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Abstract—In this work we suppose that the random vector (X,Y") satisfies the regression model
Y = m(X) + ¢, where m(-) belongs to some parametric class {mg(-): 8 € K} and the error € is
independent of the covariate X. The response Y is subject to random right censoring. Using a
nonlinear mode regression, a new estimation procedure for the true unknown parameter vector fg
is proposed that extends the classical least squares procedure for nonlinear regression. We also
establish asymptotic properties for the proposed estimator under assumptions of the error density.
We investigate the performance through a simulation study.
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1. INTRODUCTION

Nonlinear models are often used when analyzing a possibly censored survival time depending on a
covariate. For example, in medical surveys, the relationship between the survival time and the age of a
patient who has received a given treatment is often nonlinear and the survival time is subject to right
censoring since the patient may decide to leave the study, die due to another cause than the disease from
which he suffers or the study itself can be stopped. To extend the above relation to regression setting, let
(X,Y) be a random vector, where X is a d-dimensional covariate and Y (€ R) represents the response.

We suppose that Y is subject to random right censoring, i.e., instead of observing Y we only observe
(Z,6), where Z = min(Y,C), § = 14y <y and C represents the censoring time, which is supposed to
be independent of Y conditionally on X. Let (Y;,C;, X;, Z;) (i = 1,...,n) be n independent copies of
(Y,C, X, Z). We assume that the relation between X and Y is given by:

Y =m(X,[) +e, (1)

where m(+) is a known function, 8y = (B1,--- ,B,)T € K is an unknown p x 1 parameter to be esti-
mated, the error term e is independent of the covariate X and K is a compact subset of RP.

This formulation includes both the conditional mean and conditional median (or more general
quantile) regression models. In many cases, economic theory implies a particular functional form for
an empirical model specification. An incorrect parametrization of the regression equation might result in
inconsistent estimates. Sometimes the researcher might feel more confident about the functional form of
some parts of the regression equation but be less confident about the form of the other parts. Combining
the parametric and nonparametric techniques to yield the semi-parametric regression model could then
help obtain consistent estimates of the parameters of interest.

In this paper, a new estimation procedure for the true unknown parameter vector (3 is proposed
that extends the classical least squares method (LSM) for nonlinear regression to the case where the
response is subject to censoring. For that, we propose a semi-parametric modal regression estimator
for the case in which the dependent variable has a continuous conditional density with a well-defined
global mode. The estimator is semi-parametric in that the conditional mode is specified as a parametric
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40 KHARDANI

function, but only mild assumptions are made about the nature of the conditional density of interest. We
show that the proposed estimator is consistent and has a tractable asymptotic distribution.

Classically, the conditional mean r(x) = E(Y | X = ) = m(x, 5y) or median estimation are used
to model the link function and the parameter f3; is estimated by the least-squares method or any of
its robust or weighted version. But it is not uncommon in many fields to encounter data distributions
that are highly skewed (e.g., wages, prices, energy intake) with several peaks or contain outliers. Then
other alternative statistics are necessary to model the link function. Among them, the mode of the
condition distribution of Y | X = z which leads to less bias (than r). This parameter will be called
mode regression (MR). It can bring some helpful information to understand relationships between
the covariate X and a response variable Y. MR may provide shorter prediction intervals than other
regression approaches for a nominal confidence level. It is robust to outliers and is very justified in
situations where conditional distributions are highly skewed. Mode regression is potentially a very useful
addition to current data analysis tools. However, estimation of modal regression coefficients is not trivial.
In this work we propose an expectation-maximization (EM) algorithm that minimizes a kernel-based
objective function for estimating mode regression coefficients.

In the literature, model (1) has been thoroughly investigated for parametric/semi-parametric mean
regression, where m(-) is characterized by a finite-dimensional parameter and E(e | X) = 0. In this
context and using the ordinary least squares (OLS) method, Yatchew [32] estimates the relationship
between variable costs of distributing electricity per customer as a nonlinear function of the scale of
operation as measured by the number of customers.

Semi-parametric regression models are less studied but are extremely useful due to their flexibility to
accommodate non-linearity and to circumvent curse of dimensionality [9, 24, 32, 15]. In particular, we
consider the general setup with m(z) = m(x, 5p), where 3y is a finite-dimensional parameter. The main
interest is often in making inference about /.

In partially linear model, Severini and Staniswalis [25] outlined a method for estimating the parameter
Bo of this type of semi-parametric model using a quasi-likelihood function. Algorithms for computing
the estimates are given and the asymptotic distribution theory for the estimators is developed.

Liang and Haérdle [20] considered a simple modification of the last estimator and derived its
asymptotic distribution theory. For nonrandom design Jennrich [10] proved strong consistency of the
least-squares estimator and derived its limit distribution. Liang, Hardle and Carroll [21] have studied
heteroscedastic partially linear mean regression models using a quasi-likelihood function. Lee [17]
introduced a semi-parametric method and used a uniform kernel to estimate mode regression coefficients
based on a loss function.

