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Abstract—The paper is concerned with stochastic approximation procedures having three main
characteristics: truncations with random moving bounds, a matrix-valued random step-size se-
quence, and a dynamically changing random regression function. We study convergence and rate
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1. INTRODUCTION

This paper is a continuation of [29], where a large class of truncated Stochastic approximation (SA)
procedures with moving random bounds was proposed. Although the proposed class of procedures can
be applied to a wider range of problems, our main motivation comes from applications to parametric
statistical estimation theory. To make this paper self contained, we introduce the main ideas below (a full
list of references as well as some comparisons can be found in [29]).

The main idea can be easily explained in the case of the classical problem of finding a unique zero,
say 20, of a real-valued function R(z): R — R when only noisy measurements of R are available. To
estimate 2%, consider a sequence defined recursively as

Zy=Zi 1+ [ R(Zi—1) + &4, t=12,..., (1.1)

where {¢,} is a sequence of zero-mean random variables and {~; } is a deterministic sequence of positive
numbers. This is the classical Robbins—Monro SA procedure (see [20]), which under certain conditions
converges to the root 20 of the equation R(z) = 0. (Comprehensive surveys of the SA technique can be
found in [2], [3],[13], [14], and [12].)

Statistical parameter estimation is one of the most important applications of the above procedure.
Indeed, suppose that Xy,..., X; arei.i.d. random variables and f(x, ) is the common probability density
function (w.r.t. some o-finite measure), where € R™ is an unknown parameter. Consider a recursive
estimation procedure for 8 defined by

1 T (X 000)
f(Xt7 et—l) ’
where 6y € R™ is some starting value and i(#) is the one-step Fisher information matrix (f” is the row-

vector of partial derivatives of f w.r.t. the components of #). This estimator was introduced in [22] and
studied by a number of authors (see, e.g., [19], [4], [18], [7], [15], [16], [23]—[28]). In particular, it has

been shown that under certain conditions, the recursive estimator 6, is asymptotically equivalent to the

S 1 .
0y =01+ tz'(Ht_l) t>1, (12)
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maximum likelihood estimator, i.e., it is consistent and asymptotically efficient. One can analyze (1.2)
by rewriting it in the form of stochastic approximation with v, = 1/¢,

f/T(XuZ)} A _1<f/T(Xtaét—1) A >
and er = 1(0;— R — R(6:—1) ),

f( X4, 2) v = ill) (X, 001) O

where 6 is an arbitrary but fixed value of the unknown parameter. Indeed, under certain standard

assumptions, R(f) = 0 and {&;} is a martingale difference w.r.t. the filtration {F;} generated by {X;}.
So, (1.2)is a standard SA of type (1.1).

Suppose now that we have a stochastic process X1, Xo, ... and let fi(z,0) = fi(x,0 | X1,...,X—1)
be the conditional probability density function of the observation X; given X1, ..., X;_1, where § € R™
is an unknown parameter. Then one can define a recursive estimator of 6 by

0r = 0,1 + v (Br_1)r(0:1), t>1, (1.3)

where ¥;(0) = ¥ (X1,...,Xy;0), t =1,2,..., are suitably chosen functions which may, in general,
depend on the vector of all past and present observations X1, ..., Xy, and have the property that the
process 1 (6) is P?-martingale difference, i.e., Eg{t;(0) | F;—1} = 0for each t. For example, the choice

[f1(Xe, 0)]"
Ji(X¢,0)

yields a likelihood type estimation procedure. In general, to obtain an estimator with asymptotically
optimal properties, a state-dependent matrix-valued random step-size sequences are needed (see [28]).
For the above procedure, a step-size sequence ~;(#) with the property

% H(0) = %1 (0) = Eo{wn(0)I7 (8) | Fir}

is an optimal choice. For example, to derive a recursive procedure which is asymptotically equivalent to
the maximum likelihood estimator, we need to take

Ye(0) =1(0)  and  %(0) = I71(0),

R(z) - '<z>-1E@{

where
L) =" E{1,0)(0) | For} (1.4)
s=1

is the conditional Fisher information matrix. To rewrite (1.3) in the SA form, let us assume that @ is an
arbitrary but fixed value of the parameter and define

Rt(Z) = E@{wt(Xty Z) | Ft—l} and Et(Z) = (¢t(Xt, Z) — Rt(Z))
Then, since ¥(0) is Pe—martingale difference, it follows that R;(#) = 0 for each ¢. So, the objective now

is to find a common root 6 of a dynamically changing sequence of functions R;.

Before introducing the general SA process, let us consider one simple modification of the classical
SA procedure. Suppose that we have additional information about the root 2% of the equation R(z) = 0.
Let us, e.g., assume that 2° € [ay, 3] at each step ¢, where oy and ; are random variables such that
—00 < ap < B < oo. Then one can consider a procedure, which at each step ¢ produces points from the
interval [ay, B¢]. For example, a truncated classical SA procedure in this case can be derived using the
following recursion

Zy = o, 5)(Zi-1 + mlR(Zi1) +&]),  t=1,2,...,
where @ is the truncation operator, that is, forany —oo < a < b < oo,

a i z<a,
Ppp(z) =492z if a<z<b,
b if z>b.
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Truncated procedures may be useful in a number of circumstances. For example, if the functions in
the recursive equation are defined only for certain values of the parameter, then the procedure should
produce points only within this set. Truncations may also be useful when certain standard assumptions,
e.g., conditions on the growth rate of the relevant functions are not satisfied. Truncations may also help
to make an efficient use of auxiliary information concerning the value of the unknown parameter. For
example, we might have auxiliary information about the parameters, e.g., a set, possibly time dependent,
that contains the value of the unknown parameter. Also, sometimes a consistent but not necessarily

efficient auxiliary estimator 6, is available having a rate d;. Then to obtain asymptotically efficient
estimator, one can construct a procedure with shrinking bounds by truncating the recursive procedure
in a neighborhood of 8 with [y, 8] = [0 — &, 0 + &), where §; — 0.

