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Abstract—It is shown that for any correlation-parametrized model of dependence and any given
significance level o € (0, 1), there is an asymptotically optimal transform of Pearson’s correlation
statistic R, for which the generally leading error term for the normal approximation vanishes for all
values p € (—1,1) of the correlation coefficient. This general result is then applied to the bivariate
normal (BVN) model of dependence and to what is referred to in this paper as the SquareV
model. In the BVN model, Pearson’s R turns out to be asymptotically optimal for a rather unusual
significance level o = 0.240, whereas Fisher’s transform R of R is asymptotically optimal for the
limit significance level & = 0. In the SquareV model, Pearson’s R is asymptotically optimal for a still
rather high significance level o = 0.159, whereas Fisher’s transform Rz of R is not asymptotically
optimal forany a € [0, 1]. Moreover, it is shown that in both the BVN model and the SquareV model,
the transform optimal for a given value of « is in fact asymptotically better than R and Rp in wide
ranges of values of the significance level, including « itself. Extensive computer simulations for the
BVN and SquareV models of dependence suggest that, for sample sizes n > 100 and significance
levels @ € {0.01,0.05}, the mentioned asymptotically optimal transform of R generally outperforms
both Pearson’s R and Fisher’s transform Rp of R, the latter appearing generally much inferior to
both R and the asymptotically optimal transform of R in the SquareV model.
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1. INTRODUCTION

A statistic closely related to Pearson’s R is commonly known as the Fisher z transform, defined by
the formula

1. 1+R
— -1 —

Rp := tanh (R)—zlnl_R. (1.1)
An advantage of using Rr (as opposed to R) in making statistical inferences about the true correlation
coefficient p is usually ascribed to its variance-stabilizing property in normal populations, see, e.g..
Fisher[4], Gayen [5], and Hotelling [6], that is, n Var Rp — 1forall p € (—1,1) as n — oo (as opposed
tonVarR — (1 — p2)2) whenever the underlying distribution is bivariate normal. Everywhere here, n
denotes the sample size.

In his discussion of Hotelling’s paper [6], Kendall provides heuristics suggesting that such variance
stabilization of the distribution of a statistic may often result in it being closer to normality. Namely, if an
approximate constancy of the variance of a statistic were the same as an approximate constancy of its
distribution itself, and if the distribution is close to normality at least for one value of the parameter (say,
p, as in the present case), then it would be close to normality for all values of p. For normal populations
and large enough sample sizes, the Fisher z transform indeed brings the distribution of the correlation
statistic closer to normality, and it is especially effective for values of p far from 0. However, it is well
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known (see, e.g.,[1, 10]) that the closeness of the distribution of a statistic to normality is usually mainly
determined, not by the variance, but by the third moments of the appropriately standardized statistic.

In this paper, we shall see that for a general and most common class of models of dependence,
including the bivariate normal (BVN) model, and for each given significance level o € (0,1) there is
a certain transform W, (R) of Pearson’s statistic R that assures the vanishing of the generally leading
term of the asymptotics of the probability that an approximately standardized version of the statistic
U, (R) exceeds the standard normal critical value

Zo = @71 = a); (1.2)

here, as usual, ® is the standard normal cumulative distribution function (cdf) and ®~1 is its inverse;
unless otherwise specified, all the asymptotics here are for large sample sizes n. Thus, the transform
U, (R) of R is asymptotically optimal: its distribution is asymptotically the closest to normality exactly
at the critical value.

Once this optimality result is obtained for the general class of models of dependence, the rest of the
paper is devoted to detailed analysis of the optimal transform ¥,,(R) of R in the BVN model and another
specific model of dependence, referred to in this paper as the SquareV model.

