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Abstract—1In this paper we consider the convolution model Z = X 4+ Y with X of unknown density
f, independent of Y, when both random variables are nonnegative. Our goal is to estimate the
unknown density f of X from n independent identically distributed observations of Z, when the
law of the additive process Y is unknown. When the density of Y is known, a solution to the problem
has been proposed in [17]. To make the problem identifiable for unknown density of Y, we assume
that we have access to a preliminary sample of the nuisance process Y. The question is to propose
a solution to an inverse problem with unknown operator. To that aim, we build a family of projection
estimators of f on the Laguerre basis, well-suited for nonnegative random variables. The dimension
of the projection space is chosen thanks to a model selection procedure by penalization. At last we
prove that the final estimator satisfies an oracle inequality. It can be noted that the study of the mean
integrated square risk is based on Bernstein’s type concentration inequalities developed for random
matrices in [23].
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1. INTRODUCTION

We consider in this work the following convolution model: Z; = X; + Y;, fori = 1,...,n, where the
observation is the sequence (Z;)1<i<, While the X;’s are independent and identically distributed (i.i.d.)
variables of interest with common density denoted by f. The random variables Y;,7 = 1,...,n, represent

a nuisance process, they are also i.i.d. with common density g. The sequences (X;)1<i<pn and (Y;)i<i<n
are assumed to be independent.

Our aim is to perform nonparametric estimation of f. The specific feature of our framework is that
all random variables are nonnegative. Moreover, we do not suppose that the density g of the nuisance
variables is known. Nevertheless, to make the problem identifiable, we assume that we have at hand
an auxiliary nuisance sample (Y;)1<i<n, independent of (X;,Y;)1<i<n. To sum up, we have to solve an
inverse problem with unknown operator.

The literature studies the convolution model for real-valued random variables and for centered Y;’s,
which are then understood as a noise or a measurement error. Most solutions are based on Fourier
methods, relying on the fact that the characteristic function of the observations is the product of the
Fourier transforms of f and g: then, cautious Fourier inversion of a quotient should allow one to
recover f.

In the first works, g is assumed to be known, see [21] and references therein. However this assumption
is not realistic in most fields of application. To make the problem feasible, some information on the error
distribution is always required. For instance, in a physical context, a preliminary sample of the noise
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238 COMTE, MABON

can be obtained. Neumann [20] first proposed an estimation strategy still based on Fourier inversion;
for the study of convergence rates, see [20], [13] or [19]. The rigorous study of adaptive procedures in a
deconvolution model with unknown errors has only recently been addressed. We are aware of the work by
Comte and Lacour[8] and Kappus and Mabon [15] who extended it to the adaptive strategy, by Johannes
and Schwarz [14] who consider a model of circular deconvolution and by Dattner et al. [9] who deal with
adaptive quantile estimation via Lespki’s method.

In this paper, all random variables are nonnegative. Such modelization is encountered in survival
analysis or reliability models. For instance, X can be the time of infection of a disease and Y the
incubation time, a model used in so-called back calculation problems in AIDS research. In reliability,
the lifetime of interest for a component can be hidden by another one, systematically added to it. More
broadly the problem of nonnegative variables appears in actuarial or insurance models.

Groeneboom and Wellner [11] have first introduced the problem of one-sided error in the convolution
model under monotonicity of the cumulative distribution function (c.d.f.). They derive nonparametric
maximum likelihood estimators (NPMLE) of the c.d.f. Some particular cases have been tackled as Uni-
form or Exponential deconvolution by Groeneboom and Jongbloed [10]. In the Uniform deconvolution
problem, van Es [24] proposes a density estimator and an estimator of the c.d.f. using kernel estimators
and inversion formula. The work of Mabon [17] subsumes the existing ones and in this way unifies the
approach to tackle the problem of density estimation for nonnegative variables in the convolution model
with any known error density.

The method relies on a a projection strategy in a specific R -supported orthonormal functional basis,
namely the Laguerre basis. This basis has been used for nonnegative variables in other settings: e.g. in
[5] and [25] in a regression setting, or in [2] for a multiplicative censoring model.

Here, we extend the procedure proposed in [17] for known g to the case where g is no longer known:
instead, all quantities related to g are estimated thanks to the independent (Y;)-ng-sample. This means
that we estimate all coefficients of the linear system which was solved in a deterministic way when g
was known. Therefore the main difficulty is to measure the distance between the inverse of a random
matrix and the inverse of its expectation. This is what makes the problem challenging and the solution
interesting. The strategy is inspired by the one initiated in [20] and developed in [15] in the Fourier
context, with the help of tools related to matrix perturbation theory (see[21]) and random matrices taken
in [23]. A result of matrix perturbation theory (see Th. 8.1) is the key result to enable us to prove a
lemma similar to Lemma 2.1 in [20]. Besides, Bernstein’s inequality for random matrices provides useful
moment inequalities. We discuss the influence of the two sample sizes n and ng and compare our results
with the Fourier strategy outcomes, which still can be applied to nonnegative random variables.

Let us now explain the plan of the paper. In Section 2, we give notation, we define the model, the
Laguerre basis and the density estimator computed on an m-dimensional projection space. We develop
in Section 3 a study of the mean integrated squared error (MISE) of the estimators based on Bernstein’s
type concentration inequalities developed for random matrices (see [23]). Then we discuss the resulting
rates of convergence on specific subspaces of L?(R*) called Laguerre—Sobolev spaces with index s > 0,
defined in [3]. Our strategy is especially well fitted for estimating functions belonging to a collection of
mixed Gamma densities. In Section 4, we define a data-driven choice of the projection space by using
a contrast penalization criterion and we prove an oracle inequality for the final data-driven estimator.
In Section 5, we study the adaptive estimators through simulation experiments. Numerical results are
presented and compared to the performance in the direct case (direct observation of the X;’s) and to
the case of known g. The results show that our procedure works well and that the cutoff introduced
for the estimation of g plays an interesting role. In the concluding Section 6 we give further possible
developments or extensions of the method. All the proofs are postponed to Section 7.

2. ESTIMATION PROCEDURE
2.1. Model, Assumptions and Notation
We consider the model
Zi=X;+Y, i=1,...,n, (2.1)
where the X;’s are i.i.d. nonnegative variables with unknown density f. The ¥;’s are also i.i.d. nonnega-

tive variables with unknown density g. We denote by h the density of the Z;’s. The X;’s and the Y;’s are

MATHEMATICAL METHODS OF STATISTICS Vol.26 No.4 2017



LAGUERRE DECONVOLUTION 239

assumed to be independent. Moreover, we assume in all the following that we have at hand an auxiliary
sample of the noise distribution

(YY,... )/,) and (Yy)lgisno independentof (X%,)Q)lgisn, (2.2)

s Lmg
where the Y;’s are also i.i.d. nonnegative variables with unknown density g. Our target is the estimation
of the density f when the Z;’s and Y/’s are observed.

Now we fix some notation. For two real numbers a and b, we denote a V b = max(a,b) and a A b =
min(a, b). For two functions ¢, 9: RT — R belonging to L2(R*), we denote ||¢|| the L? norm of
¢ defined by |j¢]|? = [g+ [o(@)[* dz, {p,v) the scalar product between ¢ and ¢ defined by (¢, ) =
Ji o) (@) da.

Let d be an integer, for two vectors @ and @ belonging to R? we denote ||i|s,q4 the Euclidean
norm defined by ||ﬁ||§7d = ' where 4 is the transpose of @. The scalar product between @ and ' is
t

i, U = tuv = tvu.
< 732@

We introduce the operator norm of a matrix A defined by
[Allop = max [|Adillz = \/)‘maX(tAA)v

llallz=1

where A\pax(*AA) is the largest eigenvalue of ‘A A in absolute value, along with the Frobenius norm
defined by ||A[lr = \/zm. a?,.

2.2. Laguerre Basis and Spaces

We define the Laguerre basis as

k .

kN 2f
Vk eN,Vz >0, ¢p(z) = V2L(2z)e™® with Ly(z) = Z(—l)] <]> j' . (2.3)

J=0 '
The Laguerre polynomials Ly, defined by Eq. (2.3) are orthonormal with respect to the weight function
x+— e 7 on R*. In other words, [p. Li(x)Ly (x)e™" dx = 0y 1, Wwhere 0y 4 is the Kronecker symbol.
Thus (¢k)k>0 is an orthonormal basis of L2(R*). We can also notice that the Laguerre basis satisfies

the following inequality for any integer k

sup |ok(z)] = [lorlloo < V2. (2.4)
TzERT

Lemma2.1. Let Dy be a random variable with density T. Assume that € L?(R") and IE(DI_I/2) <
+o00. Form > 1,

m—1 1
2))?7(z) dz < ¢*vm
;A lpr(@)27(x) dx < c*v/m,

where c¢* is a constant depending on IE(Dl_l/z) and ||7||.

This result is a particular case of a Lemma proved in a work in progress by Comte and Genon-Catalot;

for the sake of completeness, the proof is recalled in Section 7. The condition E(Dl_l/z) < 400 is rather

weak and is satisfied by all classical densities. In particular, it holds if 7 takes a finite value in 0. Note
that if one uses (2.4), one bounds 21:—01 E(@?(Dl)) by 2m while with Lemma 2.1 the bound becomes

c*y/m, which is an improvement provided that E(Dl_l/z) < 400 and ¢* is not too large.