Note that the idea of truncations is not new and goes back to [11] and [8] (see also [6], [5], [1], [23],
[30],[31],[17]. A comprehensive bibliography and some comparisons can be found in [29]).

In order to study these procedures in a unified manner, Sharia [29] introduced a SA of the following
form

Zy = ®u,(Zea + w(Z)[R(Zea) +e(Zi0)]), t=1,2,...,

where Zy € R™ is some starting value, R;(z) is a predictable process with the property that R;(z°) = 0
for all t’s, 7¢(z) is a matrix-valued predictable step-size sequence, and Uy C R™ is a random sequence
of truncation sets (see Section 2 for details). These SA procedures have the following main character-
istics: (1) inhomogeneous random functions Ry; (2) state-dependent matrix-valued random step-sizes;
(3) truncations with random and moving (e.g., shrinking or expanding) bounds. The main motivation
for these comes from parametric statistical applications: (1) is needed for recursive parameter estimation
procedures for non i.i.d. models; (2) is required to guarantee asymptotic optimality and efficiency of
statistical estimation; (3) is needed for various different adaptive truncations, in particular, for the ones
arising from auxiliary estimators.

Convergence of the above class of procedures is studied in [29]. In this paper we present new
results on the rate of convergence. Furthermore, we present a convergence result which generalizes
the corresponding result in [29] by considering time-dependent random Lyapunov type functions (see
Lemma 3.1). This generalization turns out to be quite useful as it can be used to derive convergence
results of the recursive parameter estimators in time series models. Some of the conditions in the
main statements are difficult to interpret. Therefore, we discuss these conditions in explanatory remarks
and corollaries. The corollaries are presented in such a way that each subsequent statement imposes
conditions that are more restrictive than the previous one. We discuss the case of the classical SA and
demonstrate that conditions introduced in this paper are minimal in the sense that they do not impose
any additional restrictions when applied to the classical case. We also compare our set of conditions to
that of Kushner—Clark’s setting (see Remark 4.4). Furthermore, the paper contains new results even for
the classical SA. In particular, truncations with moving bounds give a possibility to use SA in the cases
when the standard conditions on the function R do not hold. Also, an interesting link between the rate of
the step-size sequence and the rate of convergence of the SA process is given in the classical case (see
Corollary 4.7 and Remark 4.8). This observation might not surprise experts working in this field, but we
failed to find it in a written form in the existing literature.

2. MAIN OBJECTS AND NOTATION
Let (2, F, F = (Ft)t>0, P) be a stochastic basis satisfying the usual conditions. Suppose that for
eacht =1,2,..., wehave (B(R™) x F)-measurable functions

Ri(z) = Re(z,w): R™x Q — R™,
er(z) = g(z,w) : RMx Q —R™,
1(z) = n(z,w) : R™x Q— R™™

such that for each z € R™, the processes R;(z) and 7;(z) are predictable, i.e., R(z) and ~;(z) are F;_1
measurable for each ¢. Suppose also that for each z € R™, the process ¢;(z) is a martingale difference,
i.e., g¢(2) is Fy-measurable and E{Et(z) | .E_l} = 0. We also assume that

Rt(ZO) =0

foreacht =1,2,..., where 20 € R™ is a non-random vector.
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Suppose that h = h(z) is a real-valued function of z € R™. Denote by h/(z) the row-vector of partial
derivatives of h with respect to the components of z, that is, h'(z) = (8‘Zlh(z), cey 8fmh(z)). Also,
we denote by h”(z) the matrix of second partial derivatives. The m x m identity matrix is denoted
by I. Denote by [a]™ and [a]~ the positive and negative parts of a € R, i.e., [a]T = max(a,0) and
[a]” = —min(a,0).

LetU € R™isaclosed convex set and define the truncation operator as a function ®y(z): R™ — R™

such that
By (z) = z %f zeU,
¢ il 2 ¢ U,

where z* is a point in U that minimizes the distance to z.

Suppose that z° € R™. We say that a random sequence of sets Uy = Uy(w) (t =1,2,...)in R™is
admissible for 2° if

e foreach ¢ and w, Uy(w) is a closed convex subset of R™;
e foreachtand z € R™, the truncation @y, (2) is F; measurable;

o 20 € U, eventually, i.e., for almost all w there exist to(w) < oo such that 2° € Uy(w) whenever
t > to(w).
Assume that Zy € R™ is some starting value and consider the procedure
Zy = Oy, (Zi—1 + (Ze-1)Vi(Z4—1)), t=1,2,..., (2.1)
where U is admissible for 20,
Uy(2) = Re(z) 4 &(2),
and Ry(z), €:(2), 1¢(z) are random fields defined above. Everywhere in this work, we assume that
E{V(Zi-1) | Fie1} = Ri(Zy—1) (2.2)
and

E{el(Zi-1)e(Zi-1) | Fior} = [E{el (2)e(z) | Fi-1}]

and the conditional expectations (2.2) and (2.3) are assumed to be finite.

z=Zt-1’

Remark 2.1. Condition (2.2) ensures that e;(Z;_1) is a martingale difference. Conditions (2.2) and (2.3)
obviously hold if, e.g., the measurement errors e;(u) are independent random variables, or if they are
state independent. In general, since we assume that all conditional expectations are calculated as
integrals w.r.t. corresponding regular conditional probability measures (see the convention below), these
conditions can be checked using disintegration formula (see, e.g., Theorem 5.4 in [10]).
We say that a random field
Vi(z) = Vi(z,w): R" x Q = R (t=1,2,...)

is a Lyapunov random field if

e Vi(z)is a predictable process for each z € R™;

e foreach ¢ and almost all w, V;(z) is a non-negative function with continuous and bounded partial
second derivatives.
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Convention.

e Lverywhere in the present work convergence and all relations between random variables are
meant with probability one w.r.t. the measure P unless specified otherwise.

e A sequence of random variables ({;)¢>1 has a property eventually if for every w in a set g of P
probability 1, the realization (;(w) has this property for all ¢ greater than some ¢y(w) < oc.

e All conditional expectations are calculated as integrals w.r.t. corresponding regular conditional
probability measures.

e Theinf,cy h(2) of a real-valued function h(z) is 1 whenever U = {).

