information and Kullback—Leibler divergence Golomb.
[19] proposed information generating (1G) function (measure) to generate some well-known information
measures. Suppose the variable X has a density function f(x). Then, the IG function of density f(z),
forany a > 0, is defined as

GalX) = [ 2(X)de = EleleDosl ), (6)
X

provided the integral exists. To simplify notation, we suppress x for integration with respect to z
throughout the paper, unless a distinction is needed.

Clearly G1(X) =1 and 8(1 Go(X)|a=1 = —H(X), where H(X) is the Shannon entropy given in

(5). In particular, when o = 2, the IG measure is reduced to fx f2(z)dx = —2J(X), where J(X) is

the extropy given by [28], which is also known as the informational energy (IE) measure. In physics
and chemistry, the IG measure is known as the entropic moment, and it is closely related to the Renyi
and Tsallis entropies. The IG measure plays a significant role in information theory and physics since
it generates the most popular information measures, including Shannon entropy, Renyi entropy, Tsallis
entropy, and extropy measures.

Recently, [32] has studied the 1G function of record values and examine some properties of it. Clark
[16] has used IG function for stochastic processes to assist in the derivation of information measures for
point processes. Kharazmi and Balakrishnan [25] have studied the IG measure for order statistics and
its applications in the study of mixed systems. Also Kharazmi and Balakrishnan [26] introduced Jensen
IG measure and its connections to some well-known information measures such as Jensen-Shannon,
Jensen—Taneja, and Jensen-extropy information measures.
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Guiasu and Reischer [20] proposed relative information generating (RIG) measure between two
density functions. Let X and Y be two random variables with density functions f and g, respectively.
Then, the relative information generating measure, for any a > 0, is defined as

Rolfi9) = [ 1*(0)g" =" @)da, (7)
provided the integral exists. It is obvious that Ry(f,g) = 1 and
Ratf-los = [ 110 (10g! ) ) do = K(7.9), ®)

the Kullback—Leibler dlvergence, originally defined by [23].

In this paper, we consider the [G measure of k-record values and examine some of its main properties.
We also examine the relative information generating (RIG) measure between the distribution of record
values and the corresponding underlying distribution. So far estimation of 1G measure based on k-
record values has not been considered in the available literature. Hence in this paper, we also consider
the maximum likelihood estimation and Bayesian estimation of [G measure based on k-record values
for Weibull distribution.

In the present work, our goal is to study 1G measure for k-record values and then establish some
results associated with it. The rest of this paper is orgnized as follows: In Section 2, we first examine the
[G measure for nth upper and lower k-record values. Section 3 deals with some stochastic comparisons
based on IG measure of k-record values and we examine the lower and upper bounds for the [G measure
of k-record values. In Section 4, some results associated with the characterization of exponential
distribution based on the IG measure of k-record values is given. Section 5 is devoted to the relative
information generating divergence of k-record values. In Section 6, we consider the estimation of the IG
measure for the Weibull distribution based on upper k-record values. We obtain the maximum likelihood
estimators (MLEs) for [G measure and the Bayes estimators of IG measure. Finally, some concluding
remarks are made in Section 7.

2. 1G MEASURE OF k-RECORD VALUES

In this section, we first examine the G measure of lower and upper k-record values and then establish
some results for this measure.

Theorem 2.1. Let {X;,i > 1} be a sequence of iid continuous random variables from a

distribution with common distribution function F(z), pdf f(z) and quantile function F~1(.). Let
Uy (k) denote the nth upper k-records. Then the |G measure of U,y is given by,

o a(n—1)+1
(a<k(_13+1)a<n1 Elfm (P (1= e )], (9)

where Uy, ~T'(n,k) and V,, ~T'(a(n —1)+1,a(k — 1) + 1) with T'(\,B) denotes a gamma
distribution with pdf given by

Ga(Un(k’)) = Ga(Un,k)
A
o e P g > 0.

Proof. From the definition of IG measure given in (6), we have the IG measure of nth upper k-re-
cords as,

kCMTL a(n— al\R— «
GalUaay) = o, [ [Flog (1= Fa)I DL = P4 ()
On puttingv = —log (1 — F(x)), we get
Ga(Un(k)) _ [Fn]a /Ua(n—l)e—v(a(k—l)-l-l)fa—l(F—l(l o e—v))dv
0
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B [Fn]f?;(rlj(i(?);ll))j(izl)ﬂ E[f*H (P (1 = e7"0))]. (10)

Since
INa(n—1)+1)k"
Ga(Un,k) = [Fn]a(ak)a(n_1)+1 5 (11)
we have
(ak)a(n_l)H a—1/p—1 —Vik
Ga(Un(kz)) = Ga(Un,k) (Oz(k} . 1) + 1)a(n_1)+1E[f (F (1 —e " ))] (12)

Hence the result.
Example 2.1. Let {X;,i > 1} be a sequence of iid random variables having a common two-parameter
Weibull distribution with pdf given by

flx) = ﬁ)\mﬁ_le_)‘xﬁ,x > 0.

Here,
P [—mg(l—m)r
A
Therefore,
FNETL = ) = AT gty R el
and hence

(a(k — 1) + 1)e=D+1 T(a(n — 5)) + 4

o— — ~Vak oyt has )
BT (FT A e ) = Ae MNa(n—-1)4+1) (ak)a("_;*)Jrflf

Thus, we have

= N T
a\Un(k)) = (Fn)a (ak)a(n—é)-‘ré '

We have drawn the graphs of 1G measure of nth upper k-records for Weibull distribution for different
values of « and are given in Fig. 1. It can be observed from Fig. 1 that, G4 (U,)) is increasing in
n for 0 < a < 1 and decreasing in n for a > 1. Also, it can be observed from Fig. 1 that, Go(Up k)

is decreasing in k for 0 < a < 1 and increasing in k for a > 1. Also, when k = 1, the IG measure of
classical records is obtained.