In fact, in complete data, nonparametric estimation of mode had been discussed in decades (see [23,
6, 7]. Shoung and Zhang [26] studied the least squares estimators of the mode and Ziegler [35] proved
its asymptotic normality).

In incomplete data, a number of extensions to censored data of the least squares procedure for
estimating 31, . . ., 8, have been studied in the literature. The list of first-generation estimators includes,
e.g., Miiller [22] who studied a least squares regression, Buckley and James [3] who gave a definition
of the § estimator using a mean regression and studied its asymptotic properties, Koul, Susarla, Van
Ryzin [16] and Leurgans [19] who studied a linear model using a synthetic data, while more recent
contributions have been made in [34, 27, 1, 2, 29]. Recently, Khardani et al. [13—15] established strong
uniform convergence with a rate for the kernel estimator under random censorship and stated its
asymptotic normality.

In this paper, using a synthetic data, we study the estimation of the parameter gy (based on both
the MR) using a kernel smoother. This paper is organized as follows. In Section 2, we introduce some
notation and describe the estimation procedure in detail. In Section 3 we state asymptotic normality
of the regression parameter estimators and the weak convergence results. In Section 4 we analyze the
finite-sample performance of the proposed estimator via a simulation study, while the Appendix contains
the proofs of the results of Section 5.
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A SEMI-PARAMETRIC MODE REGRESSION 41
2. DESCRIPTION OF THE MODEL AND ESTIMATOR

Consider a randomly right-censored model given by two nonnegative stationary random sequences
Y1,...,Y, (survival times) and C1, ..., C, censoring times. Assume that the latter are i.i.d. and inde-
pendent of the survival times (Y;)1<i<n. For any distribution function (df) L, let 77, = sup{¢, L(¢) < 1}
be the right endpoint of its support.

Further, we will denote by H(-) (resp. G(-)) the df of Y (resp. of C') and by 7 (resp. 7¢) the upper
endpoints of the survival function H ( resp. of G). In the following we assume that 77 < oo, G(77) > 0
and let 7 < min(7g, 7¢).

In this kind of model, it is well known that the empirical distribution is not a consistent estimator
for the distribution function G. Therefore Kaplan and Meier[11] proposed a consistent estimator for the
survival function G = 1 — G which is defined as

n 1-Ap \ Hzp<e .
Gutty = J T (1= 0520 ) 707 < 2,
0 otherwise,

where Z1) < Zgy < -+ < Z(y, are the order statistics of (Z;)1<i<, and A,y is the concomitant of Z ;).

The purpose of this paper is to present a way to overcome this problem by imposing the following
weak model assumption: we assume that the relation between Y; and X is given by

}/i:m(Xi,ﬁo)—l—Ei, (’i:1,...,n), (2)
where m: R? x K — R is a known function measurable on R? for each 3 € K and continuous on K (a
compact subset of RP, p < d); fp is an unknown p x 1 vector to be estimated.

Now, there exists a loss function whose expectation is minimized at the conditional mode of Y given
X = z. In model (2), we assume that: mode (Y | X = z) = m(x, 5y) < mode (e | X =x) = 0.

Second, we recall that the model (2) suffers from censorship data. For that, we use the so-called
“synthetic data” which allow us to take into account the censoring effect on the lifetime distribution.

For this purpose, we let

wmzﬁﬁﬁ <i<n, 3)

for any measurable function ¢, where G =1 — G, Z; = min(Y;, C;) and §; = 1y, ¢,y

Assuming a sequence of covariates is given, we observe the triplets (Z;, d;, X;)1<i<n. All along this
paper we suppose that

(Y;, X;); and (C;); areindependent. (4)
Then from (3) and (4) we get

E[p(Y) | Xi] :E[‘W(Zl) |X1] :E{E[(SW(ZI) |Y1,X1} \Xl}

G(Z1) G(Zy)
_ d1p(Y1) o)
= E{E[ GM) ‘ Y17X1] | Xl} = E{G(H)E[l{yl<ol} | Y1] | Xl}
=E(p(11) | X1). (5)

In order to take in account the censoring phenomenon, the idea in Lee [17, 18] for complete data is
adapted. Using (4) and (5) we have

1{Y1§01}K0(Z1_7L2X1ﬂ)) B Y1 — m(X1, )
q o(2) '&LEF% B wX+ ©)

where K(-) denotes a smooth kernel function and h,, a bandwidth.
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42 KHARDANI

From (6), using a mode regression to estimate the parameter 3y, we propose maximizing the kernel
based objective function

SuB) = 3 LreeyG () Ko<Zi - n;(xi,m) o
™ i=1 n

In practice G(-) is unknown, hence it is replaced by its Kaplan—Meier estimate G (+). Therefore the
feasible estimator of .S, is given by

& 1 & A1 Zi —m(X;, B)
S,(B) = -y ;@Gn (ZZ)K< h > (8)
Then a natural estimator of Sy is
Bn = arg mﬁax S’n(ﬂ) (9)

3. ASSUMPTIONS AND MAIN RESULTS

Throughout the paper, when no confusion is possible, we denote by M and/or C any generic positive
constant and by
9Ky 2y 5

[ Ko loo = sup Ko(t), ||Ko||§=/ K§(t)dt, Ky(t) = (1), S9B)
teR —00 8Jﬂ

o (5),

0 . 0? i d'g
o @B . B) = 0,0 8), gl(tla) =" 0 ().