3. CONVERGENCE AND RATE OF CONVERGENCE

We start this section with a convergence lemma, which uses a concept of a Lyapunov random field
(see Section 2). The proof of this lemma is very similar to that of presented in [29]. However, the
dynamically changing Lyapunov functions make it possible to apply this result to derive the rate of
convergence of the SA procedures. Also, this result turns out to be very useful to derive convergence
of the recursive parameter estimations in time series models.

Lemma 3.1. Suppose that Z; is a process defined by (2.1). Let Vi(u) be a Lyapunov random field.
Denote Ay = Z; — 2°, AVy(u) = Vi(u) — Vi_1(u), and assume that

(V1) Vi(Ay) < Vi(Aim1 4+ %(Zi—1) [Re(Ze—1) + €1(Zs-1)]) eventually;

(V2) S22+ Vic1 (A1) MK (A1)]T < o0, P-a.s., where

Ki(u) = AVi(u) + VY (u)ve(2° + u)Re(2° + u) + m(2° + w)
and

i) = sup B{ [Ry(v) + ee(v)] "5 )V} (219 (0) [Relw) +20(0)] | Fia .

Then Vi(Ay) converges (P-a.s.) to a finite limit for any initial value Z.
Furthermore, if there exists a set A € F with P(A) > 0 such that for each € € (0,1)

(V3)

inf  [Ki(u)]” =00 onA, (3.1)
e<Vi(u)<1/e
t=1 20+4+uclU; 1

then Vi(Ay) — 0(P-a.s.) for any initial value Zy.

Proof. The proof is similar to that of Theorems 2.2 and 2.4 in [29]. Rewrite (2.1) in the form
A=D1 +7%(Zi—1)[Ri(Zi—1) + e(Z—1)].
By (V1), using the Taylor expansion, we have
Vi(A) < Vi(Apor) + VI (Arm1)e(Ze—1) [Re(Ze—1) + €e(Z4—1)]

+ ;[Rt(Zt—l) + e Ze-)" A (Ze )V (A1) (Ze—1) [Re(Ze—r) + e1(Z—1)),

where A;_; € R™ is F,_;-measurable. Since
Vi(Ai—1) = Vic1 (Avmr) + AVA(Ay),
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using (2.2) and (2.3) we obtain
E{Vi(Ay) | Fro1} < Vica (A1) + Ki(Agoq).
Then, using the decomposition K; = [KC;]" — [K;]~, the above can be rewritten as
E{Vi(Ay) | Fio1} < Vic1 (A1) (1 + By) + By — [Ki(Ai-1)] 7,

where By = (1 + W_1(At_1))_1[Kt(At_1)]+.
By (V2), we have that > ;2 By < co. Now we can use Lemma 6.1 in Appendix (with X; =
Vi(Ay), fr—1 = &—1 = By, and ¢ = [Ky(Ay—1)] ) to deduce that the processes Vi(Ay) and
t

Y, = Z[’CS(AS—I)]_
s=1
converge to some finite limits. Therefore, it follows that V;(A;) — r > 0.

To prove the second assertion, suppose that > 0. Then there exists e > 0 such that e < V;(A;) <
1/e eventually. By (3.1), this would imply that for some %,

0o

g[s s—1) >§ inf (u)]” =00
e<Vs( u)<1/5

s=to 5=t0 204 yel,_4

on the set A, which contradicts the existence of a finite limit of Y;. Hence » = 0 and V;(A;) — 0.

Remark 3.2. The conditions of the above Lemma are difficult to interpret. Therefore, the rest of the
section is devoted to formulate lemmas and corollaries (Lemmas 3.5 and 3.9, Corollaries 3.7, 3.12,
and 3.13) containing sufficient conditions for the convergence and the rate of convergence, and remarks
(Remarks 3.3, 3.4, 3.8, 3.10, 3.11, and 3.14) explaining some of the assumptions. These results are
presented in a way such that each subsequent statement imposes conditions that are more restrictive
than the previous one. For example, Corollary 3.13 and Remark 3.14 contain conditions which are the
most restrictive as compared to all the previous ones, but are written in the simplest possible terms.

Remark 3.3. A typical choice of Vi(u) is Vi(u) = u? Cyu, where {C;} is a predictable positive semi-
definite matrix process. If Cy/a; goes to a finite matrix with a; — oo, then subject to the conditions of

Lemma 3.1, a;|| Z; — 2°||? will tend to a finite limit implying that Z; — 2°. This approach is adopted in
Example 5.3 to derive convergence of the on-line Least Squares estimator.

Remark 3.4. Consider truncation sets Uy = S(ay, r¢), where S denotes a closed sphere in R with the
center at a; € R™ and the radius ;. Let 2, = ®p, (2) and suppose that 20 € U;. Let V;(u) = u’ Cyu,
where C} is a positive definite matrix and denote by AI"® and A\ the largest and smallest eigenvalues
of Oy respectively. Then (2] — 29)TCy(2] — 2°) < (2 — 2°)TCy(z — 2Y) (i.e., (V1) holds with Vi(u) =
ul' Cyu) if NP2 < A2 where v; = ||y — 2°||. (See Proposition 6.2 in Appendix for details.) In
particular, if C; is a scalar matrix, condition (V1) automatically holds.

Lemma 3.5. Suppose that the conditions of Lemma 3.1 hold and

(L) forany M > 0, there exists § = 6(w) > 0 such that

inf Vi(u) >4 eventually.
o, Vi) Y

Then Zy — 2° (P-a.s.) for any initial value Z.

Proof. From Lemma 3.1, we have V;(A;) — 0 (a.s.). Now A; — 0 follows from (L) by contradiction.
Indeed, suppose that A; 4 0 on a set, say B, of positive probability. Then, for any fixed w in this set,
there would exist a sequence t;, — oo such that ||As, || > € for some € > 0, and (3.5) would imply that
Vi (A¢,) > 6 > 0 for large k-s, which contradicts the P-a.s. convergence V;(A;) — 0.
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Remark 3.6. The following corollary contains simple sufficient conditions for convergence. The proof
of this corollary does not require dynamically changing Lyapunov functions and can be obtained from a
less general version of Lemma 3.1 presented in [29]. We decided to present this corollary for the sake of
completeness, noting that the proof, as well as a number of different sets of sufficient conditions, can be
found in [29].

