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Abstract—The problem of estimating parameters of a Pareto distribution is investigated under a
general scale invariant loss function when the scale parameter is restricted to the interval (0, 1]. We
consider the estimation of shape parameter when the scale parameter is unknown. Techniques for
improving equivariant estimators developed by Stein, Brewster—Zidek and Kubokawa are applied to
derive improved estimators. In particular improved classes of estimators are obtained for the entropy
loss and a symmetric loss. Risk functions of various estimators are compared numerically using
simulations. It is also shown that the technique of Kubokawa produces improved estimators for
estimating the scale parameter when the shape parameter is known.
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1. INTRODUCTION

The problem of point estimation of restricted parameters has been studied extensively by statisticians.
The problem arises in several practical situations in agriculture, biological, industrial and economic
experiments. Incorporating prior information about restrictions on parameter space leads to more
efficient estimators. Decision-theoretic estimation of restricted parameters was first considered by
Katz [7]. He showed that the generalized Bayes estimator of restricted mean is minimax and admissible
in a normal distribution with known variance. Farrell [4] established the minimaxity and admissibility
of estimators of restricted parameters in one-dimensional general location family. One may refer to [13,
11, 10, 18, 6, 21] for detailed review of work on estimation problems under restrictions on the parameter
space.

In this paper, we consider the estimation of unknown parameters of a Pareto P(a, 3) distribution
under a restriction on the scale parameter. The density function of a Pareto distribution is given by

pa’

fX(m’a’ﬂ):xﬁH’ a<zr<oo, B>0. (1.1)

Here « is the scale parameter and 3 is the shape parameter. Pareto distribution was originally developed
as a model for representing distribution of income. Later it has found applications in modeling the lifetime
of systems. See for example [5, 12]. For a review on the problem of estimating the parameters of a Pareto
distribution one may refer to[1, 8, 14, 15, 16, 3].

Tripathi et al. [19] considered the estimation of the parameters of a Pareto distribution with respect
to a quadratic loss when the scale parameter is constrained. Recently Tripathi et al. [20] considered the
estimation of shape parameter of a Pareto distribution with respect to a quadratic loss function when the
shape parameter is bounded below.

For an estimator § of # assume that the loss function is L (g), where L(t) is a twice differentiable
strictly convex function with L(1) = 0, that is, the derivative L'(¢) is strictly increasing fort > 0. We also
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CLASSES OF IMPROVED ESTIMATORS 227

assume that integrals involving L(t) are finite and differentiation under the integral sign is permissible.
Here we consider the estimation of parameters of a Pareto distribution under the scale invariant loss
function L(t) when the scale parameter is constrained.

This paper is organized as follows. In Section 2, estimation of 3 is considered when the scale
parameter « is unknown and 0 < o <1 under a general scale invariant loss function. Using the
techniques of Stein [17] and Kubokawa [9] we derive classes of scale equivariant estimators which
improve upon the best affine equivariant estimator. These results are applied to entropy loss and a
symmetric loss functions for deriving specific classes of improved estimators. Numerical comparisons
of risk functions are carried out using simulations. It is also shown that when the shape parameter is
known a priori, the improvement results using the integral expression of risk difference (IERD ) technique
of Kubokawa [9] can be obtained for estimating the scale parameter.

2. ESTIMATION OF THE SHAPE PARAMETER
WITH UNKNOWN SCALE PARAMETER

In this section, we consider estimation of the shape parameter when the scale parameter is unknown
and restricted to the interval (0, 1]. Let X1, Xo,..., X}, be arandom sample taken from a Pareto P(«, 3)
distribution. We consider the estimation of 8 when « is unknown and 0 < a < 1. Define T' = log Xy

and S = 1112?:1 log )?fi), where X(;) = min{Xy, X,..., X, }. Then (7,S) is a complete sufficient

statistic with 7" having exponential Exp(u, o) with = loga, p < 0 and S having Gamma(n — 1,0)
distribution with 0 = nf. The density function of 7" and S are given by

frtpo)=ce 1 p<t<oo, >0,
and
O.n—l
gs(s,0) = (n—1) e 785" 2, s>0, o>0,

respectively.