Let (X, €;)i<1 be a sequence of i.i.d. random variables. For any x denote by g x (- | =) the conditional
probability density function of ¢; given X; = x and assume that the covariate X has df F'(-).

Now we give the assumptions needed to get our results.

For any sequences (uy,) and (v, ) we put u, = O(vy,) if |uy| < Cluy,| for all n (if the property holds in
probability we use the symbol Op).

(Al): V(er,e2) € R x R, V(z1,22) € R? x RY,
\94){(61 | 21) — QE\X(@ | 22)| < C(Hml — zo|| + |e1 — 62|)~
(A2): The conditional density g, x is differentiable up to order 3,
(i) sup,. |g£‘3)){(e | z)| < oo for 0<j <3,
(i) gex(e|z) <ggx(0]x) forall e#0andz.
(A3): The kernel Ky is differentiable up to order 3 and:
Q) / tRo(t)dt =0, (i) / PRt dt < oo, (i) Tim Ko(t) = 0
R R t|—o0
(iv) sup\Kéj)(t)| <oo for 0<j<3,
t

(V) /Kéi)(t)dt<oo for 0<i<2.
R

MATHEMATICAL METHODS OF STATISTICS Vol.28 No.1 2019



(A4):

(A5):

(A6):

(A7):

(A8):
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The set
t—- i
Fo—{KO( . ) teR heR }
is a VC-class of measurable functions.
Vo € R, V(By, B2) € K2, |m(xz, B1) — m(z, B2)| < f(x)||B1 — Ba| for some integrable positive

function f.

All partial derivatives of m(x, 3) with respect to = and the components of 3 of order 0, 1 or 2 exist
and are continuous in (z, ) for all (z, 3).

(i)  E[supgek(i(X;,3))°+5] < oo, s3>0,

(i) E[supgex [M(Xi, B)]] < oo,
(iii)  Foralle > 0,inf|5_goc E[(m(Xi, B) — m(Xs, 60))*] > 0.
(iv) E[(m(Xi,ﬂo))2 X géf;((o | X;)] is nonsingular.

M
—_—
logn ’

ii nh! —0 as n— +oo.
n

Discussion of the Assumptions and Examples

The independence assumption between (C,,), and (X, Y,), in (4) may seem to be strong and
one can think of replacing it by a classical conditional independence assumption between (C, ),
and (Yy,)n given (X, )n.

Assumptions (A1), (A2(i)), and (A3) are classical in nonparametric estimation.

Assumption (A2 (ii))is specific to the context of mode regression and requires that the conditional
density of € has a mode at 0. An example that satisfies condition (A2 (ii)) is the following (mixture
of two Gaussian densities):

1 1 ) 1 )
x(€|x) = exp— _(e—x)"+exp—_(e+x }
gxlele) =, ) {ep— (=2 +ew— (e+a)

Here g x (- | #) is symmetric about 0 and E(e | X = 2) = Mode (e | X =) =z + (—z) = 0.

Assumption (A4)is a consequence of Theorems 4.2.1 and 4.2.4 in [5]. This assumption is needed
in order to use Talagrand’s inequality.

Assumptions (Ab), (A6) and (A7) specify the model. Example: Let (X,Y") satisfy the model
assumptions (A5)—(A7),

Y =m(X,B) +e,
where m(X, 3) = By + /1 X + X? and e (with conditional density 9ge|x) is independent of X.

Assumption (A8) gives conditions for the bandwidth which allow to get the rate of convergence.

Theorem 3.1. Under Assumptions (Al)—(A7), we have

s P
AT as n — 00.
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44 KHARDANI
Corollary 3.2. Under Assumptions (A1)—(A7) and (A8(i)), we have

. /
H&—MFO%Gﬁ%M> as n— o, (10)

where 2= denotes convergence in probability.
Theorem 3.3. Assume that (A1)—(A8) hold. We have
Vb (B = Bo) = N (0,27),

where 2 denotes convergence in distribution, where
0% = 071000, (11)
mz(){uﬂo)gqx(o | Xi)
G(m(Xi, Bo)) 7
Q) = E[(m(X;, Ao))? x g\ (0] Xy)]. (13)

Qo = || KGlI3E (12)

Remark 3.4. In complete data, Parzen [23] and Eddy [6] and Khardani et al. [12] in censored data
have proven similar asymptotic results for kernel estimators of the mode of the distribution of a variable
response Y without conditioning on X. Therefore the results of [23, 6] can be considered as special
cases of Theorem 3.3 when there is no predictor involved. By Theorem 3.3, the asymptotic variance is

02?/(nh3).