Corollary 3.7. Suppose that Z; is a process defined by (2.1), U, are admissible truncations for z°
and
(D1) forlarget's

(z—29TRy(2) <0 if zeU;

(D2) there exists a predictable process ry > 0 such that
E{IR () +e(=)I? | Fia} _
z€Us—1 1+ ”Z - ZOH2 N

eventually, and

[e.e]
E ria; 2 < 0o, P-a.s.
t=1

Then || Zy — 2°|| converges (P-a.s.) to a finite limit.

Furthermore, if

(D3) foreache € (0,1), there exists a predictable process vy > 0 such that

inf  —(z—20TRy(2) > 1y
e<|lz—2°||<1/e
z€eUp—1

eventually, where

(e e
E via; b =00, P-as.
t=1

Then Z; converges (P-a.s.) to 2°.

Proof. See Remark 3.6 above.

Remark 3.8. The rest of this section is concerned with the derivation of sufficient conditions to establish
the rate of convergence. In most applications, checking conditions of Lemma 3.9 and Corollary 3.12
below is difficult without establishing the convergence of Z; first. Therefore, although formally not

required, we can assume that convergence Z; — 2° has already been established (using the lemmas
and corollaries above or otherwise). Under this assumption, conditions for the rate of convergence below
can be regarded as local in 2°, that is, they can be derived using certain continuity and differentiability
assumptions of the corresponding functions at point 20 (see examples in Section 5).

Lemma 3.9. Suppose that Z; is a process defined by (2.1). Let {C,} be a predictable positive
definite m x m matrix process, and N\ and N be the largest and the smallest eigenvalues
of Cy respectively. Denote A, = Z, — 2°. Suppose also that (V1) of Lemma 3.1 holds and
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(R1) there exists a predictable nonnegative scalar process Py such that

2AL 1 Ci (2 + A1) Re(2° + Avq)

max
Al

+ P < —pel Ara|?,
eventually, where py is a predictable nonnegative scalar process satisfying

D

t=1

0 )\tmax _ )\tm_m )‘inax +
< oQ;

min min Pt
A ALY
(R2)
Z )\maX[E{”"}/t Z +At 1)[Rt(z +At 1) +€t(2' +At 1)]“2 ‘ Ft 1} Pt]
— 1+)\m1n||At 1”2
Then (Z; — 2°)1'Cy(Z; — 2°) converges to a finite limit (P-a.s.).

Proof. Let us check the conditions of Lemma 3.1 with V;(u) = u” Cyu. Condition (V1) is satisfied
automatically.

Denote R; = Rt(zo + At—l)a Ve = ’)/t(ZO + At—l), ande; = Et(zo + At—l)- Since VZ(U) = 2UTOt and
V/'(u) = 2C}, we have

Ki(Ai1) = AVy(Ai1) + 287, Cry Ry + E{[’Yt(Rt + &) Cry(Ry + &) | ft—l}-
Since Cy is positive definite, A8 ||u||? < uf Cpu < APaX||y||? for any u € R™. Therefore
AVi(Ap1) < (A = AP [| A%

Denote

Pr = \NP™(Dy — Py), where Dy = E{||n(R: +e0)|? | Fo1}
Then

Ko(Ay—_1) < (A — XY IAL 112 4+ 2AT Oy Ry + APD,
= AP = AP A1 [? + 247 Gy Ry + APy + Py

By (R1), we have 2AT | Cyyy Ry < — A (py || Ay_1]|? + P;). Therefore,

Ke(Ar1) < O™ = AP A1 12 = AP (| A=t ||* + Pr) + APy + Py
< (AP = AR NP | A |12+ Py = m AP A1 |12 + P,

where
= (™ = AT AP ) /A,
Since A > 0, using the inequality [@ + b]* < [a]™ + [b]T, we have
CH(A )T < AP A [P [T + [P
Also, since Vi1 (A1) = AL |G 1 A1 > AP A, ]2,

Ko@)t K@)t NI A P[] [P
L Vet (A1) = THAPRA ]2 7 T+ AP A 2 1+ AP A2
P
< [Tt]—‘r"" [ t]

1+)\m1n”At 1H2
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By (R2), 202, [Pt /(1 + A% Ay_1||?) < oo and according to (R1)

A\max _ )\min \max +

t t—1 t
Z g |: )\irllrll - )\min Pt < 0.

t=1 t—1
Thus,

< 00,

= [Ki(Ar)]T
2 14+ Vic1(Ai—1)

implying that Condition (V2) of Lemma 3.1 holds. Thus, (Z; — 2°)TCy(Z; — 2°) converges to a finite
limit almost surely.

Remark 3.10. The choice P; = 0 means that (R2) becomes more restrictive imposing stronger prob-
abilistic restrictions on the model. Now, if Af_lCt%(zO + A1) Ry(2° + Ay_1) is eventually negative
with a large absolute value, then it is possible to introduce a non-zero P, without strengthening

condition (R1). One possibility might be P; = ||v;R||?. In that case, since v, and R; are predictable
processes, and sequence ¢, is a martingale-difference,

E{lv(Re+e)ll” | Foor} = Rl + E{veed® | Fior}-

Then condition (R2) can be rewritten as

S APE{[ln (2" 4 Ar1)en(2® + A 1)|? | Fior} < o0,
t=1

Remark 3.11. The next corollary is a special case of Lemma 3.9 when the step-size sequence is a
sequence of scalar matrices, i.e., v(Zy—1) = at_II, where a, is nondecreasing and positive.

Corollary 3.12. Let Z; be a process defined by (2.1). Suppose that a; > 0 is a nondecreasing
sequence and

(W1) AT R(Zi1) < —3Aar||Av—1]|* eventually;

(W2) there exists 0 < § < 1such that

> a)l PE{|[(Re(Zi-1) + &(Ze-1))|” | For } < 0.