We also introduce the space S,,, = Span{¢y, . .., @m_1}. For a function p in L2(R*), we note
po) = Y ahar@)  where ap) = [ plwen(u)du
k>0 RF
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240 COMTE, MABON

According to formula 22.13.14 in [1], what makes the Laguerre basis relevant in our deconvolution
setting is the relation

or * pj(r) = /Or er(u)pi(z —u) du = 272 (g4 (2) — P (@), (2.5)

where x stands for the convolution product.

Classically, to derive the rates of convergence of estimators, we need to evaluate the order of the
bias term, which depends on the smoothness of the signal. To that aim, we consider Laguerre—Sobolev
regularity spaces associated with the basis and defined by

We(RY, L) = {p; RT - R, peL*R"), Y kal(p) < L < +oo} with s> 0, (2.6)

k>0
where ai(p) = (p, pr). Bongioanni and Torrea [3] have introduced Laguerre—Sobolev space but the link
with the coefficients of a function on a Laguerre basis was done in [6]. Indeed, let s be an integer, for
p: R - Rand f € L*(R") we have that )7, k*aj (p) < +oo is equivalent to the fact that p admits
derivatives up to order s — 1 with p(*=1) absolutely continuous and for 0 < k < s, z¥/2(p(z)e®)Fe=* €

L2(R*). For more details we refer to Section 7 of [6]. Thus, for f € W#*(R™, L) defined by (2.6) and f,,
its orthogonal projection

1 = Fmll® =D ak(£) =D ap(f)k°k™ < Lm~*. (2.7)
k=m k=m

2.3. Projection Estimator of the Density When g is Known

Here we briefly recall the projection estimator of f when g is known established in [17]. The principle
of a projection method for estimation is to reduce the question of estimating f to the one of estimating f,,
the projection of f on S,,,. We write

m—1

Fu(@) = 3 ax(Hen(@).

k=0
Model (2.1) implies that h = f % g. IT all the functions £, g, h belong to L?(R*), then we have
> aih)e; =Y ar(fac(g)er * -
§>0 k>0 £>0

Thus, applying Eq. (2.5) with convention a_1(g) = 0 implies that
k
> ai(h)e; =Y > 27 (ap—e(g) — ar—e-1(9)) ae(f)k-
3>0 k>0 =0
This yields the following infinite linear triangular system oo = Goofoo with

Hm = t(ao(h)a oy am—1(h)), f?m = t(ao(f)’ s am-1(f))

and
2712a4(g) iti = j,
(G, ;= {2712 (ai—j(g9) —ai—j—1(g)) ifj <i, (2.8)
0 otherwise.

We can notice that G, is a lower triangular Toeplitz matrix.
Thus for any m we can write ﬁm = Gmfm. Moreover

ao(g) = (g, ¢0) = \/2/ (w)e " du = v2E[e™] > 0.

g
R+
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LAGUERRE DECONVOLUTION 241

S0 Gy, is invertible and Gy, = fn. Finally for any k > 0, aj,(h) = E[pr(Z1)] can be estimated from
the observations and we obtain that the projection of f on S,,, can be estimated by

. . 5 a A 1 <
= Z agpr () with  f, = G thy, and a(Z2) = " z_: or(Z;) (2.9)
with i = Hao(Z), .. aim1(Z)) and fon = (éig, - - -, dm_1).

2.4. Projection Estimator of the Density When g is Unknown

Thanks to (2.2) we can easily derive an estimate of G,,, by replacing its coefficients by their empirical
versions,

271244 (Y") ifi = j,
(Gilij = Q272 (i (V') — ai—j1(Y')) ifj <1, (2.10)
0 otherwise,

where ax(Y') = (1/n0) >_;2, ¢r(Y)). It is clear that E[Gy] = Gy It is worth noting that Gy, is still
a lower triangular Toeplitz matrix and that, as ao(Y’) = ng ' 321 0 exp(—Y;/) > 0, it is also invertible.
However, in order to bound the distance between the inverse of Gm and G,,!, we have to introduce a
cutoff. Thus we define an inverse of (A}m as follows

_ Gl it |G, < "o
Gml{ m I m”p_\/mlogm (2.11)

0 otherwise.

Under this definition of (E;ll, if we denote by spr(A) the spectral radius (largest eigenvalue in absolute
value) of A, we have

V2/lao(Y")] = spr(Gpt) < [|Gotllop (2.12)

(see Theorem 5.6.9 in [12]). Note that, for any threshold ¢t > 0, [|G;.}|op < t implies 271/2a4(g) > ¢t~
and || Gt||op < t implies 27Y/2]ag(Y')] > t.
Finally, we estimate the projection f,, of f on the space &,,, as

(@) = 3 drpr(a) with o = Gl (2.13)
k=0

with fzm defined by (2.9), (N};ll by (2.11) and j;m = Yag, ..., am_1).

3. STUDY OF THE L2 RISK

In this section, we want to derive upper bounds on the MISE of f,,, defined by Eq. (2.13). Using the
isomorphism between the Euclidean norm and the L2-norm, we show that

Elfm — fnll> = IIf = finll> + Ell fon = Fnl> = IIf = finl> +El frn — Fnllme (3.1)
= If = ful® + E|G i — Gty + Gt s — Gl |30 (3.2)
<N f = fnll® + 2E1G 1t (Bon — hn) 3 + 2EI(Gt — G i [3 - (3.3)

The first two terms correspond to the squared bias term and the variance term appearing in [17] when
the density g is assumed to be known. The difficulty in this problem lies in bounding the second variance

term. We need to study how large the average squared error is when we estimate G,,! by (NZ};}. For that
we use some tools of random matrix theory and particularly matrix concentration inequalities (see [23])
and Paulsen dilatation trick (see the proof of Corollary 7.3).
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242 COMTE, MABON
3.1. Upper Bounds on the MISE

First we state a lemma useful to bound the L2 risk of f,, along with an important corollary.

Lemma 3.1. For (E;bl defined by Eq. (2.11), ||g]lcc < 00 and mlogm < ng, then for any integer p
there exists a positive constant €y , such that

— ~— _ _ m\P
E (165"~ Gl < Conp (1GR3, A osmlGL 15, ) (34)

Corollary 3.2. Under the Assumptions of Lemma 3.1 there exists a positive constant €g such that

m

_ ~—1\7 m _
E[I(G = G| < €n(1nlosm ™ G 3,). (3.5)

Clearly, the first bound is very general and used at several steps of the proof. It is also worth
noting that Corollary 3.2 provides a better result than a rough application of Lemma 3.1 relying on

(Gt — é;})ﬁm\\%m < |Gt = Gl|2,|Ih]%. Relying on these key results, we can prove the main

result of this subsection:

Proposition 3.3. If f and g belong to L2(R'), ||g|lec < o0, Jor fm defined by (2.13) the following

result holds:

~ ¢ _ _ m _
Ellf = fml® <|If = fnl® + N (TmllGM 12 A lRlloo |G IR) + 4€E 10gmn0 1G 12, (3.6)

with € = 44 €y, 1. Moreover, here and in all the sequel, T, = 2m in the general case and 7, =
A Vm il E(1/v/Zy) < +oo and ¢* is a constant depending on EB(1/+/Z1).

Let us comment on the terms in the right-hand side of Eq. (3.6).

e The first two terms correspond to the upper bound on the mean integrated risk when the matrix
Gl is known (see Proposition 3.1 in[17], where 7,,, = 2m).

— The first term, || f — fm||?, is the squared bias term which gets smaller when m increases.

— Thesecond term n™! (7, || G, 12, A |l oo |G, 1) has the order of the variance term when
g is known, see [17], where 7, = 2m. Thanks to Lemma 3.4 in [17], we know that the
spectral norm of G,,,! grows with the dimension m, and thus that this term is increasing
with m.

e The third term, of order mlog(m)||G;,;![|2,/no is due to the estimation of the matrix G;.'. This
last term seems to deteriorate the rate compared to known noise case in particular if n = ny.
However the factor m, which cannot be reduced to \/m, corresponds to the fact that the number

of estimated terms in Gy, is of order m?2 (while there are only m in iy, ). This term is also increasing
in m.

We illustrate hereaiter that the bound in Proposition 3.3 implies upper rates of estimation.
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LAGUERRE DECONVOLUTION 243

3.2. Rates of Convergence and Examples

We have stated the bias order under regularity assumptions in (2.7). Now we have to evaluate the
variance terms of Eq. (3.6) which means to assess the order of |G} ||gp and ||G,,1||%. First we define an
integer r > 1 such that r = 1if g(0) = By # 0 and forr > 2,

dj o r—1
i 9(x) |z=0=0ifj=0,1,...,7 — 2 and dwr_lg(a:) la=0= By # 0.

Comte et al. [5] give conditions on the density g giving the exact order of the Frobenius and spectral
norms of G, 1.

Lemma 3.4 (Comte at al. [5]). Let r be defined as above. If Assumptions

(Cl) g € LYRY) is r times differentiable and ¢g\") € L'(R*),

(C2) the Laplacetransformof g, G(s) = E(e™*"1), has no zero with nonnegative real parts except
for the zeros of the form s = co +ib

are satisfied, then

am® < G2, < 1GLE < com™,

where c1 < c9 are constants independent of m.

We can check that, if g is a I'(¢, u) density, then g satisfies (C1) and (C2) with » = ¢ and thus the
variance term (7, | G;HIZ, A |h]loo |G IF) /7 has order m24 /n.