Example 2.2. Let {X;,7 > 1} be a sequence of iid random variables having a common Pareto
distribution with pdf given by

flx) = A (x)_A_l,a: >0 >0,A>0.

o \o
Here,
F_l(a:):cr(l—:r)_i.
Therefore,
M o
a=lep=1¢9 _ —u\) _ —Y(a—=1)(A+1
roEta-em = () e ,
and hence

a—1 « - Al
Bl (F N (1= e Vor))] = @ <( (kaul):Mg—l )

MATHEMATICAL METHODS OF STATISTICS Vol.32 No.3 2023



180 CHACKO, GRACE

=0.7
L6 L a=0.75
_ 14t
S S
S SEPy!
& S}
1.0 -
1 1 1 1 1 1
0 2 4 6 10
n

1.4
1.2
1.0
0.8
0.6
0.4 o

Ga( Un(k))

Fig. 1. IG measure of nth upper k-records for Weibull distribution for different values of a and &.

Thus, we have

fon <>\>a_1 o L(a(n—1)+1)

Ga(Un(k)) = (Fn)a p 1+ )\k) _ 1)a(n—1)+1 ’

Example 2.3. Let {X;,7 > 1} be a sequence of iid random variables having a common Rayleigh
distribution with pdf given by

T

flz) = ¥ e 202, x>0,0>0.

o2
Here,
F~(z) = oy/—2log (1 — z).
Therefore,
g
and hence

fONF T (1—e) = <1>H o—ula—1)
(

Oé(k‘ . 1) +1 a(n—1)+1
ok '

Thus, we have

an a—1 aln —
Go(Unmy) = g <1> Mla(n=1)+1),

(I‘n)o‘ o (ak)a(n—l)-l-l

Theorem 2.2. Let {X;,i > 1} be a sequence of iid continuous random variables from a
distribution with common distribution function F(z), pdf f(x) and quantile function F~1(.). Let
Ly denote the nth lower k-records. Then the IG measure of Ly, is given by,
(ak)a(n—l)-i-l

Ga(Ln(k)) = Ga(Uﬂ,k) (Oé(k‘ _ 1) + 1)a(n—1

L BT ET )L (13)
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where Uy j, ~ T'(n, k) and V), ~T'(a(n — 1)+ 1,a(k — 1) + 1).
Proof. From the definition of IG measure given in (6), we have the IG measure of nth upper k-re-
cord as,

fan a e N
Galln®) = (1o / [~log F(a)]*" D [F(2)]*"D £ (x) de. (14)
On putting v = —log F'(z),we get
ken r a(n— —v(a(k— a— — —v
Ga(Ln(k)) = [Fn]a /U ( 1)6 (a(k 1)+1)f 1(F 1(6 ))d’U
0

kT (a(n — 1 1 ) o
- [Fn]a(a(k( —(1) + i)l_(nzl).HE[fa 1(F 1(6 Vnk))]

k a(n—1)+1
(Oz(k‘ (—a1; + 1)a(n—1)+1 E[fa_l(F_l(e_vn’k))]' (15)

where G (U, ) is defined in (11). Hence the result.

Example 2.4. Let {X;,i > 1} be a sequence of iid random variables having a common generalized
exponential distribution with pdf given by

fx)=pe (1 —e )P z>0,8>0.

= Ga(Un,k)

Here,
F~ () = —log(1 — z7).
Therefore,
FYF (e ) = 821 — e—u/B)a—le—u(a—l)(l—é)
and hence

o0 a(n—1)+1
Bl = 3 () e ( el D ) .

o« p+1
ak 3 + 3
Thus, we have

R = (a=1\, ., Tla(n—-1)+1)
Galny) = e ,;0< D oty

We have drawn the graphs of G measure of nth lower k-records for generalized exponential distribution
for different values of « and are given in Fig. 2. It can be observed from Fig. 2 that, for n > k, Go(Ly )

is decreasing in n for 0 < o < 1 and increasing in n for o > 1.

Example 2.5. Let {X;,i > 1} be a sequence of iid random variables having a common inverse
exponential distribution with pdf given by

A A
flz) = 26 2, x> 0,A>0.

Here,
F~l(z) = =\(log z)™%.

Therefore,

a—1l/p—1/,—u\\ _ u? A —u(a—1)
FE e = (1) e,
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Fig. 2. IG measure of nth lower k-records for generalized exponential distribution for different values of a and k.

and hence
k—1)4 1D)eC=DH D(a(n +1) - 1)

Blpet(Fi ety = (ak)em+D)=1 T(a(n—1)+1)

Thus, we have
E" T(a(n+1)—1)

Ga(Lnek)) = (Tn)®  (ak)a(n+D)-1

3. PROPERTIES OF IG MEASURE OF k-RECORD VALUES

In this section, we derive some properties of [G measure of nth upper and lower k-record values. The
following theorem shows the monotone behavior of IG measure of nth upper k-record value in terms of
n. In order to prove this theorem, we need the following definitions and lemmas.