We shall see that, in the BVN model, the mentioned family (W (R))ae(0,1) of transforms of Pearson’s
statistic R includes R itself: namely,

R=Y,.(R), (1.3)
where
ap:=1—0(1/v2) ~ 0.240.
Thus, Pearson’s statistic R is asymptotically optimal for a significance level « of about 24%, but such a

significance level is rather unusual in statistical practice.
As for Fisher’s transform R of R, we shall see that, again in the BVN model,

Ry = Wo(R) := lim Wo(R), (1.4)

which means that Fisher’s transform is asymptotically optimal for the significance level
ap = 0.

Now one might explain the fact that for the usually rather small significance levels, such as 0.05 or 0.01,
Fisher’s statistic R is asymptotically closer to normality than Pearson’s statistic R by noting that the
significance level ap = 0 (for which Rp is asymptotically optimal) is closer to 0.05 and especially to 0.01
than the significance level ag =~ 0.240 (for which R is asymptotically optimal).

As for the SquareV model, there Pearson’s R is asymptotically optimal for a still rather high
significance level o =~ 0.159, whereas Fisher’s transform Rp of R is not asymptotically optimal for any
a € |0,1].

[t should be noted that in both the BVN model and the SquareV model, the transform optimal for a
given value of avis in fact asymptotically better than R and R in wide ranges of values of the significance
level, including « itself.

We have also conducted extensive computer simulations for the BVN and SquareV models of
dependence, which suggest that, for sample sizes n > 100 and significance levels « € {0.01,0.05}, the
mentioned asymptotically optimal transform of R generally outperforms both Pearson’s R and Fisher’s
transform Rp of R, the latter appearing generally much inferior to both R and the asymptotically optimal
transform of R in the SquareV model.

The rest of the paper is organized as follows.

In Section 2 we present an asymptotic expansion for statistics that are general smooth nonlinear
functions of the sample mean of iid random vectors in RP. This expansion, which may be viewed as a
far-reaching refinement of the delta method, is a special case of results by Bhattacharya and Ghosh [1].
For Berry—Esseen-type bounds for general nonlinear statistics, see, e.g.,[2, 10].

In Section 3, the mentioned asymptotic expansion is specialized for the cases of Pearson’s correlation
statistic R and its smooth enough transforms. A key observation there is that the main term of
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the asymptotic for such a transform of R differs from the corresponding main term for R itself only
by a comparatively simple expression involving the first two derivatives of the transform function .
This allows one to obtain, for any correlation-parametrized model of dependence and for any given
significance level o € (0, 1), a rather simple second-order ordinary differential equation (ODE) for the
optimal transform function ¢ that makes the main term of the asymptotic for the asymptotically optimal
transform of R vanish for all values p € (—1, 1) of the correlation coefficient. This ODE can be explicitly
solved for a number of models of dependence, including the important BVN model and models with a
linear dependence of the correlation parameter. The mentioned SquareV model is a model with such a
linear dependence.

The BVN model is considered in detail in Section 4.

A similar treatment of the SquareV model is given in Section 5.

Section 6 is a summary of the results of this paper.

2. ASYMPTOTIC EXPANSIONS FOR SMOOTH NONLINEAR STATISTICS

Let
ViV, Va,...
be independent identically distributed (iid) zero-mean random vectors in RP with E ||[V[|3 < oo, where
p is a natural number and |- || is the Euclidean norm in RP, which latter will be identified, as

usual, with the space of all p x 1 column matrices. Assume also that the Cramér-type condition
lim supjy o0 | Eexp(it?V)| < 1 is satisfied, where i is the imaginary unit and 7 denotes the transpo-

sition, in this case of a column matrix ¢ € RP; for this Cramér-type condition to hold, it is enough that,
for some natural k, the k-fold convolution of the distribution of V' have a nonzero absolutely continuous
component. Let ¥ stand for the covariance matrix of V:

Y :=EVVT, (2.1)

Let f: RP — R be a function which is twice continuously differentiable in a neighborhood of 0 € R?
and such that f(0) = 0. Let L and H denote, respectively, the gradient vector and the Hessian matrix of
the function f at 0, so that

f'(0)(v) =LT and f"(0)(v,v) = v" Ho (2.2)
for all v € RP. Since V is assumed to be zero-mean, one has E LTV = 0. Introduce now
o= \JECLTV)?, (2.3)

which will be assumed to be nonzero, so that

T
A::L v
o

is a well-defined r.v., with zero mean and unit variance. Consider the r.v.