Optimizing the squared bias and the variance terms in the upper bounds stated in Propositions 3.3
implies the following result.

Proposition 3.5. If f belongs to W*(R*, L) and g satisfies (C1)—(C2) forr > 1, then fmopt defined
by (2.13) with mep o< N+ A (ng/log ng) /st +1 satisfies
no

Sup  EJ|f — Fonoull2 < Ci(s, Lyn=/=+2" v (

—s/s+2r+1
FEWs(R+,L) >

, (3.7)
log ng

where Cy(s, L) is a positive constant.

In n and ng have the same order, the rate is given by the term (ng/logng)~*/*+t2"*1 1f ng is
much larger than n, we can recover the rate corresponding to the known noise case: more precisely,

if ng > n%2, then choosing mp o< n'/5+2" yields SUp rerys v+, 1) EIlf — Frnop|? < Co(s, Lyn=s/5+2",
where Cy(s, L) is a positive constant.

Remark. Note thatif there is no noise, then the second variance term disappears and we should have G,
equal to I,,, the m x m identity matrix, in the first variance term, so that 7,,,[| G, 12, A |GLHIE = 7 A

m = O(y/m)ifE(1/y/X1) < 4o0. This order allows us to recover a classical rate of order O (n 2%/ (2s+1))
on Sobolev balls W#(R*, L).
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244 COMTE, MABON

3.3. Comparison with Fourier Rates on Some Examples

In this section we denote by ¢*(z) = [ e~ (u) du the Fourier transform of an integrable func-
tion . The Fourier estimator of f in the model defined by (2.1)—(2.2) is in fact an estimator of
fm,Fo(x) = (2m)~1 [T €™ f*(u) du, the orthogonal projection of f on the space &,, = {¢» € L'(R) N
L2(R), support(¢*) C [—mm, mm]}. It is given by

. 1 ™ . h*u
fm,F0($) / el ~( )d’LL

21 am g*(u)

with
e rE e 1 gz
h*(u) — Ze—zqu7 g*(u) — Ze—w 7, _ _ = ]
"= 0531 g*(u) *(u)
The risk bound obtained in [20] can be written as follows,
p A(m Ar(m
IS = fungoll < 15 = fmgoll? +C1 20 o a0y 4227 (38)

with C; a constant and

™m ™m *(w 2
A(m) ! / ! du, Ag(m) = ! / 17 )l du

21 ) L9 ()2 C2m ) gt ()2
The Fourier and Laguerre estimators have a similar structure, with here a cutoff required for safe
inversion of the noise characteristic function. The structure of the upper bound (3.8) is also similar to
(3.6) and involves a squared bias term || f — fi,.Fo||%, a variance term corresponding to known g, A(m) /n,
and the price for estimating g, A¢(m)/no.

There are also several differences. The bias term does not refer to the same regularity. It is known
(see [17]) that, if f is a Gamma density v(p, #), then the bias is of order ||f — fm.pol> = O(m=2P*1)
in the Fourier setting while it is exponentially decreasing in the Laguerre setting, namely of order
|f = fmll? = O(m*P=Y exp(—pm)), with p = p(#) > 0. Thus, most reasonably, our method, dedicated
to R*-supported function estimation, performs at best for Gamma and all types of mixed Gamma
densities (see Section 2.3.3 in [17]).

The first variance term is simpler in the Fourier setting than in the Laguerre setting in the sense that
there is no choice between two quantities, and the characteristic function of the noise is better known
than the trace and operator norms of G,,,}. However, for g following a Gamma or a beta distribution, it
is checked in [17] that both variance terms A(m)/n and |G} ||%/n have the same order with respect to
m in Laguerre and Fourier settings: if g follows a (g, pt) density, both upper bounds have order less than
m?24/n; if g follows a 3(a, b) density with b > a > 1, both variance upper bounds have order less than
m2®/n.

For the variance term due to unknown noise density, it is straightforward, in the Fourier setting, that
A¢(m) < A(m) and thus the estimation of g does not change the Fourier risk as soon as ng > n. This
is simpler than in the Laguerre setting.

As a consequence, the Laguerre estimator has smaller upper bounds on the rates than the Fourier
methods when the function f under estimation belongs to a class of mixed Gamma densities: the
exponential decrease of the Laguerre bias implies that the choice of small m’s (namely m = clog(n)
for large enough constant ¢) is possible and makes also the variance small. In this case, the rates are of
order (logn)®*/n with a > 0. However, the Fourier method remains more general and can be used for
both R- or RT-supported functions.

Now, as we are about to deal with model selection, we can mention that in the Laguerre method, the
quantity m to be selected is a dimension and is therefore searched among the set of integers, while in
the Fourier method, fractional m’s are often considered and it is a real difficulty to determine which set
of values is wise to be visited in the selection procedure.
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4. MODEL SELECTION AND ADAPTATION

The aim of this section is to select an integer m that enables us to compute an estimator of the

unknown density f with the L2 risk as close as possible to the oracle risk inf,, E|| f — fm||2. We follow the
model selection paradigm (see [18]) and choose the dimension of projection spaces m as the minimizer
of a penalized criterion.

First, we consider the following sets of integers:
M = {1 <m < C|n/logn| A |no/logng], mlogm”é,}lﬂgp <n /\no},
M = {1 <m < C|n/logn| A |no/logng], 4mlogmHG;bngp < n/\no}

with C' a positive constant. Next, we define the two parts of the random penalty

_ logn ~ ~ _
peny (m) = 2 €(1|Alloo V1) 5" (7GR 12, AIGHR)

— m.~_
penz(m) := 8ha(llglloo V1) logmo, IG5 112

where we recall that 7,,, = 2m or ¢*y/m ifE(Zl_l/2) < 4o00. Then we set the random penalty as

pen(m) := petn, (m) + peiy(m). (4.1)
We also define the deterministic counterparts
logn
oo

peny (m) := 2£1€([[hfloc V1) 2m|| Gyt 12, A G )

m _
peny(m) := 8ra2([lgllo V1) logmo 1G5 112
and set the deterministic penalty as

pen(m) := peny (m) + peny(m), (4.2)

where k1 and ko are numerical constants, see our comment in Illustration Section of Supplementary
Material. Then we can prove the following result.

Theorem 4.1. Assume that f and g € L?>(R") with ||g||ec < o0. Let fr be defined by (2.13) and

1 = argmin { — || full? + pon(m)}
meM

with pen defined by (4.1), then there exists a positive numerical constant ky such that

: C
P2 < cad s _ 2
E|f — fall* < 0 inf {If = full® +pen(m)} + °
where C* is a numerical constant and C depends on ||f|| and ||g||, pen is defined by (4.2).

This theorem gives an oracle inequality which establishes a nonasymptotic oracle bound. It shows
that the squared bias-variance trade-off is automatically made up to a loss of logarithmic factor and a
multiplicative constant. Theorem 4.1 is derived under mild assumptions.

Some comments for practical use are in order. Indeed in the penalty terms pen; and pen,, there are
four quantities which deserve some explanations: k1, K2, ||g]|co and ||h||s. It follows from the proof that
k1 = 196 and k2 = 5/2 would suit. But in practice, values obtained from the theory are generally too
large and constants are calibrated by simulations. Once chosen, they remain fixed for all simulation
experiments. There are still two unknown terms in the penalty, ||g||oo and || ||oo, that must be estimated.
We have to check that we can derive an oracle inequality when those terms are estimated, which is done
in the following Corollary.
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Beforehand let us define projection estimators of h and g

D1—-1 n
hpy(2) = ) ax(Z)er(z) with ax(Z) = (1/n) Y en(Z:), (4.3)
k=0 i=1
Do—1 no
gy (@) = > ax(Y)er(x) with ar(Y") = (1/no) Y ¢r(Y7). (4.4)
k=0 i=1
We can see that hp, and gp, are respectively unbiased estimators of hp, (z) = Dzlal ag(h)pr(z) and

9D, () = 31220 aw(9)on ().
Corollary 4.2. Assume that f and g € L2(R") with ||g|ls < 00. Let f7 be defined by (2.13) and

i = argmin { — || fll? + po1(m)}
meM

with pen defined by pen(m) := peny (m) + peny(m) with
pen; (m) := 4k log n€([[hp, [loe V 1) (7 |G 15, A G IR /2,
peny(m) = 1652 ([, oo V 1) log nom |Gy 13, /m0,
where ﬁDl and gp, are given by (4.3) and (4.4), Dy and Ds satisfy
logn < Dy < ||h]|eon/(128V210g® n), logng < Do < ||glsono/(128v210g® ng).
Then there exist positive numerical constants k1 and ks such that

. C
Bl|f = fall* < € inf {|If = full” + pen(m)} +

nAng’

where C® is a positive constant.

Note that the constraints on Dy and D5 are fulfilled respectively for n and ng large enough as soon as
Dy ~ \/nand Dy ~ \/ng for instance. In this sense Corollary 4.2 has rather an asymptotic flavor.

5. NUMERICAL ILLUSTRATION

The whole implementation is conducted using Matlab software. The integrated squared error || f —
f % is computed via standard approximation and discretization (over 100 points) of the integral on an

interval of R* denoted by Iy. Then the mean integrated squared error (MISE) E|| f — mez is computed
as the empirical mean of the approximated ISE over 200 simulation samples.