Definition 3.1[30]. Let X and Y be two non-negative random variables such that P(X > z) <
P(Y > y) forall x > 0. Then we say that X is said to be smaller than Y in the usual stochastic
order (denoted by X <4Y).

Definition 3.2 [30]. Let X and Y be two non-negative random variables with densities f and
g, respectively. The random variable X is said to be smaller than Y in likelihood ratio order

(denoted by X <, Y) if f(x)g(y) = g(z)f(y) Jorallz < y.

Lemma3.1[8]. /[ X andY are two continuous or discrete random variables such thatY <;. X,
thenY <4 X.

Theorem 3.1. Let {X;,i > 1} be a sequence of iid continuous random variables from a

distribution with common distribution function F(z), pdf f(z) and quantile function F~*(.). Let
U,y denote the nth upper k-record. If f(x) is non-decreasing in x. Then,

. Ga(Uy ) is non-decreasing inn for a > 1.
2. Go(Uywy) is non-increasing inn for 0 < o < 1.
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Proof. From Theorem 2.1, we have
E*"T(a(n — 1) + 1)
[Tn]e(a(k — 1) + 1)xn—1
where V,, j, ~ T'(a(n — 1) + 1,a(k — 1) 4+ 1). Then,
Ga(Unry) = 10g Ga(Upr)) = Dn +log B[f*"H(FH(1 —e™"h))], (17)
where D,, = anlog k +log (I'(a(n —1) + 1)) —alog I'n — (a(n — 1) + 1)log (a(k — 1) +1). Therefore,
E[fe (F7H 1 — e7nink))]
Bl (11— e Vo))

Without loss of generality, assume that n is continuous and then taking derivative with respect to n, we
obtain,

Ga(Uniiy) = L BT FET A =) (16)

Go(Untik)) — GaUnry) = Dny1 — Dy + log (18)

dDn

i = ¢ Y(a(n —1)+1) —¢(n) — log N

(k—1)+1)"

where ¢(z) = dd (log I'z) is the digamma function.
x

Since ¢ (x) is an increasing function of z and a(n —1)+1>mn and a(k —1)+1 >k for a > 1,
we conclude that D, is an increasing function of n. It is easy to show that V;, ;, <; V11 % and so

Vik <st V1., Moreover, foH(F~1(1 — e®)) is non-decreasing in z for all @ > 1, because f(z) is
non-decreasing in x. Thus we have,

Bl (F 1 — e Vrik))] > Bl (FTH L — e V)] (19)
and hence

B[l (F1(1 — e~Verna))]
E[fot(F-1(1 — e Var))] = (20)

Therefore, G7,(Up41(k)) — G5 (Un(ry) = 0and which implies G, (U, (y)) is non-decreasing in n for o > 1.

log

Now, for 0 < a < 1, we have a(n—1)+1<n and a(k —1) +1 < k, then D,, is a decreasing
function of n. Moreover, f~1(F~1(1 — e~%)) is non-increasing in z for all 0 < o < 1, because f(x)
is non-decreasing in z. Thus,

B[f N (P71 — e V)] < BN (FTH L — e V), (21)
and hence

a—1 —1 _ —Vnt1,k
Blfe (P (1 - V)] 29)
E[fert(F~H1 —emtnk))]
Therefore, G3,(Upt1(k)) — G (Unry) < 0 and which implies G (Uy,(x)) is non-increasing in n for 0 <
a < 1. This completes the theorem.
Now, we present two bounds for the IG measure of the nth upper k-record value.

Theorem 3.2. Let X be a random variable with IG measure G,(X) < oco. Then the IG measure
of the nth upper k-records Uy, is bounded above as

log

k a(n—1)+1 o0
Go(Unky) < Ga(Uni) [a(k‘ _al) n 1] By / r(z) f* Hz)dx, (23)

where
(i) Up ~ TI'(n, k) and

(alk = 1)+ (a(n = 1)) 0

(i) Bngr) = T(a(n—1)+1) c

, provided the integral exists.
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)
(iii)r(z) = 1 - Fa)
Proof. The mode m,, ; of I'(a(n — 1) + 1, a(k — 1) + 1) with density function g, 1 is known to be
a(n—1)
alk—-1)+1

is the hazard rate function.

Then we have,

alk — a(n —1)*n=1)
00al8) gy = DRV iy

Now, we get

E[f* N (F N1 —e V)]
/ Gn k() fEHF (1 = e7Y))dv
0

[e.e] o

< Bagy [ 177 ET 1= o = By [ r(a)s " (@ (24)
0 —00
where the last equality is obtained by using the transformation z = F~1(1 — e=V»*). Now, substituting
the inequality (24 ) in (9) gives the required result.

Example 3.1. Let {X;,i > 1} be a sequence of iid random variables having Pareto II distribution
with pdf given by

C

flx) = (z _:C;)CH, a,¢c>0, z>0.
Then r(z) = . _T_ N and
a—1 _ c
/r(m)f (x)dx = (0= D)(c+ 1)aa_1,Va > 1.
0

So, for o > 1, we have

e 2a—1) k a(n—1)+1
GalUnt) < GalUnk)Bu) (110 - 1) <a(kz 1)+ 1> '

Theorem 3.3. Under the assumptions of Theorem 3.2, we have
(ak.)a(n—l)—i-l
(Oé(k‘ _ 1) + 1)a(n—l)+1

for a >1 (0 < a< 1), where M = f(m) < oo and m =sup{z : f(x) < M} is the mode of the
density f.

Proof. Since M = f(m), where m is the mode of X, we have
FF N y)) < M.