Theorem 3.3 generalizes the result of [31] in the linear case and when G = 1. We give the same rate
of convergence of 3, which is \/nh;’;, except that the effect of censoring is present in our case in the

variance by 1/G: which increases this quantity. A theoretic optimal bandwidth h,, for estimating can be
obtained by minimizing the asymptotic weighted mean squared errors.

Theorem 3.5. Assume that (A1)—(A8) hold. We have

where

I o Zi—=m(XisBn)\ o)y 2 B o Zi—m(Xi, B) \ .
le - nh% ; G,(ZZ) |:K0< hn >m (Xuﬂn) hnK0< >m(X7,7Bn):|a

e~ 1, 2 [ (et (7)) ]

=1

Corollary 3.6. Based on Qo,n and Ql,n we easily get a plug-in estimator Q% for Q% which, under
the assumptions of Theorem 3.5, gives a confidence interval of asymptotic level 1 — « for [y

i A o8 A o8
ﬁO € |:ﬁn - \/nh3 X M—a/2s ﬁn + \/nh3 X 771—01/2:|7

where O = Var(3L) for i=1,...,p and M-as2 denotes the (1 — a/2)-quantile of the standard
normal distribution.
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4. SIMULATION STUDY

In this section, we discuss the feasibility and the performance of our estimates Bn = (50717 ﬁln)T. We
are interested in the behavior of the bias, variance and MSE of the two estimators. In the first setting, we
generate independently and identically distributed (i.i.d.) sample (X;, Y;)1<i<n, from the following model

4
Y = 3exp(50X+51X2) + o, (14)
where Gy = ‘51 and ; = 1. The sample (X;,Y;)i1<i<n Was generated as follows: X; with a uniform
distribution on [—2, 2] and the error term ¢; a standard normal random variable. The censoring variable
C satisfies C = 0y exp(01 X + 62 X?) + on for certain choices of Ay, 01, 2 and o, where 7 has a standard
normal distribution. We assume that e and 7 are independent of X and that e is independent of 7.

Our simulation scheme is as follows: N independent samples of size n were generated. We worked
with the standard normal density Ky(z) = \/1% exp { — 52?}. Estimation of 8 = (8, $1))7 defined by

(9) can be seen as solving the set of moment conditions

E[exp ((Yi —m(Xi, §))?

a3 = i) )| = (15)

A Newton-type algorithm is used. In nonparametric estimation, it is well known that optimality (in
the MSE sense) is not seriously affected by the choice of kernel Ky but can be swayed by that of
the bandwidth h,. In the censored model, the estimator depends on the choice of many parameters:
the bandwidth h,,, the sample size n, the percentage of censoring CP (controlled by o). Now, for this
empirical study we use the Gaussian kernel and we consider the well-known smoothing parameter
defined by h,, = o2n=0-143 ({0 satisfy (A8)), where

2 1 < )2 o _l¢
ol = n—1;(XZ X)? and X = nZ;X

We performed simulation studies based on data that were obtained in the following manner. We consider
the values for the response and explanatory random variables X and Y given by the models (14) and (16)
below, but we keep in mind that the ‘observable’ variables are (X, Z, §) defined in Section 1. Recall that
the proportion of censoring (in % and denoted in the tables) is computed as the average of P(§ = 0 | z)
for an equispaced grid of values of z. To evaluate the finite sample performance of our estimator at each
scenario, a sample of size n = 100 and N = 500 replications were used. The distance measure that was
approximated is the mean squared error total (MSE). Tables 1, 2 summarize the results of this simulation
study: we show the effect of a variation of the constant o (obviously its effect on the term of variance),
the size of the sample and the effect of the choice of the bandwidth. These tables include variation in the
three parameters (bias, variance, MSE) depending on (n, h, 0y, 01,0, CP).

In the second setting, we generate i.i.d. data from the regression model

Y = fi cos(f1X?) + oe, (16)

where By = 31 = 11, 02 = 0.4 or 1. The sample (Xi,Yi)1<i<n was generated as follows: X; with a
uniform distribution on [—2, 2] and the error term ¢; a standard normal random variable. The censoring
variable C' satisfies C' = (1’({ cos(01X?) + oe* for certain choices of (6, 6;), where €* has a standard
normal distribution. By a simple calculus, under this model

0o/11 cos(f122) — Bo/11 605(51332))

IP’(5:0|X:$):1—<I>< Vo
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46 KHARDANI