Ty = vn f(V),

g

where of course V := 711 Y1 Vi. Then, by Theorem 2 of the paper[1] by Bhattacharya and Ghosh,

1
?éﬁ' P(Th < 2) = U3n(2)| = O(Wz)’ (2.4)
where
U3, (2) = B(2) + Ajz), (2.5)
3
Alz) = — [(Eg + ag) (22— 1)+ al] o(2) (2.6)
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= (A22 + B) ¢(2), (2.7)

® and ¢ denote, as usual, the distribution and density functions of N(0,1), and a4, a2, A, and B are
constants depending only on L, H, ¥, o, and E A3 (but not on z orn):

ay = ! tr HY, (2.8)
20
1 T _ 2 Lo
az =, (L"SL—o®)u(HY) + , , L"SHYL, (2.9)
EA3
A:z—( ] +a3>, (2.10)
B := —A—al, (211)

with tr denoting the trace of a matrix.

Remark 2.1. If the condition E ||V'||? < oo is strengthened to E ||V ||* < oo, then o(\/ln) in (2.4) can be
replaced by O(}).

1
n

3. ASYMPTOTICS FOR THE PEARSON STATISTIC AND ITS TRANSFORMS

Let (Y, 2), (Y1, Z1),...,(Yn, Zy) be independent identically distributed random points in R? with a
correlation coefficient p € (—1,1) and E(Y'S + Z%) < co. Pearson’s sample correlation coefficient based
on the observations (Y1, Z1), ..., (Yn, Z,) is defined by the formula

YZ-YZ
VY2 V272 - 72
where V= S0y, Z:= 13127, V2= ) S0Y2 22:= ) S0 Z2 and YZ := Y1 Y;Z;; let R
take an arbitrarily assigned value in the interval [—1, 1] if the denominator of the ratio in (3.1) is 0.

Let us assume that Y and Z are each standardized, that is, zero-mean and unit-variance. This
assumption does not diminish generality, because R is invariant with respect to affine transformations
Y;—a+bY;and Z; — c+ d Z; of the Y;’s and Z;’s, for any real constants a, b, ¢, d such that b > 0 and
d > 0.

R:=R, = (3.1)

Observe that
R—p=f(V), (3.2)
where
Vi=Y,2Y?>-1,2>-1,YZ - p) (3.3)
and

_ P+ v5 — v1v2 _
\/14-2)3—2)%\/14-2)4—1)2
if v = (v1,...,v5) € R is such that 1—1—213—1)% > 0 and 1—1—214—212 > 0; otherwise, let f(v) := 0. In

this case, L = (0,0, -5, —%,1), whence

f(v) = fp(v) : (3.4)

P (Y2 2
a:\/E(YZ—g(Y2+Z2))2 and A= " Q(UY T2 (3.5)

As noted in [10], the condition o = 0 is equivalent to the following exceptional situation: there exists
some x € R such that the random point (Y, Z) lies almost surely on the union of the two straight lines
through the origin with slopes x and 1/k (for k = 0, these two lines should be understood as the two
coordinate axes in the plane R?).

[t will be assumed in what follows that the random point (Y, Z) is such that o is never 0.