Ga(Un(k)) < (E)Ga(Un,k) ]\4'04_1 (25)

By puttingy = 1 — e~Vnk | we get,
JETH (L= eVer)) < .
Now, fora > 1,
JoNET L - e Vi) < Mo,
Taking expectation on both sides, we have
Blf* Y (F (1 —e ) < Mt
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Then by using (9), we get

Ga(Ungry) [(a(k -1+ 1)r(n_1)+1 < Mot

Go(Un) ak
Therefore,
(ak.)a(n—l)—i-l

Ga(Ungy) < Gal(Uni) (a(k — 1) + 1)a(=D+1 Mo
For0 < ae < 1, we have
N ET L - e ) > M
Therefore similarly, we can prove that for0 < a < 1
(ak)o‘("_l)'H o1

Ga(Un(k)) > Ga(Un,k) (Oé(k‘ . 1) + 1)a(n—1)+1 M

This completes the proof.
Example 3.2. Let {X;,i > 1} be a sequence of iid random variables having a common Gompertz
distribution with pdf given by
flx) = )\,Be)‘ﬁﬁ(l_ew), x>0, A 8>0.
1 1
Since the mode m of the distribution is )\log , we have

g

(ak)on=D+t yo—1(a=1)(8-1)

Ga(Un(k)) < (Z)GO&(UTLJ@’) (Oé(k‘ _ 1) + 1)a(n—1)+1

Va>10<a<1l).

Example 3.3. Let {X;,i > 1} be a sequence of iid random variables having a standard half Cauchy
distribution with pdf given by

J(w) = 7r(1—2i-a:2)’ 220

Since the mode m of the distribution is 0, we have
(ak)a(n—l)-l-l

2 a—1
(a(k — 1) + 1)an=1)+1 < > Va>1(0<a<l).

Ga(Un(kz)) < (Z)Ga(Un,k) .

Theorem 3.4. Let {X;,i > 1} be a sequence of iid continuous random variables from a dis-
tribution with common distribution function F(x), density function f(x), and quantile function
F~1(.). Let Ly, denote the nth lower k-records. If f(x) is non-increasing in x. Then,

. Ga(Lynw) is non-decreasing in n for a > 1.
2. Ga(Lyn) is non-increasing inn for 0 < a < 1.

Proof. From Theorem 2.2, we have

_ E*"T(a(n — 1) + 1)
Ga(Ln(k:)) - [Fn]a(a(kz _ 1) 4 1)a(n—1

where V,, j, ~ T'(a(n — 1) + 1,a(k — 1) 4+ 1). Then,

Go(Lngky) = 10g Ga(Lugry) = Dy +log E[f*H(F~ (e 0))), (27)

where D,, = anlog k+log (I'(a(n — 1) + 1)) — alog I'n — (a(n — 1) + 1)log (a(k — 1) + 1) Therefore,
BlfomH(F (e Vi)

E[femt(F~H e )]

Lo Bl ) (26)

Go(Lysaky) — Go(Lngky) = Dny1 — Dy + log (28)
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Without loss of generality, assume that n is continuous and then taking derivative with respect to n, we
obtain

dDn k
b = |platn =+ = v —tog 5]

where ¢(z) = dci (log T'x) is the digamma function.

Since ¢ (x) is an increasing function of x and a(n —1)+1>mn and a(k —1)+1 >k for a > 1,
we conclude that D,, is an increasing function of n. It is easy to show that V;, ;, <j V;, 411 and so

Vak <st Vns1,k. Moreover, feY(F~1(e~®)) is non-decreasing in x for all & > 1, because f(z) is non-
increasing in . We obtain,
Blfem (EH e )] = BIfTHF T e )], (29)

thus

a—1 —1 _VTH-IJC
B[ (F e V)] 30

E[fe=Y(F~Y(emVnK))]

Therefore, G}, (Ln41(k)) — G&(Ln(ky) = 0and which implies G (L)) is non-decreasing in n for o > 1.

Now, for 0 < w < 1, we have a(n—1)+1<n and a(k —1) +1 < k, then D,, is a decreasing

function of n. Moreover, f&~1(F~1(e~%)) is non-increasing in z for all 0 < a < 1, because f(z) is
non-increasing in x. Thus,

Bl (P (e V)] < B (R e ), Gl

log

thus

B[t () (e Vo))
Blfe (P (e ))] = )

Therefore, G, (Lyt1(k)) — G (Lngky) < 0 and which implies G (L)) is non-increasing in n for 0 <
a < 1. Hence the theorem.
Now, we present two bounds for the IG measure of the nth lower k-record value.

Theorem 3.5. Let X be a random variable with IG measure G,(X) < oo. Then the IG measure
of the nth lower k-records Ly is bounded as

log

oo

Buu / s(@) o\ (@), (33)

—00

ak :|a(n—1)+1

Ga(Ln(k)) < Ga(Un,k) |:Oé(k‘ . 1) +1

where
(i) Up g ~ TI'(n, k) and
_ — 1)aln—1)
(i) Bpky = ok ;)(;_(TIL)(—al(;L+ 11)) )6_0‘(”_1), provided the integral exists.
o f@)
(iii) s(z) = Flo)
Proof. The proof is omitted since it is similar to that of Theorem 3.2.
Theorem 3.6. Under the assumptions of Theorem 3.5, we have
(ak.)a(n—l)—i-l
(a(k — 1) + 1)an=D+1
for a >1 (0 < a<1), where M = f(m) < oo and m =sup{z : f(x) < M} is the mode of the
density [.
Proof. Since M = f(m), where m is the mode of X, we have

J(FHy)) < M.