Table 1. Average values of B(m and Bln of the model (14)

bo 01 0o Bon Bin

o2 CP Bias Var MSE Bias Var MSE
1.3 1.2 1 0.002 0.074 0.076 —0.01 0.1 0.1
| 35

1.3 09 1 0.03 0.086 0.087 —0.08 0.15 0.1564
1 46

1.3 05 15 0.046 026 028 -—-0.1 02 0.21
0.75 57

1.3 0.8 095 0.03 0.045 0.05 0.06 0.07 0.08
0.5 385

Table 2. Average values of B(Jn and Bln of the model (16)

6o 61 Bon Bin
02 CP Bias Var MSE Bias Var MSE
11 12 08 24 304 04 0.18 0.34

0.5 53
11 11 —-0.56 2.01 233 0.15 0.077 0.097

1 46
25 1.6 -030 1.85 2 —0.07 0.063 0.07

0.5 37
24 16 -05 29 3.03 0.039 0.162 0.18

0.5 35

5. APPENDIX: AUXILIARY RESULTS AND PROOFS

Proof of Theorem 3.1. There are two parts of the proof of this theorem. First, in Lemma 5.1 below we
establish that S(3) = lim,,_,o, E(S,(3)) exists and is continuous in 8 with a unique global maximum
at 8 = [By. Second, in Lemma 5.2 below we establish the almost sure uniform convergence of gn(ﬂ) to

S(8).
Lemma 5.1. Under Assumptions (A1)—(A7) we have that
W(B,h) = // Ko(8)gepx (m(z, ) — m(z, fo) + hs | x) ds dFx ()
R JRd

exists and is continuous for all (B, h). In addition, lim,, ., E(S,(83)) is equal to ¥(8,0)) and has
a unique global maximum over a compact set around 3 = (.

Proof. First, observe that
Lyyvi<onw(Z1) = 1y <cye (Y1), (17)
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for any measurable function ¢. Using the fact that sup,_, |G, (t) — G(t)| = O(\/loglog” ) =o(1) as

n — oo (see formula (4.28) in [4]) and by the conditional expectation properties, we have

B[S, (0) = | fle[aiG-%zz-)Ko(Zi - m<X"’5))}

nhy, & hn
_ hl E[K()(Y - n;iXi’B)>E[5iG_l(Zz‘) | (Xl,m]]

i£AAQ%<mew2_mwm>%ﬂﬂ@%ﬂaw)

- /[R » Ko(w)gex (m(z, B) — m(z, Bo) + hnw | ) dw dFx ().

By Assumptions (Al), (A2(i)) and (A6), and by dominated convergence we obtain that ¥(5, h,,)

N

exists and is continuous for every (3, h). We have E[S,,(5)] = ¥(5, h,,) and the continuity of ¥ (83, h,,)
implies

lim E[S,(8)] = E[gqx (m(Xi, B) — m(X;, 60)) | Xi)] = ¥(8,0) = 5(6).

n—-+00
Secondly, by (A2 (ii)) g x (¢ | x) achieves a strict global maximum at € = 0 for every = and by (A7 (iii))
it follows that S(8) = lim,, . 4 o0 E[S,,(8)] achieves a strict global maximum at § = f.

Lemma 5.2. Under Assumptions (A1)—(A8(i)) we have

sup 6a(8) — 5(8)] = OW ) s

nhy,

Proof. K is a compact set, hence it admits a covering by a finite number [,, of balls By (5}, ) centered

ln
K c | BB ),

k=1
where
e (18)

Since K is bounded, there exists a constant x > 0 such that [,, < xr,”. For any 3 € K, there exists k
such that

18 = Bill < 7n. (19)
We write
sup [S,(8) — S(B)| < sup |Sn(B) — Su(Bk)| + sup [Sn(Br) — ESn(B;)| + sup [ES,(8;) — S(B)]
BeK BeK BeK

= Yip + Xop + Xan.

Sip = O(\/;hn) a.s.; Sap = O(\/;hn) a.s. (20)

Yo, = O<\/logn > a.s. (21)
nhy,

MATHEMATICAL METHODS OF STATISTICS Vol.28 No.1 2019
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Proof of (20). From (18), we have
S1n = sup |5 (8) — Su(67)]
BeK

= sup

LS s (AT gaz@;%zi)f(o (i)

BeK nhn i—1 hn hn
CE(f(Xy)) . 1
= ammz 2l ‘[’k"()(mhn)'

For X3, we clearly have X3, < E[¥y,] < C(\/nlh )

Proof of (21). In order to study Y, we use an exponential inequality which was first derived in [28]. For
that we consider the family of functions defined on R x R x RP by

1 ~—1 u—m(m,ﬂ)
Yp(u,v,2) = nhl{u<v}G (u)K()( b , z€RP, weR, wvekR.