5.1. Simulation Setting
We consider the following six densities with unit variance.
> An exponential density £(1) with parameter 1, on Iy = [0, 5].
> A Gamma density X = 2v(4,1/4), on Iy = [0, 10].
> A mixed Gamma X/c with X ~ 0.47(2,1/2) + 0.6v(16,1/4) and ¢ = v/2.96 on Iy = [0, 5.

> A Weibull density, X/c with f(z) = ka*~le "1 (z) with ¢ = \/T(7/3) = T'(5/3)% on I =
[0, 5].

> A Rayleigh density X ~ f with f(z) = (z/0?) exp(—2?/(20%)) with 0% =2/(4 — ) on I; =
0,5).
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> A beta density X/c with X ~ 8(4,5), c = +/2/9on Iy = [0,1/c].

We also consider two types of noise Y with the same variance, namely an exponential density £(\) with
A = 2 and a gamma density v(2,1/)\) with X = 21/2. In both cases, the variance is equal to 1/4.

In the case where the noise density is assumed to be known, we can compute analytically the matrix
G,,, and use the exact formulae:

> ForY ~ &(N)

(A—1)y—i-1
[Gmlij =M1+ N1y — 2>\()\ 1)) 1. (5.1)
> ForY ~ ~(2, p)
(Glij = (1/(1+ p)*Limi—; — 4p® /(1 + p))*Lizj
. —1)ii=2
+ 4(Z -] /"L)/"Lz (i;u_i_ 1))(i—j+2) 1j+1<i' (52)

5.2. Practical Estimation Procedure

As in [17], to illustrate the loss implied by the noise, we apply the density estimation method on the
true X;’s, for comparison, with a specific £9 = 0.25 in the penalty; more precisely, the case called "direct"

hereafter relies on the estimator fés) with /%) = 27’:_01 d§0)goj, d,io) =n 1Y or(X;) and

! 2k0m
Mo = argmin { - (d,({/,o))2 + 0 }
me{0,1,...,n} k=0 n

We choose the general 7, = 2m instead of its improvement to allow comparison with the results
obtained in[17].

To study if the estimation of G, implies a loss, we implement the “known noise" case. We compute
G, as given by (5.1) and (5.2) and we apply the procedure described in [17]. We compute the estimator
as given by (2.6) and select

- . A K1 _ _
my = argmin { —fmll? + 7 (2m]|GLHI1Z, Alog(n) (gl V 1)HGm1H%)}-
m|| Gt 12, <n/ log(n) n

We set &1 = 0.03 in the penalty for known noise density, this is the value calibrated in [17], and ||g||oo is
known in this setting.

For the case of estimated G, which is specifically studied in the present work, we compute f, with
fim given by (2.9) and m given by m = argmin,_ = { — | fmll? + pen(m)}, with pen(m) defined as in
Corollary 4.2 with 7,,, = 2m. The constant calibrations were done with intensive preliminary simulations,
including other densities than the ones mentioned above (to avoid overfitting): the selected values are
k1 = 0.01 and k9 = 0.01/4. It can be noted that the values of k1 and ko are much smaller than what
comes in theory. The infinite norms || k||~ and ||g||~ are estimated by taking the maximum of a projection
estimator in the Laguerre basis of the density of Z (resp. of Y”) with dimension taken as the integral part

of v/n/3.
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Table 1. Results after 200 iterations of simulation of the six considered densities for sample sizes n = 200 and
ng = 50, ng = 200. For each density: first two lines, MISE x 100 with (std x 100) in parentheses; third and
fourth lines, mean with std in parentheses of oracles. First column, direct observations of the X;’s. Columns 2, 3

and 4, noise is £(\) with A = 2 (mean 1/2). Columns 5, 6 and 7, noise is (2, \') with X = 2v/2 (mean 1/(2v/2)).

Y Exponential Y Gamma
direct Known Noise Noise Known Noise Noise
noise sample sample noise sample sample
f ng = 50 ng = 200 ng = 50 ng = 200
Exp(1) MISE 0.5 8.2 2.1 3.3 4.2 1.9 2.2
(std) (0.9) (33) (3.1) (6.4) (23) (3.3) (4.1)
Oracles 0.10 0.13 0.25 0.15 0.13 0.29 0.16
(std) (0.1) (0.2) (0.3) (0.2) (0.2) (0.5) (0.2)
Gamma MISE 0.37 1.0 1.6 0.8 2.2 1.2 1.7
(std) (0.4) (0.7) (0.7) (0.6) (0.3) (0.3) (0.7)
Oracles 0.2 0.3 0.5 0.4 0.4 1.5 0.4
(std) (0.2) (0.3) (0.4) (0.4) (0.4) (0.7) (0.3)
Mixed MISE 1.0 4.0 6.7 2.7 7.3 7.5 7.2
Gamma (std) (0.4) (2.6) (1.9) (2.1) (0.8) (L.1) (0.8)
Oracles 0.7 1.6 5.1 2.0 24 7.0 6.1
(std) (0.4) (L1.1) (1.8) (1.3) (1.5) (1.0) (1.0)
Weibull MISE 0.4 0.8 1.1 0.9 1.0 1.1 0.9
(std) (0.4) (0.8) (1.1) (1.1) (0.9) (0.7) (0.8)
Oracles 0.3 0.4 0.6 0.5 0.5 0.8 0.5
(std) (0.2) (0.4) (0.6) (0.5) (0.5) (0.9) (0.5)
Rayleigh MISE 0.4 0.8 1.0 0.6 1.1 1.1 1.0
(std) (0.4) (0.4) (0.3) (0.5) (0.2) (0.2) (0.3)
Oracles 0.2 0.3 0.4 0.4 0.3 0.4 0.3
(std) (1.2) (1.5) (1.6) (0.3) (0.3) (0.3) (0.3)
Beta MISE 0.3 1.4 1.7 0.8 1.7 1.8 1.7
(std) (0.2) (0.6) (0.3) (0.6) (0.1) (0.2) (0.1)
Oracles 0.2 0.3 0.5 0.3 0.4 1.7 0.6
(std) (0.2) (0.2) (0.3) (0.2) (0.3) (0.2) (0.3)

5.3. Simulation Results

As in [17], we consider two sample sizes n = 200 and n = 2000. For each distribution, we present
in Tables 1 and 2 the MISE computed over 200 repetitions, together with the standard deviation, both
being multiplied by 100 for small sample size 200 (Table 1) and by 1000 for larger sample size (Table 2).
For simplicity, the dimension is selected in all cases among 30 values. We also provide "oracles", with
mean values and standard deviations also multiplied by the same factor as the MISE: we compute over
200 repetitions the MISE which would be obtained if we were choosing the best proposal in our family
of thirty estimators. These oracles use the knowledge of the true, which we do not have in practice, and
they are computed on other samples than the MISE of model selection.

MATHEMATICAL METHODS OF STATISTICS Vol.26 No.4 2017



LAGUERRE DECONVOLUTION 249

Table 2. Results after 200 iterations of simulation of the six considered densities for sample sizes n = 2000 and
ng = 400, ng = 2000. For each density: first two lines, MISE x 1000 with (std x 1000) in parentheses; third and
fourth lines, mean with std in parentheses of oracles. First column, direct observations of the X;’s. Columns 2, 3

and 4, noise is £(\) with A = 2 (mean 1/2). Columns 5, 6 and 7, noise is (2, \') with X = 2v/2 (mean 1/(2v/2)).

Y Exponential Y Gamma
direct  Known Noise Noise Known Noise Noise
noise sample sample noise sample sample
f ng =400  ng = 2000 nog =400  ng = 2000
Exp(1) MISE 0.6 3.8 2.3 3.4 1.2 1.8 2.1
(std) (1.2) (14.2) (8.1) (8.8) (3.8) (3.8) (5.2)
Oracles 0.10 0.14 0.36 0.17 0.15 0.30 0.17
(std) (0.1) (0.2) (0.6) (0.2) (0.2) (0.4) (0.2)
Gamma MISE 0.6 0.8 1.6 0.8 3.4 4.6 2.3
(std) (0.3) (0.3) (1.6) (0.4) (1.4) (2.1) (L.7)
Oracles 0.3 0.6 0.7 0.6 0.7 1.1 0.8
(std) (0.3) (0.4) (0.4) (0.4) (0.5) (0.9) (0.6)
Mixed MISE 1.6 7.2 8.4 7.0 9.0 38.2 9.1
Gamma (std) (0.8) (1.6) (1.7) (1.6) (3.7) (20.8) (3.8)
Oracles 1.0 2.9 4.8 3.5 4.8 24.5 7.6
(std) (0.6) (1.9) (2.0) (1.9) (24) (8.0) (2.6)
Weibull MISE 0.9 1.2 1.2 1.3 1.1 1.5 1.1
(std) (0.4) (0.9) (0.8) (0.6) (5.0) (1.3) (0.6)
Oracles 0.7 1.0 1.2 1.0 1.1 1.3 1.5
(std) (0.3) (0.5) (0.8) (0.5) (0.6) (0.8) (L1.1)
Rayleigh MISE 0.5 0.9 0.9 0.3 1.1 1.5 1.1
(std) (0.3) (0.4) (0.8) (0.4) (0.6) (1.3) (0.6)
Oracles 0.3 0.5 0.6 0.5 0.6 0.8 0.6
(std) (0.2) (0.3) (0.4) (0.3) (0.4) (0.5) (0.4)
Beta MISE 0.5 1.9 3.0 1.9 3.0 10.0 3.0
(std) (0.2) (0.2) (0.5) (0.3) (0.4) (6.6) (0.4)
Oracles 0.3 0.5 0.5 0.5 0.5 2.1 0.6
(std) (0.2) (0.3) (0.3) (0.3) (0.3) (0.4) (0.3)

We can see by comparing Tables 1 and 2 (recall that the multiplying factor is 100 for the first table
and 1000 for the second) that the results are improved when n increases. Estimating the matrix G,
does not seem to really increase the error when we compare with the case where it is known; it even
sometimes happens that the estimation of G,,, improves the MISE. In deconvolution setting, the same
remark had been made in [8], it seems that the cutoff in the estimation procedure is often safe. For
fixed n and estimated G,,, increasing ng systematically improves the results, except in the case where
f is exponential with parameter 1. But this case corresponds to the best estimation proportional to g,
a simplicity which seems to be difficult for the estimation algorithm. We can also see that the mixed
Gamma distribution has the highest errors and is clearly more difficult to estimate: n = 200 seems too
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small to get a good account of the bimodality. We can also see that increasing the degree of the inverse
problem when going from Exponential to Gamma distribution for Y always increases the errors, even if
the signal-to-noise ratio is unchanged.