Ga(Ln(k)) < (Z)Ga(Un,k) ]\4'04_1 (34)
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By putting y = e~ ¥k, we get
FE e k) < M.
Now, fora > 1,
FoF e V) < Me,
Taking expectation on both sides, we have
Bl (F e Vo)) < Mo

Then by using (13), we get

o(L _ a(n—1)+1
Ga(Ln(w) [a(k‘ 1)+1} < et

Ga(Un,k) ak
Therefore,
(ak)a(n—l)—i-l

Go(L < Go (U, Mol
( "(k)) — ( ,k:) (a(k _ 1) + 1)a(n—1)+1
For0 < o < 1, we have
fa_l(F_l(e_V"’k)) > Ma—l'
Therefore similarly, we can prove that for0 < o < 1,
a(n—1)+1
Ga(Ln(k)) > Ga(Un,k) (ak) Mot

(Oé(k‘ _ 1) + 1)a(n—1)+1

This completes the proof.

Example 3.4. Let {X;,i > 1} be a sequence of iid random variables having a common Frechet
distribution with pdf given by

A\ (D)
flx) = <Z> els) A, x>0, \38>0.

Here f(z) is non-increasing.

A
Since the mode m of the distribution is (1 i >\> ,we havefora >1(0 < a < 1),

(1+X)(a—1)
A

(ak)e(n—D+1 AN 10 (14N (a1
Ga(Un(k’)) S (Z)Ga(Uan) (Oé(k . 1) + 1)a(n—1)+1 5 by ¢ A ’

4. CHARACTERIZATION OF EXPONENTIAL DISTRIBUTION
BY IG MEASURE OF k-RECORDS

In this section, we show that exponential distribution maximizes (minimizes) IG measure of k-record
values under some information constraints. Consider a class of distributions F' associated with a non-
negative random variable X with F'(0) = 0 and failure rate function r that satisfies the conditions:

* b(z) > M, M >0,
where a(0) and b(x) = B’(z) are non-negative functions of 6 and z, respectively. We denote this class
of distributions by C'. We then provide a characterization result for the class C in terms of IG measure of

the nth upper k-record value Uy, ).
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Theorem4.1. The nth upper k-record value of the distribution F has maximum (minimum) [G
measure in C, for0 < a < 1(a > 1), if and only if

F(z:0)=1—e M0 (35)
Proof. Let F'(x : ) be a class C'and U, denote the corresponding nth upper k-record value. Then,

we have,

o0

_ (ak)® a(n—1) —z(a(k—1)+1)
CalUnty) = CalUnk) 1 _ 1) 4 Jatn-1a / S
. _1 _|_1)a(n 1)+
| (MH woiniy @
(n—1) +1 L % a(n 1) e—okz . . T
= Go(Upn i) (k) /r (n—1) +1)b [B <a(9)>} dz. (36)
0

Noting that b(z) > M, then forany 0 < o < 1(a > 1), we have b*~! < (>)M*~L. Therefore,
GalUn(y) < (2)GalUna) (@) I p1a(@)) ! [

0
= Ga(Un,k)[Ma(o)]a_la (37)

which is the IG measure of the nth upper k-record of F(z : 8) = 1 — e~ M()* From this, it is clear that
forany 0 < a < 1(a > 1), the nth upper k-record of exponential distribution has maximum (minimum)
[G measure in class C.

To prove the converse, suppose the nth upper k-record of F(z : ) has maximum (minimum) IG
measure in class C'. Then from (36), we have

(ak)a( a 1 70 a(n—1) —akw a—1 -1 T
a\Yn = GalUn B
GolUn(ty) = Ga(Un) )+1 b o))
0

xa(n— 1) e—okz

Fla(n—1)+1)

IMNa(n—1 (0

a—1
0 -1 T
b |:B <CL 9)>:| xa(n—l)e—akx(ak)a(n—l)—kl

=G, (U, Mo~ 1 0)1%— 1 / dx.
Gal(Un) [a(9)] M T(a(n —1) +1) “
0
Since G (Up(ry) is maximum (minimum) for 0 < a < 1(a > 1), we have
Ga(Uny) = Go(Upn ) M a ()] ! (38)
and so
z a—1
0 ~1
/ b |:B <(I(9)>:| :L,a(n—l)e—akz(ak)a(n—l)-‘rl e 1
M T(a(n —1) +1) e
0
Hence,
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The function inside the integral is a non-negative function of > 0, because b(x) > M. So,

P ()]

o . Yz >0,
i {B B ((@)] = Ma(0)
B! <a2”9)> - Mi(e)”“’ + h(0). (39)

As X is a non-negative random variable, we have B=1(0) =0 and so h(f) =0. Now, making

a(0)

the transformation y = in (39), we can conclude that B(x) = Mz, that is, X has exponential

distribution, is required.

5. RELATIVE INFORMATION GENERATING DIVERGENCE OF k-RECORDS

In this section, we study the RIG divergence between a given parent density and corresponding
density of the nth upper and lower k-record values.

Theorem 5.1. The RIG divergence between the densities of nth upper k-record and the parent
distribution is given by the following representation,

(ak)a(n—l)-i-l
(Oé(k‘ _ 1) + 1)a(n—1)+1 ’

Moreover, Ra(fu, . f) is an increasing (decreasing) function of n for o> 1(0 < v < 1).