Now we consider the equivalent problem of estimation of ¢ under the scale invariant loss function
L (g) when g is unknown and satisfies the inequality p < 0. The maximum likelihood estimator (MLE)
of o for the restricted parameter space p < 0is
B n
- S+ max(0,T)°
Next we prove a complete class result based on restricted MLE §,7,. Consider a class of estimators
based on the restricted MLE as

oML (2.1)

d

0 =
47 8 4 max(0,T)’

d> 0. (2.2)

Let do(u, o) minimize the risk function R(d4, ) = EL (‘Ej) of §4. Denote

dy = inf dy(p,o and d*= sup do(p,o0).
1n<0,0>0 O(M ) ,u§0,5)>0 O(M )

An application of the Brewster and Zidek technique [2] gives a complete class of estimators.

Lemma 2.1. For estimating o when u(< 0) is unknown, the class of estimators {04: d < d < d*}
forms a complete class among all estimators of the form (2.2) with respect to the scale invariant
loss function L(t).

Consider the affine group of transformations G' = {gp.q: gp¢(x) = pxr + ¢, p > 0, ¢ € R}. Under this

group the estimation problem is invariant. The best affine equivariant estimator is
ao
S0 = 2.3
0 S ) ( )
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/ L’<a0>z”_36_z dz = 0. (2.4)
0 z

For improving upon g, we consider a scale equivariant estimator of the form

where ag is the unique solution of

where V' = L. The joint density of S and V is given by

O.n

I(n—1)°

The following theorem proves the inadmissibility of § by deriving a Stein-type estimator [17].

—olsvts—n) s > max(0, u/v), —oo<v < o00.

fsv(s,v) =
Theorem 2.2. The estimator &y is inadmissible and dominated by the estimator
bo —1
max 4 ag, S, V>0,
Sen(T ) = {ao, 3%}
CLOS_I, |4 < 07

under the scale invariant loss function L(t), where by is the unique solution of the equation

/ L’<b;>z”_26_z dz = 0. (2.6)
0

Proof. The risk function of d4 given by (2.5) depends on ¢ and u only through po. So without loss of
generality we take o = 1 and the risk function of 44 can be written as

R(S5,1) = EML<¢(;/)> ~ 5, [EM{L<¢(;/)> ‘v - H

Rue,p) = EM{L<;> ‘V - v}.

Since Ry (c, p) is strictly convex in ¢, the choice of ¢ = ¢(p) minimizing R, (c, p) satisfies the equation

EM{L’<C(:)> ; V= v} = 0.

We consider v > 0. For any u the conditional density of S given V' = v when o = 1 is

Denote

hs(s, ) oc s te(1+0)s, s > max{0, u/v}.

Again R,(c,0) is a strictly convex function and minimized at ¢ = ¢(0). For s < 0 the conditional density
of S given V' = v is independent of u. Hence ¢(0) is given by

0)\1

2% 072 (S B )
{2 (5 ) slv =vf =0
Now ¢(0) is the unique solution of

/OO L/<C(0)>sn—2e—(1+v)s ds =0 or /oo L’(C(O)(l t U)>Zn—2€—z dz = 0. (2.7)
0 0

S z

Comparing (2.7) with (2.6) we get ¢(0) = (111)1)). We define a function ¢(v) as

max {ao, bov }, v > 0,
$(v) = { ()

agp, v <0.
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Then we have ¢(u) > ¢(v) > ag on a set of positive probability for u < 0. Hence from the strict convexity

of R, (c, ) we obtain
(5 = n () )

This implies that R(ds7, ) < R(dg, p1). This proves the result.

The following theorem gives another class of improved affine equivariant estimators. We define a class
of estimators of the form

¢(S‘/), V >0,
ok (T,S) = (2.8)
CLS(’)? V g 07

where ¢ is an absolutely continuous positive function.

Theorem 2.3. Let the function ¢(x) satisfy the following conditions:

(i) ¢(z) is nondecreasing and lim, ., ¢(x) = ag,

(ii) /OOO /Ow L’<¢§;)>y”_26_y(1+v) dvdy < 0.