6. CONCLUDING REMARKS

In this work, we have defined a projection estimator of the density f of unobserved i.i.d. random
variables Xj;, i =1,...,n, when data (Z;);<i<, from model (2.1) are available, together with an
independent sample (Y/)1<;<n, of the nuisance process Y. All quantities related to the common density
g of the (Y;)1<i<n, and the (Y/)1<i<n, are estimated thanks to the independent (Y;)-ng-sample. This
means that we estimate a matrix whose inverse is involved in the definition of the coefficients of the
estimator. Therefore the main difficulty is to measure the distance between the inverse of a random matrix
and the inverse of its expectation. Our strategy is inspired by the one initiated in [20] and developed in[15]
in the Fourier context, with the help of tools related to random matrices taken in [23]; it relies on the use
of a relevant cutoff for the inversion of the estimated matrix. We obtain risk bounds generalizing the case
where ¢ is known and showing that if both sample sizes n and ny have the same order, it is possible that
no loss in the order of the upper bound occurs. We also provide a model selection procedure for which a
risk bound states that the bias-variance compromise is adequately performed in a nonasymptotic setting.

There remain additional questions that may be worth answering. First, in[17] the problem of survival
function estimation for known g is also studied: the question is left open here to determine if the strategy
developed in the present work could be extended to that context. Moreover, our framework is mainly
nonasymptotic, but if we are interested in asymptotics, the question of lower bounds may be studied.

7. PROOFS
7.1. Preliminary Results

7.1.1. Proof of Lemma 2.1. The proof is a particular case of a Lemma proved in Comte and Genon-
Catalot (2017). From Askey and Wainger (1965), we have for v = 4k + 2, and k large enough

(a) 1 if0<z<1/v,

(b) (zv)~ V4 ifl/v <z <v/2
on(z/2)] < C (¢) v V4 —z)~ /4 ifv/2<z<v—v/3
Pr\T =

(d) v=1/3 ifv—v/B<z<v+ul/3

(e) v V4x — 1/)_1/46_““"_1/2(“”3_”)3/2 ifv+v1/3 < <3v/2,

(f) e 2* ifx > 3v/2,

where 1 and -, are positive and fixed constants. From these estimates, we can prove

Lemma 7.1. Assume that a random variable R has density fr square-integrable on R* and that
E(R~Y/?) < +oc. For k large enough,

+oo
/0 (@) () da <

c
vk’
where ¢ > 0 is a constant depending on E(R™/?).

The result of Lemma 2.1 follows from Lemma 7.1.

Proof of Lemma 7.1. Hereafter, we write < y when there exists a constant C' such that x < Cy and
recall that v = 4k + 2. We have six terms to compute to find the order of

=2}

+00 too
| e rate) e = 1/2) [ a2 fnlu/2 du = 31

(=1
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1/v

(a) I, < fr(u/2)du < || frlly ™2 <\ frllk™2,

2
v

/2
(b) I Sv/? Frlu/2)u= V2 du < k- V2E(R-Y?),

1/v
v—pt/3
()15 < y—l/%—l/ﬁ/ Fr(u/2) du = o(1/Vk) as v — u > v1/3,
v/2
zx+le/3
() Iy < y—2/3/ . nw/2)du=o(1/Vk),
v—uv1/3
3v/2
(e)I5 < 1/_1/2/ 1/3(u - V)_l/QfR(u/Q) du < p /2,716 - 0(1/\/k‘)
v+v

(exp is bounded by 1, u — v > v1/3),
(f) I < e 2B/2) = o(1/Vk).
The result of Lemma 7.1 follows from these orders.

7.1.2. Bounds on the spectral norm.

Proposition 7.2. Let G, be defined by Eq. (2.10) and ||g||sc < 00, no € N\ {0}, then for all t > 0

G t2/4
FlIGn ~ Gullop 2 ] <2mesp (= ™,
glloom + (v/2/3)mt
Corollary 7.3. Under the Assumptions of Proposition 7.2, for all ¢ > 2, it holds that
mq/2 mq
q/2 , V (log m)1 "
Un) 0

with € = 271112 g4 (q + 2)/2 + 2297 +9/2(g 4+ 2)9/2

E[|Gn — am”(q)p] < €4(logm)

Proof of Proposition 7.2. To get the announced result, we apply a Bernstein matrix inequality (see
Theorem 8.2). Thus we write G, as a sum of a sequence of independent matrices

. 1 o 271/200(Y;) ifi = j,
G = HOZKm(Yi’), K (Y)) =272 (0 (V) — i1 (YY) T35 <,
= 0 otherwise.
We put
1
S, = K, (Y/)) — E[K,,(Y])].
no; (V7)) — E[Kn(Y;)]

e Bound on L(K) = [ K (¥7) — E[Ky (¥)]llop /0.

First using the equivalence between the spectral and trace norms
1
Allr < ||Allop < ||A 7.1
VAl < 1Ay < AT (7.1)
we have by Eq. (7.1) that L(K,,,) < (1/no)[|[Km (YY) — E[K,,(Y{)]||r, and using Eq. (2.4)
HKm(Yl/) - E[Km(Yf)]H% = Z |[Km(Y1/)]w - IE"[Km(Yll)]i,j‘2

1<i,j<m

A e R™Mx™
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So we get that L(K,,) <

e Bound on »(

V(S

COMTE, MABON

<, D leo¥y) = Elpo(Y)]
1<i<m
1
+, > e (V) =i (YY) = Elpi;(Y]) — iy (V)]
1<j<i<m
1 _Y/ _Y/ 2 1 2
< mle B Y (V)
1<j<i<m
_ 2 _
< m +42m(m 1) _ 16m* —16m +m < 8m?.
2 2 2
2v2m
no ’

= || 2 E[H(Kn (YY) = EKm (V) (K (V) = EK (Y))] ||, /78

By definition of the operator norm we have

. ”sup 1 xZE[ — E[Kn(Y]))) (K (Y)) — E[Kn(Y;)
Tli2,m= i=1

sup_ 1 E[%Kmmv ~ E[K (V])]) (K (V) — E[Kn (V])])] 2

1

0 |2 2,m=1

1

E (Y)) — EK,.(Y]) Z|?
no g2, Ell (K ()) — E[Kn (1)) 7

H2,m'

This implies that, for 'Z = (g, ..., Zm_1) and by convention p_; = 0,

E, := IEH(K

IN
N =

Therefore

E, < Hg”oo Z/‘ (pi—j(u) = pi—j-1(u))z;

1

[\

1
2

N =

ZMS

3

-1

]

3
L

1M

E(

S

I
=)

7

Var [

i)

Jj=

(Y]) = EKn (7)) 2]5.,,

%

2
B3 (a0 — i 207 — Bl s ) - )

J=0

(pij(Y]) = %—j—l(Yf))%}
=0

(%‘ (Y —gijoa (YY)

7 ‘ 9

<.

2
SDZ ] Soz‘—j—l(u))xj‘ g(u) du.
: 2
‘ du

J=

_ lgllso 5
=", Z 20 Gz — Y i@ = Y Gpo1%ie
=0

1<j,j'<s 1<j,5'<i 1<j,j'<s

2
< 2[lgllocm|2[13,m,-
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Then we get that v(S,) < 2”97!&771' In the end applying Theorem 8.2 implies that for all t > 0
0
~ 2
P[”Gm_Gm”opZt] SQmexp(— L /2 >
2||glloom/n0 + (2v/2/3)mt /ng

from which we get the result of Proposition 7.2.