Under (A3 (iv)) and (A4) and using Lemma (2.6.20) in [30, p. 148], the set

]. = - )
Fi = {wﬁ(u,v,x) = nhl{u<v}G_1(U)K0 <u n}:(m 5)) ,x€ERP y € R}

is a VC-class of measurable functions.
Now we write

n

San = > { [0s(T0, Ci, X)) - Elp(Ti, G, X)) . (22)
i=1
To deal with (22), we first note that the envelope of F; is U,, := ”g(()ﬂ;"’ mlln Moreover, proceeding as in

(5) and using (A3 (iv)), we get

1KolZllgeix lloo x M M2
E[¢3(T}, Ci, X;)| < — _ 0
2?57' [Qpﬁ( e Z)] - thn ’I’L2hn On>

with o,, < U, for n large enough.

Now applying Talagrand’s inequality (see Proposition A in [8]), there exist two positive constants my
and mo such that

IP’{ sup
’4/15 (U,U,.’E)efl

t tU
<m exp{— log[1+ ]}
! m1U my (ony/n + U\/log(mgU/an))2

Then, under (A8), simple algebraic calculations show that o,/n > U\/log(mgU/an) for n large

enough, which gives
log [1 + v 2] } (23)

n

S {6s(T, G, Xi) — E[wﬁm,ci,xi)]}‘ - t}

i=1

t
]P’[ sup Yo, >t] §m1exp{—

Taking t = Bs \/112%:, where Bj is a positive constant, a Taylor expansion using log(1 + w) ~ w (for

w — 0) shows that the right-hand side in (23) is of order

2

B3
m1 exp { — 4m%M2 log n}
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which, for B3 > 2m1+/M2, is the general term of a convergent Riemann series which in turn, by Borel—

Cantelli’s lemma proves that
Yoy = O<\/logn > a.s.
nhy,

Finally, Lemma 5.1 and Lemma 5.2 end the proof of Theorem 3.1.
Proof of Corollary 3.2. Standard argument gives us

< sup |Su(B) — S(B)| + | sup S,(B) — sup S(B)|
peK peK BeEK

< 2sup|5,(8) — S(A)|. (24)
BeK

The a.s. consistency of 3, follows then immediately from Theorem 3.1. Now a Taylor expansion gives
_ _ 1 - A
S(Bn) = 5(B0) = (B — B0)*SP(57), (25)
where 3% is between 3y and .. Then by (24) and (25) we have
; sup \5 ( ) — S8
and Lemma 5.2 completes the proof.

Proof of Theorem 3.3. Denote

95, (B) 1 & - 3

Bo — |Bo — _ =17 / i . ]

Vi Y nh2 ;:1 0;G, (Z;) K, <hn> x m(X;, Bo)- (26)
By the definition in (9), we have SV (3,) = 0. Now using a Taylor expansion of S )( -) in the neighbor-

hood of 3y, we get

: 4
- /80 = - (2) (/?0) 9 (27)
n (Bn)
where 3, belongs to segment [8, , o] if the denominator does not vanish.
From (27), we have
. Bo _ Bo Bo

B — ) = /s sy =V g )

(ﬁn) Sn(Bn) Sn (Bn)
Iln IQn (28)

= R b
S (Bu) S (B)
We complete the proof by showing that Zs,, is negligible (see Lemma 5.3), whereas Z,, is asymptotically
normal (see Lemma 5.4) and the denominator converges in probability to S (3) (see Lemma 5.5).

Lemma 5.3. Assume (A1)—(A8). Then we have

Zoy, — 0 a.s. as n — oo.

Proof. Using (17) and integrating by parts we obtain
—~Ton = /nB3E(V) = \/nhiE ! En: 0 K’(E" )m(Xz o)
" ne " nhd &= Gu(Z) '\ a
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= Ve k(1 )mm,ﬁomu{ylgol}é-l(zn (X1, 7)

=nz2h, //Ko (@, B0)ge x (€ | 2) de dFx (z)
/n2hn [Kb(h )Qe|x( \l’)} j:m(xaﬂO)dFX(x)

_n2h2//K0 (. Go)g ) e | @) de dFx ()
= ST+ S
Under Assumptions (A3 (iii)) and (A7 (i))
St =o(1).

On the other hand, using a change of variable we can write
! €
Sg:n%hg//f{o (. fo)g! % (€ | 2) de dFx (x)

//Ko m(x, Bo)g 6|X( 2w | z)dwdFx (z).
Using (A2(i)), we obtain by a Taylor expansion

(1)
2

Integrating by parts, we have by (A3 (ii))
haw? ()

h2w? N
g% (hnw | 2) = gL (0] 2) + hwg e (0 | &) + 775 g (8 | @), t* € 10, hyu].

(29)

Si = nl/2p3/2 / / Ko(w) [921}((0 | @)+ hawg i (0 | @) + " gk (" | @) (e, fo) de dFx ()

n1/2h5/2//wK0(w)g£|2))((0 | 2)ri(z, Bo) dw dFx (x)

+n1/2h7/2//w2K0(w)g£3))<(t* | z)m(x, By) dw dFx ()
= Aln + A2n'
Moreover, under Assumptions (A2(i)), (A3(i)) and (A7 (i))

Aip = nV/2p5/? / wKo(w) dw / 9 (0 | @), Bo) dFx () = o(1).