Ra(fUn(k)7f) = Ga(Un,k) (40)

Proof. The RIG divergence between the densities nth upper k-record and the parent distribution is
given by

Ralfur£) = oo [ H@)[log (1= Fa)e D[t = P i 1)

On puttingv = —log (1 — F(x)), we get

o

o R
Ra(fUn(k)af) = [Fn]a /Ua(n 1)6 (a(k l)+1)dU

0
no _ a(n—1)+1
= Pl ot ) e = o000 o
where G (U, ) is defined in (11).
In order to examine the monotonicity behaviour of Ra(fUn(k) , f), we have
log Ra(fu, ) f) = nalog k+log I'(a(n — 1) + 1) — alog (I'n)

— (a(n—1)+ Dlog (a(k — 1) + 1). (43)

Now differentiating with respect to n, we obtain,

k

(k—1)4+1]"

Because 1 is an increasing(decreasing) function and forae > 1(0 < a < 1), wehavea(n — 1) +1 > (<)n
and a(k — 1) + 1 > (<)k, the inequality gets satisfied.

108 R0 ) = a [9l0ln — 1)+ 1) — p(n) ~ log_ (44)
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Theorem 5.2. The RIG divergence between the densities nth lower k-record and the parent
distribution is given by the following representation,
(ak)a(n—l)-l-l
(a(k — 1) + 1)an=1+1"

Moreover, Ra(fL,,. f) is anincreasing (decreasing) function of n for a>1(0 < a < 1).

ROl(an(k)vf) = GO!(Un,k) (45)

Proof. The proof is omitted since it is similar to that of Theorem 5.1.

6. ESTIMATION OF 1G MEASURE FOR WEIBULL DISTRIBUTION
BASED ON k-RECORD VALUES

In this section, we consider the estimation of [G measure for Weibull distribution based on nth upper
k-record values. We obtain the maximum likelihood estimators (MLEs) and Bayes estimation of 1G
measure using MCMC method.

A two-parameter Weibull distribution has cdf given by

F(z|B,\) =1 — e (46)
The pdf corresponding to the above cdf is given by
|8, N) = Bzl te (47)

The Weibull distribution is widely used in many fields, including reliability engineering, survival analysis,

hydrology, meteorology, and insurance. Furthermore, parametric inference of the Weibull distribution

based on record data is of special interest because the Weibull distribution naturally arises from the

extreme value theorem and has a significant physical interpretation in numerous practical contexts.

[15] considered the estimation of entropy of Weibull distribution under generalized progressive hybrid
censoring.

The IG measure for the Weibull distribution with cdf given in (46) is given by

g ot Tlan— 1)+ 1)

Ga(XB) = (A7 B! Y

I'(n) (ko) )+ 5

(48)
6.1. Maximum Likelihood Estimation

In this subsection, we obtain the MLEs of IG measure for the two-parameter Weibull distribution
based on nth upper k-record values. Let R;,i = 1,2, ...,n be the first nth upper k-record values arising
from Weibull distribution with c¢df given in (46). Let D,, = (R1, Ra, ..., R;). Then from (47) the likelihood
function is given by

L(A, Blda) = (kAB) e ¥ [ rf 7Y,

i=1
where d,, = (r1,r2, ..., ). The natural logarithm of the likelihood function is given by
log L(X, Bdn) = nlog kAB — kxr +> " logr) ™.
i=1

When we differentiate log L(\, 8|d,,) with respect to § and A and equates to zero,

OdloglL. n -
= - k:)\rglo rn + logr; =0 49
95 = 8 g ; g (49)
and
sl k=0 (50)
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From (50), we get

. n
A= .
k:r;g
By putting the value of Ain (49), we get
g—nlogrn—FZlogn:O. (o1)
i=1
Therefore the MLE of g is given by
5 n
8=

Thus the MLE of )\ is obtained as

Then by invariant property of MLE, the MLE of IG measure for Weibull distribution based on nth upper
k-record values is given by

8. (52)

Guie = A7
F("I’L) (l{}a)a(n_é)—i_é

6.2. Bayesian Estimation

In this subsection, we consider the Bayesian estimation of the IG measure for the two-parameter
Weibull distribution based on upper k-record values. Recently, Hassan and Zaky [22] studied the
Bayesian estimation of entropy function for Lomax distribution based on record values and Al-Labadi
and Berry [3] studied the Bayesian estimation of extropy and goodness of fit tests. Chacko and Asha
[10] obtained estimators for the entropy functions of a Weibull distribution based on record values,
and Chacko and Asha [9] obtained estimators for the entropy function of a generalized exponential
distribution based on record values. Bayesian estimation of a two-parameter Weibull distribution using
extension of Jeffreys’ prior information with three loss functions has been studied by [21].

Here, we consider Bayesian estimation of G measure for the two-parameter Weibull distribution
under symmetric as well as asymmetric loss functions. For a symmetric loss function we consider the
squared error loss (SEL) function and for assymetric loss functions we consider both LINEX and entropy
loss functions. The Bayes estimate of any parameter p under SEL is the posterior mean of p1. The Bayes
estimate of ;1 under LINEX loss function can be obtained as

. 1 _
frs = —hlog{Eu(e "x)},  h#0,
provided E,,(.) exists. The Bayes estimate of y for the general entropy loss (EL) function is obtained as

AEB = (Eu(ﬂ_q\m))_;7 q#0.