Then al||Z; — 2°||? converges to a finite limit (P-a.s.).

Proof. Consider Lemma 3.9 with v = v(2) = at_ll, C, = atI P, =0, and p; = Aay/as. To check
(R2), denote the infinite sum in (R2) by @, then

Q<Z)\max[ {H% Ri(2°+ A1) + (2% + A 1)]”2|ft—1}_77t]+

< Z)\?aXnytHQE{H(Rt(Zt_l) +e(Ze))IP | Fia}-
t=1

Now, since AP = \max — 48 and ||v¢||? = a; 2, condition (W2) leads to (R2).
Since py = Aay/a; < 1and (ar/a;—1)° < ap/as—1,

Z [A?‘ Soaph g 1t Eref—aly a) 7
wht| =2 5 T8 Pt
mln min
—1 A Ay =1 Qg1 ai_q
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+

:g[(l_pt)a?i_l] <Z[ ~1| =o

t at—l

Therefore, (W1) leads to (R1). According to Remark 3.4, condition (V1) holds since V;(u) = af ||ul|?.
Thus, all the conditions of Lemma 3.9 hold and a || Z; — 2°||? converges to a finite limit (P-a.s.).

Corollary 3.13. Let Z; be a process defined by (2.1), where 2° € R, v,(Z;_1) = 1/t and the trunca-
tion sequence Uy is admissible. Suppose that Z; — 2° and

(Y1) RL(2°) < —1/2 eventually;

(Y2) Ry(2)and o?(z) = E(e2(2) | Fi_1) are locally uniformly bounded at 2° w.r.t. t; that is, there
exists a constant K such that |Ry(&)| < K and |0} (&)| < K eventually, for any & — 2°.

Then t9(Z; — 2°)? converges to a finite limit (P-a.s.) for any 6 < 1.
Proof. Consider Corollary 3.12 with a; = ¢. In the one-dimensional case, condition (W1) can be
rewritten as
Ri(2° + Ayy) < 1
JAVER] - 2
Condition (W 1) now follows from (Y1).
Since E{e(z) | Fi—1} = 0, using (Y2) we have for any 6 < 1,

Y CPE{(R(Zi1) + €1(Zi1))* | Fia}

t=1
o
Z O 2RY(Zy +Zt5 2Ble}(Zi-1) | Fioa} < oo
t=1 t=1

Thus, condition (W2) holds. Therefore, t9(Z; — 2°)? converges to a finite limit (P-a.s.), for any 6 < 1.

Remark 3.14. Corollary 3.13 gives simple but more restrictive sufficient conditions to derive the rate of
convergence in one-dimensional cases. It is easy to see that all conditions of Corollary 3.13 trivially hold,
if, e.g., e; are state independent i.i.d. random variables with a finite second moment, R;(z) = R(z), and
R'(2%) < —1/2.

4. CLASSICAL PROBLEM OF STOCHASTIC APPROXIMATION

Consider the classical problem of stochastic approximation to find a root z° of the equation R(z") = 0.

Let us take a step-size sequence 4; = a; 'I, where a; — oo is a predictable scalar process, and consider
the procedure

Zy = q)Ut(Zt 1+ a; [R(Z—1) + Et(Zt—l)])- (4.1)

Corollary 4.1. Suppose that Z; is a process defined by (4.1), truncation sequence Uy is admissible,
and

(H1) (2= 29TR(2) <0 forany z € R™ with the property that z € Uy eventually;

(H2) there exists a predictable process r such that

e e}

sup ||R(2)| < 7y, where Zaﬁrt < 005
z€Us_1 =1
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(H3) there exists a predictable process e; such that

E{llec(2)|* | Fi- 1}

<et
z€Us_1 1+ ”Z - ZOH2

eventually, where

[e.e]
E etat_2 < oo, P-as.
t=1

Then || Z; — 2°|| converges to a finite limit (P-a.s.) for any initial value Z.

Furthermore, suppose that

(H4) R(2) is continuous at 2° and (z — 2°)T R(z) < 0 for all z with the property that z € U\{z"}
eventually;

(H5) 3% a7 = <.
Then Zy — 2° (P-a.s.).

Proof. Consider Corollary 3.7 with Ry = R. Condition (D1) trivially holds. Since E{et(u) | Ft_l} =0,
we have

E{|IR(2) +e2)II” | Fir} = IR)* + E{les()I? | Fo-r}-
Now condition (D2) holds with p; = r; + €.
By (H4), there exists a constant v > 0 such that for each € € (0,1)

inf —(z—=2TR(u) > v
e<llz—2°||<1/e
z€Us—1

eventually and by (H5), >20°, va; ' = v 3°5°, a; ' = oo. This implies that (D3) also holds. Therefore, by
Corollary 3.7, Z; — 2° almost surely.

Remark 4.2. Suppose that e, = €4(z) is an error term which does not depend on z and denote

= E{|ledl® | Foer }.
Then condition (H3) holds if

Zatat < oo, P-as. (4.2)
t=1

This shows that the requirement on the error terms are quite weak. In particular, the conditional
variances do not have to be bounded w.r.t. ¢.

Remark 4.3. (a) If the truncation sets are uniformly bounded, then some of the conditions above can be
weakened considerably. For example, condition (H2) in Corollary 4.1 will automatically hold given that
>t < o

(b) If it is only required that Z; converges to any finite limit, the step-size sequence a; can go to
infinity at any rate as long as ) ;2 at_2 < 0o. However, in order to have Z; — 2%, one must ensure that

a; does not increase too fast. Also, the variances of the error terms can go to infinity as ¢ tends to infinity,
as long as the sum in (H3) is bounded.