Proof of Corollary 7.3. Before proving the announced result, let us explain how Theorem 8.3 for
Hermitian matrices can be extended to non-Hermitian matrices. This is due to the so-called Paulsen
dilation which corresponds to the following isomorphism trick for a rectangular matrix A,

AHH<A><0 A),
AT 0

where AT denotes the conjugate transpose of A. Obviously H(A) is an Hermitian matrix. We can also

notice that
AAT 0
H(A)? = .
0 AfA

So we get Amax(H(A)?) = [A[lZ, and Amax(H(A)) = [|Aflop.
Under the Assumptions of Proposition 7.2, we can apply Theorem A.1 in[4](see Theorem 8.3) stated

for Hermitian matrices, using the above Paulsen dilation as follows. Let Y; be rectangular matrices and
set A =3 Y;, then, for¢ > 2 and r > max(q, 2log m),

0o >.Y; 0Y,
H(A) = = =Y H(Y)).
> Y’j 0 i Yz‘T 0 i
Thus we get that

[E[Af,]"" = [EAmaX (H(ZYZ))(}} 1/q

< VerAl2 (S EH(Y:?) + 2er [Emax Ama(H(Y2))7]

< \/ er max (Amax(EAAT), Anax (EATA)) + 2er [Emax || Y;|2] e,
Now we apply this result to
~ 1 X
A=G,-G,=S,,= K,.(Y/) — E[K,.(Y/)].
o 2 K1) = B (1)
Using the notation of the proof of Proposition 7.2, we get for¢ > 2, m > 2 and r = 2logm
E[[|Gm — Gonll%] < 27 (er(Sn) Y + 277 (er L(K, )"

2
< a1 (6T||9||oom)‘I/ n 2q_1<er2\/2m)q
no no

2
< 207 1e1/2 | 9/2 <2logmm)q/ + 2% 1+a/2 (2logmm>q
no no
/2
< Cq(logmm)q \% <logmm)q
no no

with € = 2971¢9/2 | g |42 (g + 2)/2 4 2207140/ (g 4 2)9/2,
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7.2. Proofs of Results of Section 3
Proof of Lemma 3.1. First let us define the set

~_ n
Am = {HGmlHop < \/ 0 } (7.2)
mlogm
and notice that

Gl = Gyl =1ac Gl 414, (Gl = G = 1ac G = 14, G H(Gy, — G,n)GL
Then we can write that
E[|G,! — Gl = E[IGRY2 1A, + |Gl (G — Gin) G214, ]
= |G 1ZPIAL ]+ E[|G (G — G )G |14, (7.3)

This proof is inspired by the proof of Lemma 2.1 in [20] in the sense that we divide the proof in two
cases according to the comparison of |G, ||op With the threshold.

o First case: |G lop > 31/ i

Let us prove that E[|| Gt — G [125] < 11G;H |12, Starting from Eq. (7.3) and using the set A, we
have that
E[|G,' - G 2] <G + 1G,, ||opE[||G HE2IGm — Gl 1a,,]

<G I+ 1G I ) ELIGn = Gl
Moreover, applying Corollary 7.3 for ¢ = 2p yields
1 a-12p] < p
BGy! - Gl < IGR1% + 1G5 (e ) e
< (14 €)IGH 135

mlogm)p
no

o Second case: |G lop < 51/ ol -

We prove E[|G:L — G-1122] < (logm|Gots ™ g Starting from (7.3) again, we get
p m m Pl ~ m opn0

E[IG,," — G, 18] < G IZBPIAS] + [1G, IZE |G — G281 Gt 1201 a0 ] (7.4)

(i) Upper bound on E[[| Gy, — G [|55]|G 2514, ]
First let us notice that

IGH I < 271Gl = Gl + 2% G 12
Moreover applying Corollary 7.3 for ¢ = 2p and ¢ = 4p with the set A,,,, we get
E[IGn = Gullopl G 12514,

< 227G HIBE[Go — Gl 1a,] + 27 'E[|Gin — Gullb Gt = GLHIBLA,,]
< 2P 7GLHIRE[|Go — G214, ] + 271G, IIQ”E[IIGm—GmllopIIGm 1551, ]
_ mlogm p mlogm 2p
<2l (M ) e () (M)
_ mlogm
<2 N (@t )G (M) (75)

.e c e A_l no
(ii) Upper bound on P[AS,] = IED[HGm llop > \/mlog m]

The upper bound is given by the following Lemma proved afterwards.
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Lemma 7.4. For A, defined by Eq.(7.2) and ||G;;!|op

mlogm, it holds that

. ~_1 ng i1 mlogm
PIAS | = G < 2°P G,, . .
(Al P[H m llop > \/mlogm ] =2 QZ”( no ) | ” (7:6)

Finally starting from Eq. (7.4) and gathering Eqgs. (7.5) and (7.6), we get that

_ ~_ mlogm\?, . _ _ mlogm
E[IG! — Gl <27 e (M) IR 1 + 2 e+ elan 1 (M)

< (1€ + 27€y) (logml| G, )
In conclusion, Lemma 3.1 is proved with &, , = 22P71€,, + 2%P¢,, + 1

Proof of Lemma 7.4. First invoke the triangular inequality

1G lop < I1G = Gotllop + G llops

which implies that
PG lop > 1/ 0 | <PUG = Gilllop > 4/ 10 = [1G o |-
18> e ] <Rl = Gl >0~ €5
Moreover we assume that |G, op < 4 0 S0

21/ mlogm>

~q o ~q _1 _1
PG < P|||G -G G .
|:” m Hop > \/ log :| = [” m m HOP > H m HOP]

Now let us rewrite this probability as

PGt = Gillop > Gt lop)

~ _ B A~ 137

= PL{IGL! — Gulllop > 1Ga lop} N {165 (G = Gon)lop < }]

Moo~ _ _ 1A 1
+P{I1G = Gl lop > G lop} 1 {I1G (G = Gonllop =, ]

< PG = Glllop > 1G5 lop} N {IG! (G = G lop <, }

[~ —1 A 1
+P _IIGml(Gm — Gm)llop > 2] (7.7)
To control the second term on the right-hand side of Eq. (7.7), we apply Markov’s inequality and
Corollary 7.3 for g = 2p

1

1A 1 _ ~
PG (G = Gm)llop = | < P[I1G op |G = Gnllop >

1
<27, (" ) e (7.8)
0

Next to control the first term on the right-hand side of Eq. (7.7), we apply Theorem 8.1 (with A = G
and B = G,,, — G,;,), which yields

P{IG5" ~ Gt lop > 1G5 lop} 0 {IIG7! (G = Gl : }]

<2
1Gu — Gunllopl| Gt |12 B A 1
P[{ G p >||Gm1||op}m 1GL (G — G o < }
1— G2} (G —G )llop { )

<B[|Gn ~ Gullop > , 1G]

IN
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Applying again Markov’s inequality along with Corollary 7.3 we get

B[{1G" — Cotlop > G lop} 1 {1 (@ — Gl <, }] < 270
So starting from Eq. (7.7) and gathering Eqgs. (7.8) and (7.9) gives

e no 2p+1 <mlogm)P —1y2
PG o < 2% Gl
1G> [ | <2 (M e

mlogm\?, ;9
N [ 3

7.2.1. Useful corollary for the Frobenius norm.
Corollary 7.5. Under the Assumptions of Lemma 3.1, we have
E[IG,! - G.lIIF] < 21G. 3

Proof. The proof mainly follows the lines of the proof of Lemma 3.1. With A,,, defined by Eq. (7.2), we
write

E[IG,! - Gol ] = E[IGL [ 1ag, + 1G5 (G — Gu) G 314,
= |G RPIAL] + E[|Gy (G — G)Grl 14, | (7.10)
Let us recall that for two matrices A and B
|AB|r < |AlrlBloy  and  [ABr < [AlloplIB]r. (7.11)
Then Egs. (7.10), (7.11), the definition of A,,, and Lemma 3.1 for ¢ = 2 give
E[1G" = GLlIE] < 1G5 I + 1G5 FE[1GL 131G — GunllZpLa, ]

TL() - 2
long[HGm - Gm”op]

gmlogm ng

<G e +1GLE

<G E + G = 2| G} [

F ng mlogm

Proof of Corollary 3.2. The proof follows the lines of the proof of Lemma 3.1. The only difference lies
in the following equation

E[[(Gy' = G Vhml3 i = G B3, PIAT] + E[1G (G = G ) G131
= 1l PIAL] + E[IG (G — Gin) G 314,
with A,, defined by Eq. (7.2). It yields the following upper bound
E[(Gn' = G hmll3m] < 1Fml3mPIAG] + [ 3 mE Gt 12351 Gim — Gl 1a,.]-
And following the proof of Lemma 3.1, we get
B N m,
E (G — G VimlBon] < 171 €op (1 Alogm ™ G 3,):

Proof of Proposition 3.3. By Pythagoras’ theorem, we have
1F = Fll?> = f = Fnll® + 1 fm = Finll®.

Let us rewrite the second term of the above equality:
Hfm - mez = Hfm - fm”%,m = ”G;q,lhm - G;zlhm”%,m
< 2/|Gy o — Gt i3 g + 201G i — G 3 1, (7.12)
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(i) Then according to Proposition 3.1 in [17] (7, =2m) and Lemma 2.1 (7, = ¢*y/m under
E(1/vV/Z1) < +o0), we get

~
=

E|G.! (B — o) |3, HG

Hop

hloo \j ~_
A ez, (7.13)
where 7, is defined in Proposition 3.3.