Let R;,i = 1,2, ...,n be the first n upper k-record values arising from Weibull distribution with pdf given
in (47). Then the likelihood function is given by

LA, Bldy) = (kAB)"e o T 07,

i=1

where d,, = (r1,72,...,7,). Assume that the prior distributions of g and A follow independent gamma
distributions with density functions respectively given by

ba
m(Bla,b) = 1 BTN a>0, b>0,
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and
dC
ma(Ae, d) = r ATlem® e > 0, d>0.
c

Thus the joint prior distribution of 8 and A is given by

_ b*d* a—1yc—1_-—bB _—dX
(A B) = FaFc/B AT e e,
Then the joint posterior density of 8 and A given D,, = d,, can be written as
LA, Bldn)m ( p)
dy, 53
TG 1 L Bl B)rds )

Therefore the Bayes estimate of any function g(3, A) of 5 and A under SEL, LL, and EL are respectively
given by

] 9B NL(A, Bldn ) (A, B)dAdp
gs =

JILO md (A B)dNE %)
. JfehaB L md)( B)dAdp
9L thg[ [ L(x ,B|d ,B)dAdf ] ’ (59)
and
TS “L(A ,6|d>< B8)dAdB
gE‘[ ffL Bl (A, B)dAdB ] | (56)

[t is not possible to compute (54)—(56) explicitly. Thus we propose MCMC method to find the Bayes
estimates for the [G measure given in (48).

6.3. MCMC Method

In this subsection, we consider the MCMC method to generate samples from the posterior distribu-
tions and then find the Bayes estimates for [G measure. The joint posterior distribution given in (53) can
be written as

7O, Bldy) o 5n+a—1)\c+n—16—A(d+r,€k)e—bﬁe—(5—1)z;;llog ri (57)
From (57) the conditional posterior distribution of g given A and d,, is given by
7L (BIA, d) ox B LAk A I g ), (58)
Again from (57), the conditional posterior distribution of A given 5 and d,, is given by
TENB, dn) o AHNLemA(d+rk), (59)

Thus from (59) we can see that for a given 3, the conditional posterior distribution of A follows a Gamma

distribution with parameters (n + ¢) and (d + rﬁkz) Thatis, A ~ Gamma(n +¢,d + rﬁk) Therefore one
can easily generate sample from the posterior distribution of A. But it is not possible to generate random
variables from the posterior distribution of 8 given in (58) using standard random number generation
methods. Hence we use Metropolis—Hasting (M—H) algorithm to generate sample from (58) (see,
[14]). Since the plot of (58) is similar to a normal plot we take normal proposal density for g for the
M—H algorithm.

By setting initial values 3(© and (9 let 8 and A), t = 1,2, ..., N be the observations generated
from (58) and (59) respectively. Then the Bayes estimator of [G measure given in (48) under SEL, LL,
and EL, by taking first m iterations as burn-in period, are respectively given by

N

A 1
- ) gt
GseL= v _ t:§m+1 Ga(AY, BY), (60)
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Table 1. The estimate and the corresponding MSE for maximum likelihood estimator and Bayes estimator for [G
measure of Weibull distribution when a = 0.75

k- n X § IG MLE SEL LL EL
IGuee  MSE  1Gsg MSE [G L MSE [GgL MSE

2 6 2 2 1.02286 1.07592 0.04049 1.12587 0.00841 1.20485 0.02963 1.12020 0.00808
6 2 25 099473 1.07406 0.04387 1.09751 0.00612 1.12536 0.02033 1.09230 0.00589
6 25 2 095971 1.07486 0.05079 1.07650 0.00636 1.11656 0.06766 1.07175 0.00615
8 1.02406 1.06530 0.03974 1.09157 0.00703 1.10270 0.00786 1.08755 0.00685
8 2.5 0.99589 1.06989 0.04290 1.08131 0.00598 1.09413 0.01160 1.07717 0.00569
8 25 2 0.95341 1.07081 0.05016 1.02521 0.00451 1.03317 0.00487 1.02191 0.00449
10 2 2 1.02475 1.07356 0.03973 1.06500 0.00676 1.07258 0.00727 1.06196 0.00662
10 2 25 099656 1.07297 0.04224 1.04091 0.00574 1.04801 0.00616 1.03796 0.00562
10 25 2 094844 1.07483 0.05004 1.00322 0.00454 1.00895 0.00481 1.00070 0.00447
3 6 2 2 0.97231 1.07324 0.04773 1.06559 0.00550 1.07818 0.00645 1.06120 0.00531
6 2 25 0.94557 1.07253 0.05364 1.06545 0.00464 1.07835 0.00526 1.06102 0.00566
6 25 2 092157 1.07582 0.06145 1.03277 0.00392 1.04419 0.00492 1.02890 0.00381
8 2 0.97345 1.06888 0.04662 1.04924 0.00523 1.05802 0.00575 1.04577 0.00510
8 2 25 0.94667 1.06865 0.05242 1.03591 0.00457 1.04435 0.00507 1.03256 0.00556
8 25 2 0.91553 1.06940 0.06114 0.99331 0.00455 0.99985 0.00486 0.99044 0.00446
10 2 2 0.97411 1.07205 0.04677 1.02746 0.00462 1.03542 0.00506 1.02472 0.00453
10 2 25 094731 1.07110 0.05212 1.01535 0.00427 1.02173 0.00503 1.01261 0.00537
10 25 2 091075 1.07211 0.06040 0.97036 0.00399 0.97535 0.00418 0.96805 0.00413

é _ 11 1 al —hGa(A(t),B(t))
w=—,log| > e : (61)

t=m+1
and

R 1 N K

CpL = [N_m > (Ga(A(t),ﬁ“)))“’] : (62)
t=m+1

where Go(A®, 1) is given in (48).