MATHEMATICAL METHODS OF STATISTICS Vol.25 No.4 2016



RATE OF CONVERGENCE OF TRUNCATED STOCHASTIC APPROXIMATION 273

Remark 4.4. To compare the above result to that of Kushner—Clark’s setting, let us assume bound-
edness of Z;. Then there exists a compact set U such that Z; € U. Without loss of generality, we can
assume that 20 € U. Then Z; in Corollary 4.1 can be assumed to be generated using the truncations on
Uy NU. Let us assume that >~>2 at_2 < 00. Then, condition (H2) will hold if, e.g., R(z) is a continuous
function. Also, in this case, given that the error terms £,(2) are continuous in z with some uniformity

w.r.t. ¢, they will in fact behave in the same way as state independent error terms. Therefore, a condition
of the type (4.2) given in Remark 4.2 will be sufficient for (H3).

Corollary 4.5. Suppose that Z;, defined by (4.1), converges to 2" (P-a.s.)and truncation sequence
Uy is admissible. Suppose also that

(B1) uTR(2° +u) < —J|ul|? for small w’s;

(B2) a; > 0is nondecreasing with » ;2 [Aat—1]+

a1 < 005

(B3) there exists § € (0,1) such that

) e e}
D IRGE el <ooand ) aB{ller( +w)l’ | Fir} < oe,
t=1 t=1

where v; € Uy is any predictable process with the property vy — 0.
Then al||Z; — 2°||? converges (P-a.s.) to a finite limit.

Proof. Let us check that the conditions of Lemma 3.9 hold with R; = R, p; = a;*, P; =0, and
Cy = aT. We have \P® = \in — 49 by (B2), and

+ e é § 1) +
Z A X—A?]—Hf_)\inax _Z G — Qg1 Oy
\min \min Pt - 1) 0
t—1 t—1 t=1

=1 | Ay_10¢

o0 5 + oo +
[( at>(1—a;1)—1} < [at (1-a;b) — 1] +C

=1 at—1 — ar—1

Z[Aat_l] +C < 0

for some constant C. So (B1) leads to (R1). Also, since Z; — 2°,

Z AP [E{ ||y (Re + e)|)? | Fior } — P *
1 _|_)\m1n”A _1H2

I
(]

<N N [E{ | (Ry + )2 | Fioa} — P

t=1 t=1

o0

= a)Eflla; (Ri +&)|” | Fia} < Za ?|IR(Z1) H2+Zaf 2E{lled(Zi-0)II” | Fir ),

t=1 t=1 t=1

condition (R2) follows from (B3). Therefore by Lemma 3.9, (Z; — 2°)TCy(Z; — 2°) = a9||Z; — 2°|| — 0
(P-a.s.).

Remark 4.6. It follows from Proposition 6.3 in the Appendix that if a; = t¢ with € > 1, then (B2) does
not hold. However, condition (B2) holds if a; = t€ for all e < 1. Indeed,

STl ]

t=1 t=1

i3[:5—1 tilrzo.

t=1

IN
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Corollary 4.7. Suppose that Z; — 2°, where Z; is defined by (4.1) with a; = t¢ where € € (1/2,1],
and (B1) in Corollary 4.5 holds. Suppose also that R is continuous at 2° and there exists
0<d<2—1/esuchthat

(BB) >, t(2}5)6 E{|lee(z" +v)||* | Fie1} < oo, where v, € Uy is any predictable process with the
property vy — O.

Then t%|| Z; — 2°||? converges to a finite limit (P-a.s.).

Proof. Let us check the conditions of Corollary 4.5 with a; = t¢, where € € (1/2,1]. Condition (B2) is
satisfied (See Remark 4.6). Since R is continuous at 2° and Z; — 20, it follows that R(2" + v;) in (B3)

is bounded. Also, a?~2 = ¢t(0=2)¢ and since (§ — 2)e < —1, it follows that the first part of (B3) holds. The
second part is a consequence of (BB). The result is now immediate from Corollary 4.5.

Remark 4.8. Suppose that a; = t° with ¢ € (1/2,1) and sup, E{||e;(2)||? | Fi—1} < o< (e.g., assume
that e, = £4(2) are state independent and i.i.d.). Then, since (6 — 2)e < —1, condition (BB) in Corol-
lary 4.7 automatically holds for any § < 2 — 1/e. It therefore follows that the step-size sequence a; = t¢,
€ € (1/2,1) produces SA procedures which converge with the rate t=, where « < 1 — 216. For example,

the step-size a; = 3/4 would produce the SA procedures, which converge with the rate t=1/3,

5. SPECIAL MODELS AND EXAMPLES
5.1. Finding a Root of a Polynomial

Let [ be a positive integer and
R(z) = — Z Ci(z — 2%,

where z, 2° € R and C; are real constants. Suppose that
(z—2"R(z) <0 forall zeR.

Note thatif [ > 1, the SA without truncations fails to satisfy the standard condition on the rate of growth
at infinity. Therefore, one needs to use slowly expanding truncations to slow down the growth of R at
infinity. Consider Z; defined by (4.1) with a truncation sequence Uy = [—uy, u¢], where u; — oo is a
sequence of nondecreasing positive numbers. Suppose that

Zufla;2<oo. (5.1)
t=1

Z; — 2°| converges

Then, provided that the measurement errors satisfy condition (H3) of Corollary 4.1,
(P-a.s.) to a finite limit.
Indeed, condition (H1) of Corollary 4.1 trivially holds. For large t’s,

l '2
o REES s Y0l 0]

ZE€[—ur—1,u—1] z€[—u—1ue—1] L,

l l
< sup Y CHz—20Y <) CF2u)Y <ICH,

2€[~ut—1,ut—1] i=1 i=1

which, by (5.1), implies condition (H2) of Corollary 4.1.
Furthermore, if 20 is a unique root, then provided that

D a7t =oc (5.2)
t=1
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it follows from Corollary 4.1 that Z; — 20 (P-a.s.). One can always choose a suitable truncation
sequence which satisfies (5.1) and (5.2). For example, if the degree of the polynomial is known to be

[ (or at most 1), and a; = t, then one can take u; = Ct"/2, where C and r are some positive constants
and r < 1. One can also take a truncation sequence which is independent of /, e.g., u; = C'logt, where
C'is a positive constant.