(ii) Now we turn to the second term on the right-hand side of Eq. (7.12). Let us notice that

~

HGr_nlhm - GalhmH%,m = H(G_l G_l)(hm - hm) + (G_l - G;zl)hm”g,m

m

~

<2[(G! = G (i — B |3 + 211(Gt = G )i [3, - (7.14)

m

(a) The first term of (7.14) can be bounded in two ways: since (Y7,...,Y, ) are independent of
(Z1,...,%y,), we get that
E[(G' = G ) Bn = )5, < BlIGy," = G20 Ell i — R[5 (7.15)

m

Again according to Proposition 3.1 in[17] and Lemma 2.1,
Bl — ol < Z Wz <

Applying Lemma 3.1 gives that

_ ~ - 7 Tm _
El(Gr' = G ) (B = han) |3 <" Copal| Gy [ (7.16)

m

(b) Under the assumption that (Y7,...,Y, ) are independent of (Z1,..., Z,) and Proposition 3.1
in [17], we obtain

B1(Gy! ~ G )i — Fl3,0] < BIG — Gt 1.
And applying Corollary 7.5
E((Gr' — G ) — )] < 2165 371 (7.17)
For the second term of (7.14), we have according to Corollary 3.2
EIG5 = G5, < Cnlogm| Gl 3, (7.18)

Finally starting from Eq. (7.12) and gathering Eqs. (7.13),(7.15),(7.16), (7.17) and (7.18) yields

IIhlloo

_ m
Ellfm = Fnll? < (44 Cop) (T IGH 2, A NG ) + e logml G2,

To conclude,

HhHoo

_ m
Ellfon = Fnll? < 1F = fnl2+ €( T IGRHE, A TG R) + 4€ log ml| G,

Proof of Proposition 3.5. For f € W$(R™, L) defined by (2.6), we have

1f = fmll® =D ai(f) = Y ap(f)k*k™* < Lm™*,

k=m k=m
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and according to Lemma 3.4 we have |G !} = ||G;'[|2, < m?®". This implies that the MISE is upper
bounded as follows

o2 —s ™m o Hh”OO 2r 2l
E|lf = fnll? < L~ +20( " m A m?") +2C¢log(m) . (7.19)
n n no
Now we have to counterbalance the bias and the variance terms as follows:
2r
Lm™ +202+ [|hll) " = mope, ocn!/
m2r+1
Lm™* +2CClog(m) " = mMop, o (no/ log(np))'/* 1.
0

For mep oc n'/5+27 A (ng/log(ng))/*+2r+1 we get

no

B —s/s+2r+1
R R .
g 1o

which completes the proof of Proposition 3.5.

7.3. Proof of Theorem 4.1
First form € M, let us define the associated subspaces Sg’;” C R%:

Sy = {tm € R, 1, = Y(ao(t),a1(t), ..., am-1(t),0,...,0) }.

These subspaces are defined to give nested models. When we increase the dimension from m to m + 1

we only compute one more coefficient. Then for any ¢ € R%, we define the following contrast for the
density estimation

’Yn(ﬂ = ”ﬂ’%,dl - 2<£: Ggllhd1>2,d1'

Let us notice that for #,,, € 5"}, thanks to the null coordinates of #.,, and the lower triangular form of édl
and érm, we have

~
~ = ~

<gm7 Ggllhd1>2,d1 = (fma G;zlﬁm>2,m = <tm7 fm>2,m-

So we clearly have that

fm = argmin ’yn(fm).
fmesgi

Now let m, m’ € M, t,,, € Sy and 8, € Sg’r/. Notice that

—

Wnltm) = () = tm = Fll3.a, = 15 = fl3.a0, = 20 = S, G (hay = hay))2,a,

and due to orthonormality of the Laguerre basis, for any m we have the following relations between the
L2 norm and the Euclidean norms,

1 = 12 = 1o — Fly + S (@52 and [fn = FI2 = 1 — Fl2a, + S (a;(£))2 (7.20)
Jj=d1 Jj=d1

We set v, () = (¢, é;ll(ﬁdl — Hd1)>27d1 fort € R%,

According to the definition of m € M\, for any m in the model collection M, we have the following
inequality

o Fin) + DER(R) < Yn(fin) + POR(M).
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Hence
1 = F13.ay = 1 fin = FI30y = 20n(fin — Fin) < DER(m) — pen(m),
which implies
1 = FIBay < 1o = FIBay + 20n(fin — fin) + Den(m) — pen(m).
Let us notice that

M%—ﬁrw%—ﬁmw4zm‘“ )

1 = fmll2.a:

and due to the relation 2ab < a?/4 + 4b?, we have the following inequalities

15— Fllaay < 1fm = Fll5.0, + 205 — fmll2a,  sup v (f) + peni(m) — pen(in)
teB(m,m)

- - 1. = - o N
<N = Fl3ay + (IF = fulSa, +4 sup vi(#) + pen(m) — pen(m),
teB(m,m)

where B(m,m) = {fmvm € Sg}vm, |t ll2.d, = 1}. Now notice that

”fﬁl - me%,dl S 2Hfm - fH%,dl + 2Hfm - fH%,dl'
We then have

: - - - 1 = - 1. - = - N
1fin = Fl3ar < W fm = Flay + I fa = Flay + o 1 = Pl +4 sup w7i() +pen(m) — pen(im),
teB(m,m)

which implies

1 f7 = 30, < 3IF = fmll3.a, +2Pe0(m) +8 sup vy (f) — 2pen(im).

teB(m,m)
Using Eq. (7.20) we have
1 = S1P = 3 (a0 < 3(1F = full* = 3 (a5 (F)?) + 2580(m)
Jj=di Jj=d1
+8 sup v2(t) — 2pen(m). (7.21)

feB(m,m)
Now let p be a function such that 4p(m, m’) < pen(m) + pen(m’) for any m, m’. Then.

17 = JI? < 317 = funl® + 4BeR(m) 8| sup v2(7) — plom. )|

feB(m,m)
Let us define m* = m v m and
fin@ = |<£m* ) égll (}_ilh - Ed1)>2,d1 ‘27 pi(m, m/) = 2[76?11 (mV m/)7 (7.22)
é%,n(ﬂ = ‘(fm*, (égll - Gczll)}_id1>2,d1 ‘27 pa(m, m/) = 2[76?12(777, v m,)’ (7.23)

Let us notice that

| swp B2(E) - p(m. )|
feB(m,m) +

~
~ =

§[ sup ‘(Fm*,Ggll(hdl
feB(m,m)

=) + (G = Gy a2 |* = Br(m, ) = Palm. )|
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1. . 1. N
< 2|: sup fin(a - 2p1 (m7 m):| + 2|: sSup §§7n(£> - ng(m, m):| )
TeB(m,m) + TeB(m,m) +
which implies that

= S <315 =l +apEn0m) +16 3" [ swp €, — pilm, )]

' eM teB(m,m’)

1. ~
+16 [ sup gg,n (5 — P2 (m7 m)]
teB(m,m) 2 +

We now use the three following results which ensure the validity of Theorem 4.1.

Proposition 7.6. for m € M, it holds that
E[pen(m)] < Cpen(m) with C = (24 2(Cp V 2)).

Proposition 7.7. Under the assumptions of Theorem 4.1, there exists a constant Cy > 0 depending
on ||h|o such that for pi(m,m’) = 2peny (m vV m/)

1. 4

B X { s du®-ymmmn) | <

m'eM teB(m,m’)

n

Proposition 7.8. Under the assumptions of Theorem 4.1, there exists a constant Cy > 0 depending
on ||h||so such that for pa(m,m') = 2peny(m vV m')
1 1
2 B m)l <
E[ _sup &, (F) 2p2(m,m)}+ < 02<n0 +pen2(m)>-
teB(m,m)
In the end,
5 . C1 (O
E||f — fal? <4C inf — full?
If = fall? <4C g {15 = ful+ pen(m)}+ 1+ 2.

as soon as k1 > 196 and kg > 5/2.

Proof of Proposition 7.6. Let m be in the model collection M. By definition we have
E[pen(m)] = E[pen, (m) + peny(m)]
Tm ||l oo

(Al Vv 1)
n n

= 2€w lognE| ™ 1 IGR, A 1G]

m ~—
+8ra€s(lglloc V1) TogmoB |G 3.

Applying Lemma 3.1 for p = 1, we get that
ElIG llop] < 201G llop + 2E[I1G" — Gullley] < 201G lop + 2€op1 G Iy
Similarly, applying now Corollary 7.5, we get that E[||G;.1[|2] < 2/|G;.b|% + 4]|G;,.1||2. Finally

E[pen(m)] < (2+2(€op1 V 2))pen(m).