6.4. Simulation Study

In this subsection, we carry out a simulation study for illustrating the estimation procedures
developed in previous subsections. First we obtain the MLEs for IG measure using (52). We have
obtained the ML estimators and the corresponding MSE of MLEs for different values of n using 1000
simulated samples for different combinations of # and A and are given in Tables 1 and 2. For the
simulation studies for Bayes estimators we take the hyper parameters for the prior distributions of 5 and
Aasa=2,b=2,¢=2,and d = 2. We have obtained the Bayes estimators for [G measure of Weibull
distribution using upper k-record values under SEL, LL, and EL functions using MCMC method.

For that we use the following algorithm.

1. Generate upper k-record values from two-parameter Weibull distribution with parameters 3
and .
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Table 2. The estimate and the corresponding MSE for maximum likelihood estimator and Bayes estimator for [G
measure of Weibull distribution when v = 1.5

k- n X § IG MLE SEL LL EL
IGuee  MSE  1Gsg MSE [G L MSE [GgL MSE

2 6 2 2 1.03794 1.06272 0.03973 0.91194 0.01950 0.93523 0.02528 0.89822 0.01452
6 2 25 1.09749 1.06686 0.03917 0.91228 0.01579 0.93583 0.02889 0.89842 0.01512
6 25 2 1.17930 1.06301 0.05821 1.01174 0.01513 1.03803 0.02604 0.99797 0.02512
8 1.03621 1.06715 0.03951 0.99425 0.01771 1.01560 0.02070 0.98287 0.01970
8 2.5 1.09566 1.06837 0.03897 1.00611 0.01560 1.02864 0.02716 0.99426 0.01401
8§ 25 2 1.19566 1.06058 0.05779 1.09550 0.01205 1.11957 0.02157 1.08394 0.02051
10 2 2 1.03520 1.06630 0.03916 1.03311 0.01712 1.07659 0.01335 1.01186 0.01463
10 2 25 1.09459 1.06906 0.03838 1.08949 0.01157 1.13844 0.02517 1.06683 0.01409
10 25 2 1.20866 1.06600 0.05231 1.25328 0.01601 1.31119 0.02362 1.23000 0.20155
3 2 2 1.14867 1.07261 0.04415 0.99301 0.02408 1.01679 0.02479 0.98020 0.02402

2 25 121457 1.07963 0.05733 1.00180 0.01515 1.02602 0.01580 0.98881 0.01527
25 2 127891 1.07551 0.08515 1.04270 0.01808 1.06795 0.01907 1.02984 0.01809

2 1.14675 1.06388 0.04341 1.05458 0.02159 1.07715 0.02267 1.04334 0.02157
2 25 121254 1.07302 0.05695 1.09208 0.01381 1.11568 0.02496 1.08072 0.02381
25 2 1.29666 1.07136 0.08214 1.12852 0.01720 1.15284 0.01808 1.11725 0.01718
10 2 2 1.14564 1.07783 0.04244 1.09175 0.02040 1.11215 0.02149 1.08195 0.02040
10 2 25 1.21137 1.07831 0.05561 1.10537 0.01378 1.12685 0.02495 1.09521 0.02301
10 25 2 131076 1.07854 0.08185 1.17888 0.01163 1.20159 0.01264 1.16886 0.01598

© 0w o o O O

2. Calculate estimators of 1G measure using the generated upper k-record values using MCMC
method as describe below.
(a) Start with initial values 8(©) and \(©).
(b) Sett=1.
(c) Generate A®) from Gamma(n + ¢, d + r,’g(til)k).
(d) Using M—H algorithm, generate 8 from 75 (6|1A\®), d,,).
(e) Calculate Go(A®), 3®)) using (48).
(f) Sett=t+1.
(g) Repeat steps (¢) to (f) for N = 50000 times.

(h) Calculate the Bayes estimators for the IG measure G, (A, 5) using (60) to (62) by taking
burn-in-period m = 5000.

3. Repeat the steps 1 and 2 for 1000 times.

4. Calculate the Bayes estimates and the corresponding MSEs of the estimators.

Repeat the simulation study for n = 6,8, 10, and for different values of 5 and A. The ML estimates,
the Bayes estimators and the corresponding MSE for IG measure under SEL, LL, and EL functions for
a = 0.75 are given in Table 1 and for a = 1.5 are given in Table 2. From Tables 1 and 2 we have the
following inference.
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1. The MSEs of all estimators decrease when n increases.
2. The MSEs corresponding to the Bayes estimates are smaller than that of MLESs.

3. Among the Bayes estimators, estimators under EL function have the least MSE.

7. CONCLUSIONS

In this paper, we considered the IG and RIG measures for the nth upper and lower k-record value.
The monotone behaviour of the IG measure of records has been established, and some bounds for the
nth upper k-record value were obtained. Further, we have established some characterization results
of exponential distribution by maximisation (minimization) of IG measure of its corresponding record
values under some conditions. Then, we provided a discussion on the RIG divergence between the
densities of k-record values and the distribution of the underlying sequence of random variables. Finally,
as an application of IG measure, we obtained the MLEs and the Bayes estimates for the [G measure
of the Weibull distribution based on upper k-record values. Among different estimators, the Bayes
estimator under EL function performs better than MLE and Bayes estimators under SEL and LL in
terms of MSE.
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