Suppose also that C; > %, a; = t¢, where € € (0,1}, and condition (BB) in Corollary 4.7 holds (e.g.,

one can assume for simplicity that &;’s are state independent and i.i.d.). Then t*(Z; — 2°) =2 0 for any
a<1—1/2.

Indeed, since R'(2°) = —Cy < —1/2, condition (B1) of Corollary 4.5 holds. Now, the above conver-
gence is a consequence of Corollary 4.7 and Remark 4.8.

5.2. Linear Procedures
Consider the recursive procedure

Zy = Zy1 + v(he — BeZi—1), (5.3)

where v, is a predictable positive definite matrix process, 3; is a predictable positive semi-definite matrix
process and h; is an adapted vector process (i.e., hy is Fy-measurable for ¢ > 1). If we assume that
E{hs | Fi_1} = B:2°, we can view (5.3) as a SA procedure designed to find the common root z° of the
linear functions

Ry(u) = E{hy — Bu | Fio1} = E{hy | Fioa} — Biu = Bi(z° — w)
which are observed with the random noise
Et(u) = hy — Bru — Rt(u) = hy — E{ht ‘ ~7:t—1} = hy — BtZO-

Corollary 5.1. Suppose that Z is defined by (5.3) with E(hy | Fi_1) = 3:2°. Suppose also that a;
is a nondecreasing positive predictable process and

(G1) Ayt_l — 20y + By Br is negative semi-definite eventually;
(G2) 3% a7 "E{(hy — B2°) T yu(hy — Bi2°) | Fior } < oo
Then a7 ' (Z; — 2°)T~;7 Y (Z; — 2°) converges to a finite limit (P-a.s.).

Proof. Let us show that the conditions of Lemma 3.1 hold with V;(u) = a; 'u”; 'u. Condition (V1)
trivially holds. We have V/(u) = 2a; 'u~y; Y, VY (u) = 2a;7 "y, Re(2° 4 u) = —Byu, and Ry(u) +
gi(u) = hy — Byu. Since E(hy — $;2° | Fi—1) = 0, for 1; defined in (V2) we have

m (2% +u) = ay "E{(hy — 5;2° — Buw) e (he — Bi2° — Byu) | Foer }
= at_lE{(ht — B:2°) oy (hy — Bi2°) | F1}+ a; (BT v (Brw).
Also,
AVy(u) = u[(ary) ™" = (ar-17-1) " u < o (ay) "'u — u" (ay1) e =
Denoting

T —1An—1
a; Ay, u.

Ji = a; 'E{(hi — 8:2°) (e — 3:2°) | Fioa },
for Ky in (V2) we have
Ki(u) < a; 'u Ay u — 207 Bou + a7 Mo By Bru + T
= a; 'u (Ay =26+ B nBu+ Ti.
Condition (V2) is now immediate from (G1) and (G2) since
1+ Vit (A )] KA )] < Ke(Ae)]F < T

Thus, all the conditions of Lemma 3.1 hold, which implies the required result.
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Corollary 5.2. Suppose that Ay;' = B4, then (G1)in Corollary 5.1 holds.

Proof. Since A~; ! is positive semi-definite, it follows that Ay; is negative semi-definite (see [9],
Corollary 7.7.4(a)). Also since

Ay =260+ BB = Ay + Ay Ay = = Ay = 20+ s
= =y, + 7 (et + Ay = v Ay,
it follows that (G1) holds.

5.3. Parameter Estimation in Autoregressive Models

Consider an AR(m) process

Xp=0WX 1+ 09X, o+ + 00X, + & =0TXT) + &,

where § = (M), ... 0HT  XxI=1 — (X, 4,..., X;_ )T, and & is a martingale-difference (i.e.,
E{& | Fi—1} = 0). If the pdf of & w.r.t. Lebesgue’s measure is g¢(x), then the conditional probability
density function of X; given the past observations is
felz, 0| X{7Y) = fil2, 0| Xi2p) = gelz — 07 X[,)

and

RO X gl -0"X70)

ACEID oD IR TCED vl R
[t is easy to see that the conditional Fisher information (1.4) is

t %) / 2
L= g XX, where g = / <gt("”§> a(2) dz.
s=1

The inverse I;"! can also be generated recursively by

IV = I — g X0 (U (X )T LA X)) ()T (5.4)

(Note that this can be derived either directly, or using the matrix inversion formula, sometimes referred
to as the Sherman—Morrison formula.)
Thus, the on-line likelihood procedure in this case can be derived by the following recursion

/
o= 0oy = 17 X0 00 (X = 011X, (5.5)
t

where I, ! is also derived on-line using formula (5.4). In general, to include robust estimation proce-
dures, and also to use any available auxiliary information, one can use the following class of procedures

0; = dy, (ét—l + e H (X[ eu(Xe — étT—le:%v,))? (5.6)

m

where p;: R — R and H: R™ — R™ are suitably chosen functions and ~; is an m x m matrix-valued
step-size sequence.

Example 5.3. (Recursive least squares procedures). Recursive least squares (RLS) estimator of
0= (0W, ... 00")7T is generated by the following procedure

O =01+ 17" XI2L X — (X120 T0,-4], (5.7)
TS P r® Gl RSO G L A D Gl I § i L ¥ (5.8)

where 8y and a positive definite fo_l are some starting values. Note that (5.7) is a particular case of (5.6),
and it also coincides with the maximum likelihood procedure (5.5) in the case when & are i.i.d. Gaussian
r.v.’s.
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Corollary 5.4. Consider 6, defined by (5.7) and (5.8). Suppose that there exists a nondecreasing
sequence a; > 0 such that

Zat (XTI X{ZLE{EE | Fioa ) < oo

Then a; (0, — 0)T1,(6, — 0) converges to a finite limit (P?-a.s.).

Proof. Let us check the condition of Corollary 5.1. Obviously, the matrix

t
= ZXSIXSI

is positive definite and ALY = 3, = X!=L (X!=1)7 is positive semi-definite. By Corollary 5.2, condition
(G1) holds. We also have

Zat_lE{(ht—ﬁtZ Tyi(he — B2°) | Foon ) = Zat_lE{ﬁt (XTI Xk 6 | Fie 1}

—Za_l XEVIAXEL B{e2 | iy} < oo

So condition (G2) holds. Hence all conditions of Corollary 5.1 hold which completes the proof.