Then the estimator 6k has uniformly smaller risk than ég under the scale invariant loss function
L(t), where ay is the unique solution of

/ L/<C;O>y”_36_y dy = 0.
0

Proof. The risk difference of 5 and dy can be written as

A6k, d0) = E /1 b L'<¢(;”)> Zgb'(zv)](v > 0)dz

e o ¢(zv)>v/
_/O /Hlax(07“y‘7)/1 L < Y y¢ (ZU)fY,V(y,U) dZ d’U dy7

where fy .y (y,v) is the joint density of Y = ¢S and V = . For < 0 we have

A= [ [ [ L’(‘“Z”) U () v 0. 0) = dody

=[] [T e v s vy
el [ (M) vt o]

Since ¢(x) is nondecreasing, that is, ¢'(z) > 0, the risk difference is nonpositive if

/oo /m L/<¢(ZL‘)> 1fy’v(y7v) dody < 0
0 0 Y Y

/ / L <¢§f)>yn—2€—y(l+v) dvdy < 0.
0 0
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Example 2.1 (Entropy Loss). Let L(t) =t —logt — 1. For this loss function the best affine equivariant
estimatoris §g = "52. In this case ag = n — 2.

Consider an estimator of the form (2.2). By Lemma 2.1 we get the following result which gives a class
of improved estimators based on the restricted MLE 6,7, given by (2.1).

Lemma 2.4. The class of estimators {0.: (n —2) < c<(n—1)} forms an admissible class of
estimators among all estimators of the form (2.2).

Remark 2.1. The restricted MLE 6,77, = 4, is inadmissible and improved by the estimator é,,_1.

The following result gives a Stein type improved estimator.

Theorem 2.5. The best affine equivariant estimator &y is inadmissible for estimating o when
w(<0) is unknown under the entropy loss function and is improved by the estimator

max{(n—Z), n—l }S_l, V>0,
5ST(V) — { (V+1)

n—2
32, vV <0.

An application of Theorem 2.3 yields the following result.

Theorem 2.6. Assume that the function ¢(z) satisfies the following conditions:

(i) @(z) is nonincreasing and lim,_, o ¢(x) = ag,

1—u+xﬂm>

(1) 0la) < oule)foratl > Lt on(a) = (u-2)(} ~ (T

Then the estimator di given by (2.8) improves upon the best affine equivariant estimator dy under
the entropy loss function.

The Brewster—Zidek type improved estimator is
(n—2) (1—(1+V)1‘”) V>0
2—m ) )
S5 (V) = s Uim(ev)
"2, V <O0.

Remark 2.2. Consider the noninformative prior on the restricted parameter space of x and o as
1
g(,u,a)za, 0<o<oo, oo<pu<D0. (2.9)
Under this prior the generalized Bayes estimator of o with respect to the entropy loss function is

)
{?Jrsv >0
doB =

—2
"2 T <O

From Lemma 2.4 it is seen that the generalized Bayes estimator g p belongs to the class d; given by
(2.2) and improves upon the restricted maximum likelihood estimator.

Example 2.2 (Symmetric Loss). Let L(t) =t + 1 — 2. For this loss function the best affine equivariant

estimator is 6y = \/(n—g)(n—z) forn > 2. For this case ag = 1/(n — 1)(n — 2).
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Consider an estimator of the form (2.2). The minimizing choice of d is obtained as

1/2
d(j,0) = <02 E[S+ mzix(O,T)]> '
B [S+max(07T)]
[t is easily seen that
1 oet? 1
— —po _
E[S—I—maX(O,T)] n—Z[e n—l} (2.10)
and
_(n=Der7 [ _,, 1
E[S 4+ max(0,T)] = > e M+ R (2.11)
Using (2.10) and (2.11) we have
d(u,a):\/(n—l)(n—2)<€_w_"£1> , po < 0. (2.12)
Now we have
sup d(p,0) = y/n(n —1) and inf d(p,0) =+/(n—1)(n—2). (2.13)
pno<0 pno<0

Since the risk function is convex in d, we get the following result.

Lemma 2.7. The class of estimators {.: \/(n —1)(n — 2) < ¢ < \/n(n — 1)} forms an admissible
class of estimators among all estimators of the form (2.2).

Remark 2.3. The restricted MLE 6, is inadmissible and is improved by the estimator

Vn(n —1)

oML = S + max(0,T)

The following result gives Stein-type improved estimator for o when p(< 0) is unknown.

Theorem 2.8. The best affine equivariant estimator &y is inadmissible for estimating o with
unknown (< 0) under the symmetric loss function and is improved by the estimator

max{\/(n —1)(n—2), \/(7‘1/(11_)1)}5_1’ V>0,

dsr(V) =
V-2, V<o
An application of Theorem 2.3 yields the following result.