Proof of Proposition 7.7. First let us notice

S =7 - 2 1,
{ _ sup |<tm*,Gd11(hd1 — hd1)>27d1| — 2p1(m7m/)}
teB(m,m’) +
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- ~ 15 - 2 1,
= { Sup ‘<tm*7 Gd11 (ha, — hd1)>2,d1‘ - pl(mvm,)}+1m’>m

teB(m,m’) 2
A ey > 2 .
+ { sup |<tm*,Gd11(hd1 — hd1)>27d1| - N (m,m’)} Ly<mla,,
teB(m,m’) +

1
2

ng ~—1,7 7 2 1. /
+ { sup |<tm*7Gd1 (hdl - hd1)>2,d1| - 2p1 (mam )} 1m’§m1Afn

teB(m,m’) +

S =P - 2 1,
= { Sup ‘<tm*7 Gd11 (ha, — hd1)>2,d1‘ - 2p1(m,m')} Lysm
teB(m,m’) +

T D 2 1,
+ { sup |<tm*7 Gdll(hdl - hd1)>2,d1 | - 2p1 (mam/)} 1m’§m1Am
teB(m,m’) +

Since A,y C M and A, C M for m,m’ € M\, we have
. ~ 3 - 2 1.
{ sup |<tm* ) Gdll(hdl - hdl )>2,d1 ‘ - 2p1 (m7 m/)}
teB(m,m’) +

W oA . 5 1.
={ swp [ GFl (hay = Fa))eas ' = pr(mm)} s,
teB(m,m’) +

Since A+ C Miorm! e /\//T, it follows that
o ~ .3 o 2 1.
{ sup ‘(tm*,Gdll(hdl — hd1)>2,d1‘ — 2p1(m,m’)}
teB(m,m’) +

= { sup ‘ <Fm* 5 ar_n}* (ﬁm* - Hm* )>2,m*

teB(m,m/’)

2 1.
—2p1(m,m')} .
+

Now, if we define F;

E = EH sup |<Fm*,é;£ (ﬁm* — Hm*)>2m*

teB(m,m’)

2_ ;ﬁl(m,m')}JY’}, (7.24)

then, conditionally on Y, the bound follows from the proof of Proposition 7.1 in [17] with G+ replaced
by G+, M by M and &2 = 1/2 in the first case (i) increased as ¢? = a||h|« /K1 logn with K; = 1/6
(to avoid Assumption (A2)). Note also that the proof remains valid for 2m replaced by 7,,,. Then, as all
bounds are independent of the random terms, the conditional expectation can be integrated with respect
to the law of the sample (Y;)1<i<n, Without change.

Proof of Proposition 7.8. Let us define

1. P
Ey=| sw .0 palm i)
teB(m,m)

+
I o .
with 2pg(m, m) = peny(m V m).

o First case: m > m. Since m € M\, éq%l = éq%l, it follows that

r _ e o2
Eolg>m = sup ‘( s (Gm1 — GAl)hﬁM — 2pen2(m)] Li>m
- TeB(m,m) +

IN
o)
L
|
Q
'L
=
3
O N
)
|
—_
Z)
@
=}
no
2

IN
)
L
)
3
|
o)
3
!

il — o Do ()]

3

N
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. . 1
< [IFIPIGR 2,1 G — Gli2, — Bems(im)] |

Let us define the set M.« such that

Muax = {m € [1,n],m < C [n/logn] A |no/logng] }. (7.25)
We now introduce the favorable set
~ m
Em = {1Gm = Grnllop < \/&24(||g||oo R (7.26)
ng
and set
E= (] é&m (7.27)
MmEMmax

Thus we can notice that for m € M C Max We have

_ A G
ol < [IFIP1G5 3524 gl vV D logmo " — , 5ony ()] 1e
. T
= (IG5 13,m24llle v 1) logmo |~ pemy ()| 1 =

On the complementary set we have that

E[Blnznle] <E[IGG ~ GaRaldale] <E[ sw (G = Goinld, 1o
me max

< 3 2E[(IG, ol + G Rl 1e]

meMmax

< Y UG Il + il ) ]

meMmax

< > B[Rl + 13 m)noLec] < CriolMunax [PE]
meMmax

and apply the following Lemma for p = 3.

C,
Lemma7.9. Forany p > 1 there exist ko > (p+ 2)/2 and C, > 1 such that P [£¢] < nf,’.
0
We obtain E[Ea15>,1e] < S?’.
0
e Second case: m < m. We have that
Bolpn = | swp [(Ea(Grl = Go) ) [* = Bena(m)| (14, +1a3,)
teB(m,m) +
- [ Csup [(E(Gt — G )| - p/eTlg(m)] 1a, +  sup  [(Fo frn) L,
teB(m,m) + teB(m,m)

[t implies that for &,, defined by (7.26)

ElB2Lssn] SE|| s [(F(Cl = Gl - pety(m)| 1,16, ] + I IPPIAG]
teB(m,m

According to Lemma 6.3,

c — m — m
I7IPBIAL] < 1178, logm[Grllls, | < [1/1°8€:10g ol Gy gy, S pena(m)
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and

E|| L [(Ea(G) = G| = Bema(m)] 16, | <

On &, we have
E[Eslg<mles ] < E[(Gt — G hml3mlee ] < 2E[(IG 3 hinl3m + G B3 ) Lee ]
< 2E[(IG 2 N Aml13 0 + 13 ee ] < 2E[(1rml[3 0 + | frnll3.m)m01ee, ]

Moreover £ C &, which implies that P[ES,] < P[€¢]. Then applying Lemma 7.9, we get that
E[Eslscmle] < G,
< o

Proof of Lemma 7.9. We apply Proposition 6.1 for ¢t = \/4/<2(||g||00 V1) log nOZL to obtain
0

~ m
P[] = P[Hm € Mmax, [|Gm — Gnllop > \/4/-@2(||g||OO Vv 1)log nono }

o m
< 3 #[1Gn = Gl > 152l v Do |

m<ng
<2 mexp( - o 455 ([lglloc V 1) log ngm )
m<no 2 |glleom + (2v/2/3)m/4k2([|glloo V 1) log no\/%

<9 mexp<_4’*@2(||9||oo\/1)10gn0< L 3 \/no >>
- 2 9lloc  2v/2+/4K2(||g]lcc V 1) logng V ™

_ 4ra(llgllee V1) log n0>

< C Z me—2nzlogno < Cnge—Qnglogno.
2(|glo

m<ng

Finally we get P[£¢] < Cnd exp(—k22logng) = C/nd™ % = C/nb withp > 1il sy > (p + 2)/2.

Proof of Corollary 4.2. The beginning of the proof follows exactly the same lines as in Theorem 4.1
except that pen and m are respectively replaced by pen and m.

Starting from Eq. (7.21), we get

I fm = FI> < 3If = fnl® + 2pen(m) +8  sup v2(I) — 2pen(in)

teB(m,m)
< 3||f = fnll® + 2(pen(m) — pen(m)) + 2pen(m) +8 sup v (t) — 2pen(m)

teB(m,m)
+ 2(pen(m) — pen(m)).
We now apply Proposition 7.10 hereaiter and we get the final result.
Proposition 7.10. (i) E|pen(m) — pen(m)| < pen(m) + 1/ng + 1/n.
(i) E(pen(m) — pen(m)) < 1/ng + 1/n.
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Proof of Proposition 7.10. The proof relies on introducing the set such that the estimators of the sup-
norms of A and g are under control around their true values. As it works exactly the same for both
functions, we only detail the proof for g.

Let us define the set A(g) = {|\|9D||Oo “lglleo] < ”9!” }
(i) Ityields

B[ena(m) — Pty (m)|La(y) = 852 | (21l V 1) = (gl v 1) log o " Gl 12,1000 |

< 8B [4(llglloe v Dlogmo [ G 351000
Moreover applying Proposition 7.6, we get that
E[peny(m) — peny(m)[1 ) < Cpeny(m).
On the set A¢(g) with the definition of M, we have
E| By (m) — By (m) [1ae(g) = 82E | (290l V 1) = (lglloc v )] omo G 3

< 8mE[|(2ll9pllee V1) = (llgllo V 1]
< 8B [(2/1GD oo V 1) 1pc(q)] + E[([[glloe V 1)1pc(y)]-
Yet [|gDlloc < || 2ok @klloo < 2D < 2ng, then
E[petiy(m) — peny(m)|1ac() < CPIA%(g)].
Now applying Lemma 5.2 in [16], it holds that for all p > 0 and
logng < D < ||glec/(128V2)no/ (log no)”,
we get P[A¢(g)] < 2D/nb.

The proof follows exactly the same lines for controlling E|pen; (m) — pen; (m)| by defining A(h) and
replacing ng by n.

(ii) On A(g), we have ||g|lco — 2||GDloo < 0 which implies that (]|g|lcc V 1) — 2(]lgD|l0o V 1) < 0, thus
(Peny (M) — peny(mm))1y(g) < 0. Moreover

E|[(peny(m) — peny (i) 1ae(g) | < E[ |[peny(m) — peny ()| 1ae(q)] < CPIAY(g)], (7.28)

as above since i € M. This gives the result for periy. The same reasoning holds for per, () — pen, ().

8. USEFUL RESULTS
A proof of the following theorem can be found in [21].

Theorem 8.1. Let A, B be (m x m) matrices. If A is invertible and |A~'Bl|op < 1, then A :=
A + Bis invertible and it holds
IBllop A2,

AL AY, < :
| o0 = 1 = A1B,

Theorem 8.2 (Bernstein matrix inequality). Consider a finite sequence {Sy} of independent random
matrices with common dimension dy X do. Assume that

ESr; =0 and ||Sgllop <L foreach k.

Introduce the random matrix Z =), Sy. Let v(Z) be the variance statistic of the sum: v(Z) =
max { Amax (E[Z 'Z]), Amax (B[ ZZ)) }. Then

1
E||Z|lop < /20(Z)log(dy + da) + 3Llog(d1 + dy).
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Furthermore, for allt >0

2
Pl|Zop = 1] < (dr + da) exp ( - y(z; th/?,)’

A proof can be found in [22] or [23].

Theorem 8.3 (Matrix moment inequality, Theorem A.l in [4]). Suppose that q > 2 and fix r >
max(q,2log p). Consider a finite sequence {Y;} of independent, symmetric, random, self-adjoint
matrices with dimension p x p. Then

[EAmM(ZYi)q} 1/q < \/er)\max(ZEYf) + 2er [E max )\g]ax(Yi)] 1/q

A proof can be found in [4].
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