Then it is easy to check that all the conditions on f and V stated in Section 2 are satisfied, with p = 5;
in particular, f(0) = 0.
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Let now Agr(z) denote A(z) defined by (2.6) with f as in(3.4).
Further, letting

pij = EY'Z9, (3.6)

one has

1
o=, VP2 (10a + 2p99 + pao) — 4p (a3 + p131) + 4oz, (3.7)
3 3 /73
oc"EAY = — 3 (to6 + 324 + 3pta2 + o)
+ 6p% (1115 + 233 + p151) — 12p (g + praz) + Spuzs, (3.8)
and
o(2) Ag(z) = Ag(z) = 16[(2 — 1)(6piap21 — ps3) + 30727 (13 + ,ugl)]

—12p[(2* — 1)(4po3piar + dpiapso + iy — 2paspist + pi + 813 — 2pioa + 43 — 2fia2)

+ 0%((22% 4+ 1) (pto4 + pao) + (42% — 2) 2]

+ 1207 (2% — 1) [2p03 (3p12 + p30) + poa(p1s — ps1) + 10p12p21 — pashiao — fis

+ Gpuo1 /130 + f131 4440 — 21433 — 51 )

— p?(2% — 1) [24p03p21 + 12085 — 6104 p140 + 3uds — 2406

+ 241030 + 1207y + 12031 — Gpiog + 1203 + 3pZy — 640 — 2pe0] - (3.9)
More generally, let now

v: (—-1,1) = R

be a twice continuously differentiable function whose derivative 1" does not vanish at any point of the
interval (—1,1). Let then

(f(v) +p) —¥(p)

= = 3.10
g('l)) gp('l)) ?[)/(p) ( l )

forv € R?, with f as defined in (3.4). Then, in view of (3.2),
P =g, (3.11)

Note that g(0) = f(0) = 0 and ¢’(0) = f/(0), so that o and A for the function g are the same as in (3.5)
(given there for the function f). Thus, all the conditions stated in Section 2 are satisfied with g in place

of f.
Let now Ay g)(2) denote A(z) defined by (2.6) with g as in (3.10) in place of f. Then (2.4) will hold
with
_ Y(R) = 9(p)

Tm W (0)o /I (3.12)
in place of T;, and Aypy(2) in place of A(z). One may note here that 7, may be considered an
asymptotically standardized version of ¢(R).

A key observation is that

V'p) o
— 0z”p(z). 3.13
To begin using this observation, let us refer to any family (F,),c1,1) of distributions of the

random pair (Y, Z) in R? parametrized by the correlation coefficient p of (Y, Z) as a correlation-
parametrized model (CP) of dependence. The CP condition seems quite natural for parametric

Ay(r)(2) = Ag(2)

MATHEMATICAL METHODS OF STATISTICS Vol.28 No.4 2019



312 PINELIS

models of dependence. Indeed, let a real parameter 6 represent the strength of the dependence between Y’
and Z. Then one should usually expect the correlation coefficient p to be a strictly increasing continuous
function g of 8: p = g(6). Replacing then § by g~1(p), one obtains a re-parametrization with p as the
new parameter.

In this regard, one may recall the formula

Cov(Y, Z) = //R2 ay z(y,z)dy dz (3.14)

for the covariance of Y and Z, where ay,z is the association function of r.v.’s Y and Z, given by the
formula

ayz(y,2) =P >y, Z > 2) =P >y)P(Z > z)
forall (y, 2z) € R2. Since P(Y > y) = P(=Y < —y), formula (3.14) can be rewritten as

Cov(Y, 2) = //R2 [Fy.z(y,2) — Fy (y) Fz(2)] dy dz, (3.15)

where Fy 7 is the joint cdf of the random pair (Y, Z), and Fy and Fyz are the corresponding marginal
cdf’s.

Suppose now that we have a dependence model (Pgy), where 6 is a strength of the associa-
tion/dependence parameter, so that the association function ag.y 7 of the pair (Y, Z) with respect to
the probability measure Py is increasing in € on the average in the sense that the integral in (3.14) with
ag.y,z in place of ay, 7 is increasing in 6. Suppose also that the Y- and Z-marginals of the distribution
of the pair (Y, Z) with respect to Py do not depend on 6. Then the correlation coefficient p of (Y, Z) will
be an increasing function of 6.