In addition,
Agp = n1/2h7/2// w2 Ko(w)g) (| )in(a, fo) duw dFx ()
1/2h7/2/ w® Ko(w dw/g x (@), Bo) dFx (z) = o(1).
Under (A2 (i)), (A3(ii)), (A7 (i)), and (A8(ii)), we conclude
Sy =o(1).

Finally (29) and (30) finish the proof of Lemma 5.3.
Lemma 5.4. Under (A1)—(A8) we have

Var [Iln] — Qo a.s. as n — +oo,
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where

- 0l2 .

G(m(X;, o))
Proof. We have
Var(Zi,) = Var [y/nh3(VE — E[V®]) | = nhd Var[VE]
. 3 1 - 57, 1 ( €i . )
= nh3 Var [m? G (20 (hn)m(Xz, Bo)

=1

Var [ 0 K )mxn )|

;n) (X, ﬁo)) Elfy, <oyl X, Y1]]

K(’)(;? )m(Xz', 50))E[1{Ylgcl}|X1, YI]] 2

n

On the one hand, by Lemma 5.3
Uy, = n_lfgn —0 as n — o0.
We have

Uy, = hlnE|:G_2(Y1)(K(/](Z;)m(X17ﬁ0))2E[1{Y1S01} | X17YV1]1| .

Then, since G,,(+) is continuous and consistent, we have

| , (2, 60)g x (0] @) dFx (o)
Jim o = [ KR [ )
i»%0)9e Xi
S |

which gives the result.
Now, to complete the proof of Theorem 3.3, it suffices to prove that
S (Bn) = 5 (B).
Lemma 5.5. Under Assumptions (A1)—(A8) we have

sup ‘5(2 S(2)(5)| 20 as mn — oo.
BekK

Proof. Using the triangle inequality we have
sup [$,7)(8) — SP(8)] < sup [S2(8) = 1 (B1)| + sup [S (B) — EIS: (B
BeK BeK BeK
+ sup [E[S) (B)] — B[S (8)]] +sup [E[SP(8)] - 5P (5)]
BeK BeK

= %10 (B) + ¥20(8) + Y3n(8) + Yan(B).
We have by (8)

S0 =y D06 0k (M 00)
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nhzzac XZ,mKo( T )

= Via(B) + Vau(B). (31)
The result is then a consequence of the following Lemmas 5.6 and 5.7 below.
Lemma 5.6. Assume (A3), (A5)—(A6)and (A7 (i)—(ii)). Then
Y1n(B) — 0 a.s., Y3n(B) — 0;a.s.

Proof. Using the same idea as in the proof of Lemma 5.2 by taking
ro=hS, &>4. (32)

Lemma 5.7. Assume (A1)—(A8). Then we have
Y2n(B) — 0 a.s.,  yun(B) — 0 a.s.

Proof. Under equation (31), we can write

where 73, (8) = Vju(8) — E(Vjn(8)) forj = 1,2.
We will now prove the convergence to zero of the first quantity. The second is proved in the same way.

For~J, (8), we set

1 — " Z’L - Xi,

Gin,1(B) = (m(:r,ﬁ))QéiG;l(Zi)Ko< TZ( B)>1[(m(:vﬁ))2<hn2]’
1 n( Zi —m(Xg,

Gin2(B) =, g1, B3))%6 (Zz‘)K0< n;i ﬁ)>1[(m(:c,ﬁ))2>hn2]’

mk ngk Czn k(ﬂ)) for k= 1,2.

We get [Cin,1(8) — E(Cin,1(8))] < 2h,°G71(7)||K{ ||oo and by Assumptions (A2), (A3) and (A7 (i,iv))

Var (Gin,1(8) = E(Cin1(3))) < E[E(C,1(8) | (X1,Y1))]

= | (4 (g )"y (1 )>)2E[51G-2<21> (X1, 7))

< it [y (R =N e, ) e e

< i | 1§ ) PuB (X5, 9)1] = cohy”

where ¢q is a finite positive constant as a consequence of Assumptions (A2(i)), (A3), and (A7). Then,
from Bernstein’s inequality, we have

3nhd 2
{‘ ZCan Czn 1(5))‘ } < 2exp{ - 6¢o +45”K6/”oo}

Consequently,

{ ZZE Z Czn 1 ﬁk Czn l(ﬁk))

} % {‘ Zle Br) — E(Cin1(Br))| > }
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3nhd e
< 2(r})* — " :
< 2rm) eXp{ 600+4||K6'||oo€}