Theorem 2.9. Assume that the function ¢(z) satisfies the following conditions:
(i) ¢(z) is nonincreasing and lim,_,~ ¢(x) = ag,

1—(1+a)" "2

(ii) o(x) < ¢o(z) for all x > 1 with ¢po(z) = |(n —1)(n — 2)1 C (4o

Then the estimator di given by (2.8) improves upon the best affine equivariant estimator dy under
the symmetric loss function.
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The Brewster—Zidek type improved estimator is

(n=1)(n—2) [ 1—(14V)—n | 1/2
v s [1—((1+V))2*"} , V>0,
opz(V) =

Vin-bin=2) V<o

Remark 2.4. Under the noninformative prior (2.9) a generalized Bayes estimator of o with respect to
this symmetric loss function is

(n—1)(n—2)
v rvs o L>0

0GB =

\/(n_ls)(n_z)’ T S 0

From Lemma 2.7 it is seen that the generalized Bayes estimator §op belongs to the class d; given by
(2.2) and improves upon the restricted maximum likelihood estimator.

2.1. Numerical Comparisons

In this section, we numerically compare the risk performance of various estimators. The risk values
of estimators are calculated using simulations based on 10,000 samples of sizes n = 10 and n = 20 with
0 = 1.In Figs. | and 2, we plot the risk functions of the estimators dasz,, 6r,—1, d0, daB, dsT and dpz for
entropy loss function, and in the Figs. 3 and 4, we plot the risk functions of the estimators sz, drarr
00, 0B, 0sT and dpz for symmetric loss function.

For entropy loss function from the Figs. 1 and 2 we made the following observations.

(i) From the Figs. 1(a)and 2(a), it is seen that

(a) d0gp and §,_1 improve upon the restricted MLE 4y,
(b) dgp improves upon 6,1 for all @ except near oo = 1.

(ii) From Figs. (b) and 2(b) we can see that g7 and dpz improve upon the best affine equivariant
estimator dg.

(iii) Comparing risk plots in Figs. 1 (a), 1 (b), 2(a), 2(b), we see that
(a) dg, dpz and dg improve upon dp;y..
(b) &g and épz improve d,,1 for all a except in a neighborhood of 1.
(¢) dgp uniformly improves upon d,,_1 and dap.

(iv) The risk values of all estimators decrease as n increases.

Similar observations are made from risk plots in Figs. 3 and 4 for symmetric loss function.
Thus, it may be recommended that estimate dg7 be used for this estimation problem.

Remark 2.5. Consider the estimation of @ (0 < o <1) when [ is known under a general scale
invariant loss function L(t). For this problem Y = X() is a complete sufficient statistic, where X(;) =
min{ X1, Xo, ..., X, }. The distribution of Y is P(«, n3). For existence of moments, it is also assumed
that n3 > 1. The best scale equivariant estimator of « is given by é., = coY’, where ¢ is the unique

solution of the equation [, L’(coy)y”fﬁ dy = 0.
Consider an estimator of the form
o(Y)Y if Y >1,
65(Y) = ) (2.14)
C()Y i Y < 1,

where ¢ is an absolutely continuous positive function. Using the IERD approach of Kubokawa as in
Theorem 2.3, we can establish the following result.
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Fig. 1. Risk plots for the Entropy loss function (n = 10).
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Fig. 2. Risk plots for the Entropy loss function (n = 20).

Theorem 2.10. Assume that the function ¢p(w) satisfies the following conditions:

(i) ¢(w) is nonincreasing and lim,,—,1 ¢p(w) = co,

(ii) /00 L'(¢p(w)z) nf dz > 0.

n
w 2P

Then the estimator 64 have uniformly smaller risk than the best scale equivariant estimator 6,
under the scale equivariant loss function L(t).

Remark 2.6. When the shape parameter 5 is known and 0 < o <1, the MLE of «a is dpr(YV) =
min{Y, 1}. Consider a class of estimators based on the restricted MLE as

dq = dopr(Y), d > 0.
Let do() be the choice of d minimizing the risk function R(d4, ) = EL (‘Z”) of 4. Denote

(2.15)

d. = inf dy(a) and

oot d* = sup do(a).

0<a<l
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Fig. 3. Risk plots for the Symmetric loss function (n = 10).
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Fig. 4. Risk plots for the Symmetric loss function (n = 20).

It can be shown that the class of estimators {d4: di < d < d*} forms a complete class among all the
estimators of the form (2.15) with respect to the scale invariant loss function L(t).

Results similar those in Examples 2.1 and 2.2 can be obtained for the entropy loss function and a
symmetric loss function.
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