A more specific, but still rather general way to construct a CP model is as follows. By Sklar’s theorem
(see, e.g.,[7], Theorem 2.3.3.),

Fy z(y,z) = C(Fy(y), Fz(2))

for some copula C and all (y, z) € R?; recall that a copula can be defined as the joint cdf of a random
pair with values in the unit square [0, 1)> whose marginals are uniform on the interval [0, 1]. Let now
(Cp) be any family of copulas increasing in 6; a large number of such families can be found in[7]. Fix the
marginal cd’s Fy and Fz, and for each value of the parameter 0 let Fy.y. 2z (y, 2) := Co(Fy (v), Fz(2)),
again for all (y,2) € R% Then the correlation coefficient p corresponding to the joint c¢di Fy.y,z will be
an increasing function of 6.

In view of (3.6), in any correlation-parametrized model of dependence and for any given real z # 0,
the expressions in (3.7) and (3.9) for o and Ag(z) will depend on p only. Then, by the key observation
(3.13), the condition Ay(g)(2) = 0 can be rewritten as the second-order ordinary differential equation
(ODE)

¥"(p)
= h, 3.16
for the function v, where
_ Ag(2)
h.(p) := 8052 (3.17)
Solving now ODE (3.16) with the natural initial conditions
P(0)=0 and '(0) =1, (3.18)
we have
P
Y (p) = exp/ dr h,(r) (3.19)
0
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and
p r
vlp) = vulp)i= [ drexp [ dsha(s) (3.20)
0 0
for p € (—1,1); in (3.19) and (3.20), we use the common convention [ := — fso for s < 0. Thus, we
obtain

Theorem 3.1. /n any correlation-parametrized model of dependence and for any given real z # 0,
the generally leading error term for the normal approximation for v,(R) vanishes:

forall p e (—1,1).

Letting now
U, = 1[)2&7 (322)

we can rewrite (3.21) as
A\I/a(R) (2a) =0

forall a € (0,1), with z, = ®71(1 — «), as defined in (1.2).

One may note here that for a rather large class of models of dependence the functions h, will be
rational, and hence, according to (4.3), 1. will be an elementary, closed-form function. This class of
models with rational functions h, includes the bivariate normal model and models with linear dependence
of the joint cdf Fy.y,z on 6. In particular, the class of models with linear dependence of Fy.y,z on 6
contains Farlie’s model [3].

We shall consider the bivariate normal model and a particular simple model with linear dependence
of Fy.y,z on 6 in the following sections, to compare the performance of Pearson’s R itsell, its Fisher
transform Rp, and the asymptotically optimal transform ¥, (R) of R in non-asymptotic settings, for
specific sample sizes.

4. BIVARIATE NORMAL MODEL (BVN)
4.1. Asymptotically Optimal Transform ¥, (R) in the BVN Model

Here it is assumed that the random point (Y, Z) has the bivariate normal (BVN) distribution with
zero means, unit variances, and an arbitrary correlation coefficient p € (=1, 1). Then the expressions for

Ag and o, and thus for h,(p), in formulas (3.9), (3.7), and (3.17) can be greatly simplified.
Indeed, in this case the pair (Y, Z) equals (Y, pY + /1 — p2 Y1) in distribution, whence, by (3.6),

Mz‘jzz

<2> (1= p2) 5B 2m (i 4 kym(j — k)
k=0

forallé,7 =0,1,... and

mj:=EY7,

so that (mg,...,mg) = (1,0,1,0,3,0,15). As the result, ODE (3.16) becomes

V" (p) —2p

=Pz ) 4.1

wip) P .

where
1
Py = 0,2~ 1. (4.2)
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ODE (4.1) s easily solved, yielding

P (p) = (1= p°)P (4.3)
and
p
Y(p) = P=(p) = /0 (L—=r®)P=dr = poFi (5, —p23 5 0%), (4.4)

where o F} is the ordinary hypergeometric function, given by the formula

> a .’Ifk
2Fi(a,bcim) =) ( zlcc)(:)k .

k=0

for x with |z| < 1, where (¢)x := Hf;ol(q + 1) is the Pochhammer symbol. The last equality in (4.4) can
be obtained by expanding the integrand (1 — 72)P+ into the Maclaurin series in powers of r and then
integrating the series term-wise.