Since (1) " ~ hy*, it follows from Assumption (A8(i)) that P{ supgeg [Kin,1(8)| > €} tends to zero
as n — oo for any fixed value of ¢, and thus

sup |Kin,1(8)| = op(1). (33)
BeK

Secondly, by Assumption A3(iv),

n

1 1
sup [Kin 2(8)] < sup [E(Gin28) + 5 1KG lloo D ((7(Xa, )1, gyyesnzy)-

Now, it is clear that
E{ Z‘éﬁ "Cm 2( ‘} <2 3 HK HOOE{ SUP Xwﬂ)) [(m(Xi,ﬁ))2>h,§2]}‘
Take p > 1 such that E|supge [ (X, 8)|?P| < oo, then by Holder's inequality we have

B sup(1i (X )L 1 x, }<[E|supm(Xz,me]”p[Mle ayzon=yl ],

where 1/p 4+ 1/q = 1. Since s < 0, we have by Markov’s inequality
[EIL x| = E[Lgnex,py2snny]) = PO, 8)* > hy?]]
= P[[( (X, )% > h;?]] < h2PE[(supin(X;, 8)) ).
BeK

Hence

1w [E[[(m(X5, 8))%]] 1M

E{ sup((Xs, )11 0x, 52 ]}<[E|supm<xz,ﬁ)|2p] L2

BeK
— E[[((X;, B))2]] h22/5.
Then, since 2p/q = 2(p — 1), we have
E{ SuP (X, B))° 1 ax, pyyzsn) b < EL0R(XG, 8) P R2PY,

and we conclude that
E{ sup [Kin2(8)|} = O(h).
BeK

Taking p = (5 + €)/2, we get E{ supgex [Kin2(8)|} = O(h%) = op(1). Hence
sup [Kin,2(8)] = O(h%,) = op(1). (34)
BeK

We conclude by (33) and (34) that v4,.(8) = op(1) and in the same way we prove that 42 (3) = op(1).

Using integration by parts and a change of variable, under (A1)—(A3) and (A6)—(A7), we have
Yan(B) = op(1). Then

lim ES2 () = lim E(V1,n(5)) + Lim E(V2n(8))
= / / Ko(w) (i (x, )29y (m(x, B) — m(x, Bo) | x) dw dFx (x)
_ / / Ko(w)rin(z, $)g (m(z, 8) — m(x, fo) | ) dw dFx (a)
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= S5 = 59(9).
9305
It follows that
0%5,(8)  9*5(9)
apops  apop

Now the final step in the proof of Theorem 3.3 is to show the Lindberg condition for Z;. For that, in
view of (28), put

sup
BeK

= O]}D(l).

=: Z A p(z,e),
i=1
where

Bin(a,€) = (nha) ™ {EGHZ)Ko (1 )X fo) — B|5:C (Z0) Ko ()" (X, o) .

n

Then we have from Lemma (5.4)

(X, 60))% % g¢x (0 | X;)

Va’f(;m,m,e))=nhiVar<v£°>%uKau%E[(( O] )

Lemma 5.8. Under Assumptions (A1)—(A8) we have

Vi > 0, Z/ A? (z)dP(z,e) — 0 as n — oo.
o (2,€)>n2 Var(A; n (z,€))} ’

Proof. On the one hand, we have
2 € 2 €

o KO () (X, B0) B2 Ko < )i(Xi, Bo)|. (36
iy YOO8t 2 (0 Yk ) )

Note that by Lemma 5.3 the second term in the right-hand side of (36) goes to zero as n — oc:

A}, (z,€) <

o E [K()(hn)m(Xz,ﬁo)} —0  as n— oo (37)
On the other hand, taking n = “52 we have by (35) that Ing € N* such that Vn > ng

(S A ) vo [ (1(Xi,50)) % g x (0 | X3)
Va <ZZ-:1 Am(w,e)) > ||K0||2E[ Glm(X:. o)) ] (38)
Now, set

W(z,€) = Ggl( )Kg<}z>(m(Xz‘,ﬁo))2+E2[C—;21(T)Ko(hn) (Xz,ﬁo)]

We clearly have from (36) that

2Wi (2, €)
nh,

Now, set / = " “’ , then using (38) we have for n > ng

{Aﬁn(aj,e) > 1 Var (ZAM(JC,E))} C {A?n( ) >n wz} {A z,€) > 2n'}
i=1

= {Win(z,€) > n'nh,} C {K(%(;;)(m(Xi,ﬂo)P > n’zhn}
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o {2 Ko i )] > "} =S4 U S
By (37), for n large enough, we have
San = {B2[ Ko ( ;n)m(X f)| > ",T;h”} = 0. (39)

In the same way, by (A2)—(A3) and (A7)—(A8) we have for n large enough that X, ,, is empty.
Therefore {A?, (z,€) > n? Var (Y1) Ajn(z,€)) } is empty for n large enough, which completes the

proof.

Proof of Theorem 3.5. It is sufficient to establish convergences in probability QO,n to Qg and Ql,n to

Q1. By consistency of Bn to By it follows from Theorem 3.1 and Lemma 5.5 that le P, Q1. Secondly,

to establish that QO,n LN Qg, we use an approach similar to that used in the proofs of Lemma 5.2 and
Lemma 5.5 above.
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