Corollary 5.5. Consider 6, defined by (5.7) and (5.8). Suppose that

(P1) there exists a nondecreasing sequence k; — oo such that I,/k; — G, where G < 0o is a
positive definite m x m matrix;

(P2) there exists € € [0,1) such that E{&} | o1} < &5 eventually.
Then k17910, — 6||> — 0 (PP-a.s.) for all § € (€2,1].

Proof. Consider Corollary 5.4 with a; = s for a certain § € (€%, 1]. By (P2), there exists t° such that

[o¢]
Z —I(Xt I)TI lXt lE{gt |ft 1}<Z%t_ Xt I)TI lXt 1
t=t0 t=t0

eventually. Now, using (P1) and Lemma 6.4 in Appendix, the above sum converges to a finite limit
implying conditions of Corollary 5.4 hold. Therefore, (6; — 0)71,(8; — 8)/x¢ tends to a finite limit. Now,
the assertion of the corollary follows since jt//it converges to a finite matrix.

Remark 5.6. (a) Ii X; is a strongly stationary process, condition (P1) will trivially hold with x; = t.
However, using the results given above, convergence can be derived without the stationarity requirement

aslongas r; ' 500°, X{7h (XE= )T tends to a positive definite matrix.
(b) Condition (P2) demonstrates that the requirements on the innovations &; are quite weak. In

particular, the conditional variances of the innovations do not have to be bounded w.r.t. ¢. For example,
if ky =t and the variances go to infinity not faster than ¢%¢ (for some 0 < g¢ < 1), then it follows that

t179)16, — 0||2 — O for any 8 € (eo, 1).
(c¢) It follows from (a) and (b) above that in the case of a strongly stationary X; withi.i.d. innovations,
t179]|6, — 0||2 — 0 for any & > 0 without any additional assumptions.
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6. APPENDIX

Lemma 6.1. Let Fy, Fi,...be an nondecreasing sequence of o-algebras and X, Bn,&n, Cn € Fn,
n > 0, be nonnegative random valuables such that

E(Xn | fn—l) S Xn—l(l + ﬁn—l) + gn—l - Cn—ly n Z 17
eventually. Then

{Z&i_l < OO} N { Zﬁi_l < OO} - {X —>}ﬂ {Zgi_l < OO} P-a.s.,
=1 =1 =1

where {X —} denotes the set where lim,,_,, X,, exists and is [inite.

Proof. The proof can be found in [21]. Note also that this lemma is a special case of the theorem on the
convergence sets of nonnegative semi-martingales (see, e.g., [15]).

Proposition 6.2. Consider a closed sphere U = S(a,r) in R™ with the center at o € R™ and the
radius r. Let 2° € U and z ¢ U. Denote by 2’ the closest point from z to U, that is,
d=a+, | (z—a).
[edl
Suppose also that C is a positive definite matrix such that
)\Igaxv2 < )\glinT}’
where B and NB™ are the largest and smallest eigenvalues of C respectively and v = |ja — 2°||.
Then

(2 =20TC( -2 < (z-2TC(z - 20.

Proof. Foru,v € R™, define

lule = @ Cuw)'?  and  (u,v)e = W Cv)/2.
We have
(20 — o, 2/ — a)c| < |20 — alle|d — alle < V/ABX || — allc
<\l —alle = \/Am0 |2 — ol | — allc < 17 —al2. (6.1)
Since z ¢ U, we have
d=a+ (z—a)=(1-90)a+dz,
|z — «f

where 0 = r/||z — a| < 1. Then, since
z—2 =(1-6)(z —a), 7 —a=46z-a), z2—2 = (7' —a),

by (6.1),
(7 =202 Vo= —a,z— )+ (a—20,2— )
1-96 1-96

= et

Therefore, since 2’ — zg = (2 — 2z9) — (2 — 2’), we get

(20 —a,2' —a)c > 0.

12" = z0li& = ll2 = 20llE: + |z = 2'lI& = 2(2 = 20,2 = 2)c
=z = zollZ + Iz = 2'll& = 2]z = 2|l = 2(2" = 20,2 = )
/

=z = 20l = Iz = 2'll& = 2(2" = 20,2 = #')c < |1z = 202
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Proposition 6.3. Suppose a;, t € N, is a nondecreasing sequence of positive numbers such that
o1 (1/ag) < oo. Then

> [a —a;— 1
Z[m : }:m_

t=1

Proof. Since

(e e e}

ary1 —ap — 1 apy1 — ay 1
>| IED SRS oy
t=1 t=1

and the last series converges, it is sufficient to show that
S
Z t+1 b oo

a
=1 t

Note that for b > a > 0, we have
b— b1 b1
a:/ dTZ/ dr =logb — loga.
a 0 @ o T

So,
N

N
Z atH Z log ar4+1 — logay) =logan41 —loga; — +oo0 as N — oo.
t=1 t=1

Lemma 6.4. Suppose {cy} is a sequence of real m x 1 column vectors, I; =1+ Zzzl asal diverges
and k is a sequence of positive numbers satisfying I;/ky — G, where G is a finite positive definite
m x m matrix. Then

Z It_lozt < 0
forany § > 0.

Proof. Since tr(I;) = m + Z _, al'ay is a nondecreasing sequence of positive numbers, we have (see
Proposition A2 in [25])

> da > al o
t; tr ;t §+6 ; (2221 ;{;s)1+5 < Q.
Since I;/k; converges, we have that tr(/;)/x; tends to a finite limit, and

ol = ala; [tr(l) 1+o

; PREC ; tr (1) 1+ [ Ky ] < 0.
Finally, since Gy is positive definite and we have mtIt_l — G~ it Tollows that s \"®* converges to a
finite limit, where A®* is the largest eigenvalue of I,"!. Thus,

o
ey
Z atl at<z t1+5-/£t)\?1ax<oo.
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