Thus, recalling (3.22), we see that in the bivariate normal case the transform ¥, (R) = 9., (R) of
Pearson’s R with 1, as in (4.4) is asymptotically optimal for any given significance level a € (0, 1).

In particular, choosing
z=1/V2~0.707,

we have p, = 0. Hence, in view of the integral expression in (4.4), 1.(p) = p, so that we have (1.3),
confirming that the family (¥, (R))ag(0,1) of transiorms of Pearson’s statistic R includes R itself.

On the other hand, letting z — oo, we have p, — —1, so that, using again the integral expression in
(4.4) (and, say, the dominated convergence theorem), we see

1. 14+p

1/1z(/)) - 1/100(/7) =1

— iy (4.5)

forall p € (—1,1), thus confirming (1.4).

In view of formula (4.4), the calculation of values of the functions 1, or, equivalently, of the functions
¥, mainly reduces to the calculation of values of the hypergeometric function o Fj. In general, this
hypergeometric function is not elementary. However, there are a number of highly efficient ways to

compute values of o Fy. It takes only about 1.7 x 107° sec on an average to compute a value of 12(p)
(on a standard computer), which may be compared with the corresponding execution time of about

0.45 x 1075 sec for Fisher's ¢ (p) = 5 In }J_FZ. Therefore and because usually in statistical practice the

value of the transform W, (R) = 9., (R) of the statistic R needs to be computed only once, the use of the
hypergeometric function o F} should not cause any complications.

Also, according to (4.3), the derivarive ¢/’ of the function ¢ = 1, is a simple elementary expression,
which makes it easy to obtain various analytical properties of %,. For instance, using the special
I"'Hospital-type rule for monotonicity (see, e.g, [8], Proposition 4.1), we can immediately see that the
ratio ¥, (p) /1, (p) is decreasing in p? for any real z; and 23 such that 0 < |z1] < |22|. In particular, it
follows that the ratio of 4. (p) to Fisher's 1 (p) = 3 In %J_rﬁ is decreasing in p? for any real z # 0. One

may also note that the values

Vrl(p. +1)
2T(p. + 3/2)

at the endpoints of the interval [—1, 1] are finite for all real z # 0, in contrast with Fisher’s limit values
Yoo (E(1=)) = £o00; here p, is as defined in (4.2). It is also clear that ¢, (p) is odd in p, for each z # 0.

Yo(£l) ==+
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4.2. The Transform ¥, (R) in the BVN model is Asymptotically Better than R and Ry
in Wide Ranges of Values of the Significance Level Including o Itself

According to Theorem 3.1, for any given correlation-parametrized model of dependence and any
given significance level & € (0, 1), the transform ¥, (R) of R is asymptotically optimal forall p € (-1, 1)
as the sample size n goes to co. In particular, for any given significance level a € (0, 1), the transform
U, (R) of R is asymptotically better than both R itself and its Fisher transform Rp. In fact, U, (R) is
asymptotically better than R and R for rather wide ranges of values (say /3) of the significance level; of
course, these ranges include the value « itself. Indeed, one can see that in the BVN model

2 1— PAWN/]
Aw(R) (Z) = g (22’2 — 1) — Z2 ( QZ/()p,(éj (p)
In particular,

Ar(z) =1 (222 = 1),

p

App(2) = Ay (r)(2) = —y

where 1 is as defined in (4.5), and

Aua ) (2) = By (r) (2) = g(% - 1)-
So, |Ay, (k) (28)] < |AR.(23)| Tor p#0if 0 < 25 < 24v/2. That is, the transform ¥, (R), which is
asymptotically optimal for the given significance level a € (0, 1), will still be asymptotically better than
Fisher’s transform Rp for any significance level 3 € (0,1) such that 0 < z3 < 2aV/2. For instance, if
a = 0.05, then ¥, (R) will be asymptotically better than Rp, not just for the significance level o = 0.05,
but for any significance level 5 € (0.01000,0.5) — because 0 < zg < 2005v2 forall g € (0.01000,0.5).

Similarly, if « = 0.01, then ¥,(R) will be asymptotically better than Rp for any significance level
3 € (0.00050,0.5).

As for the comparison of the asymptotically optimal transform ¥, (R) with R itself, we can similarly
see that, for instance, if o = 0.05, then ¥, (R) will be asymptotically better than R, not just for the
significance level a = 0.05, but for any significance level 5 € (0,0.17912); if & = 0.01, then ¥, (R) will
be asymptotically better than R for any significance level 5 € (0,0.16933).

5. SQUAREV MODEL

Here we shall consider the dependence model that is the family (P,)_1<,<1 of distributions of the
random pair (Y, Z) on the vertices of the square [—1, 1] x [—1, 1] given by the following formulas:

Pp ((Y¢Z):(171)) :Pp ((KZ):(_L_l)) = l;ll-p’ (51)
P, ((Y.2) = (1,-1)) =P, ((V.2) = (-1,1)) = 'J".
In other words, the distribution Py, 7z = P,.y,z of (Y, Z) under P, is the mixture
{(1_p)P61,62+pP€1,€1 1fp20,
(1+p)P51752 _ppal,—al lfp< 07

where e1, e are independent Rademacher r.v.’s, with P(e; = £1) = 1/2for j = 1,2. Then Cov(Y, Z) =
p under P,, so that the use of the symbol p to denote the parameter is consistent.

(5.2)

The just described model of dependence will be referred to as the SquareV model, where “V” stands
for “vertices”.

In view of the previously mentioned symmetry Cov(Y, —Z) = — Cov(Y, Z), negative values of p will
not be further considered in this section.

MATHEMATICAL METHODS OF STATISTICS Vol.28 No.4 2019



316 PINELIS
5.1. Asymptotically Optimal Transform ¥, (R) in the SquareV Model

Using (5.1) and (5.2), we obtain the following expressions for the joint moments of (Y, Z) as defined

in (3.6):
i =5 @ ) P (0 ) 53

1+ (=1)" 1+ (=1) 1+ (—1)t

=(1- 4
(1-p) 5 +p 5 (5.4)
forallé,j =0,1,... and all p € [0,1).
As the result, ODE (3.16) becomes
"(p —2p
qZ ) 5 5
i) " o)
where
1 1
4= g0 3 (5.6)

We see that formulas (5.5)—(5.6) are rather similar to (4.1)—(4.2). Hence, quite similarly to (4.3) and
(4.4), here we have

P (p) = (1—p*)% (5.7)
and
o
V(p) = Ya;z(p) = /0 (1= dr = paFi (5, —qz5 55 0°). (5.8)

Here the subscript 4 in 14, refers to the four points of the distribution of the random point (Y, Z) in the
SquareV model, currently under consideration; thus, one can distinguish between the function 94, in
(5.8) and the function %, in (4.4).

Accordingly, recalling again (3.22), we see that in the SquareV model the transform
Vo (R) = gz, (R)
of Pearson’s R is asymptotically optimal for any given significance level a € (0, 1).
In particular, choosing
z =1,

we have ¢, = 0. Hence, in view of the integral expression in (5.8), v4..(p) = p, so that the family
(V4,0(R))ae(0,1) of transforms of Pearson’s statistic R includes R itsell. More specifically,

R=V4,(R) for a=1-@(1)~0.159.

However, in order for Fisher’s transform Rp of R to belong to the family (V4.0 (R))ae(0,1) of
asymptotically optimal transforms of R in the SquareV model, one would have to have ¢, = —1 for some
real z, which is impossible, because, in view of (5.6), ¢, is always greater than —é. So, in contrast with
the BVN model (Where, according to (1.4), Rr is asymptotically optimal in the limit case with a = 0 and
Zo = oo), in the SquareV model Fisher’s transform R is not asymptotically optimal for any significance
level av € [0, 1], even if the endpoints o = 0 and o = 1 are included as limit cases.
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5.2. The Transform ¥, (R) in the SquareV Model is Asymptotically Better than R and Rp
in Wide Ranges of Values of the Significance Level Including o Itself

This subsection is similar to Subsection 4.4.2. One can see that in the SquareV model
2 2 11
p 2 22 /1= p2 9" (p)
A z) = z—=1)— .
v (2) 3\/1—p2( )T )
In particular,

ARr(z) 2 1),

- "
3v/1 — p?
ARF(’Z) = Awoo(R)(Z) =

where 1 is as defined in (4.5), and

p 2
— 2z 4+ 1),
312 )

2

A‘I&;;Q(R) (Z) - szl;z(x(R) (Z) - 3\/1 _ p2 (Zgé 1) '

So, we have |[Ay,  (r)(25)| < |ARrgp(2)] for p # 0 whenever 2, > 1/+/2 or, equivalently, a € (0,1 —

®(1/v/2)), with 1 — ®(1/4/2) = 0.2397.... Therefore, the transform Wy, which is asymptotically
optimal for the given significance level a € (0,1), will still be asymptotically better than Fisher’s
transform Ry for any significance level 5 € (0, 0.5) provided that a € (0,0.2397).

As for the comparison of the asymptotically optimal transform ¥, (R) with R itself, we can similarly
see that, for instance, if o = 0.05, then ¥, (R) will be asymptotically better than R, not just for the
significance level a = 0.05, but for any significance level 5 € (0,0.11344); if & = 0.01, then ¥, (R) will
be asymptotically better than R for any significance level 5 € (0,0.096927).

We see that the advantage of the asymptotically optimal transform of R over R itsell is substantially
less in the SquareV model than in the BVN model. Vice versa, the advantage of the asymptotically

optimal transform of R over the Fisher transform Rp of R is much greater in the SquareV model than in
the BVN model.

6. CONCLUSION

The main result of this paper is Theorem 3.1, which shows for any correlation-parametrized model of
dependence and for any given significance level « € (0, 1), there is an asymptotically optimal transform of
Pearson’s correlation statistic R, for which the generally leading error term for the normal approximation
vanishes for all values p € (—1, 1) of the correlation coefficient.

[t is also shown that in the BVN model Pearson’s R turns out to be asymptotically optimal for a rather
unusual significance level a ~ 0.240, whereas Fisher’s transform R of R is asymptotically optimal for
the limit significance level « = 0. In the other specific model of dependence considered in this paper — the
SquareV model, Pearson’s R is asymptotically optimal for a still rather high significance level o ~ 0.159,
whereas Fisher’s transform Rp of R is not asymptotically optimal for any « € [0, 1].

Moreover, we saw that in both the BVN model and the SquareV model, the transform ¥, (R),
asymptotically optimal for a given value of a, is in fact asymptotically better than R and Ry in wide
ranges of values of the significance level, including « itself.

Recall that Fisher’s transform Rr of R was designed for the BVN case, with the purpose of making
the asymptotic variance constant with respect to the correlation coefficient p. That Rp usually turns
out to be asymptotically closer to normality than R in the BVN model might now be explained by the
observation that the significance level o« = 0 (for which R is asymptotically optimal in the BVN case) is
closer to such usual in statistical practice values of the significance level as 0.05 than to the significance
level ap ~ 0.240 (for which R is asymptotically optimal in the BVN case).

Extensive computer simulations for the BVN and SquareV models of dependence presented in the
detailed, arXiv version of this paper [9] suggest that, for sample sizes n > 100 and significance levels
a € {0.01,0.05}, the mentioned asymptotically optimal transform of R generally outperforms both
Pearson’s R and Fisher’s transiorm Rp of R, the latter appearing generally much inferior to both R
and the asymptotically optimal transform of R in the SquareV model.
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