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Abstract—In this paper, we address the problem of estimating a multidimensional density f by
using indirect observations from the statistical model Y = X + . Here, € is a measurement error
independent of the random vector X of interest and having a known density with respect to Lebesgue
measure. Our aim is to obtain optimal accuracy of estimation under L,,-losses when the error € has
a characteristic function with a polynomial decay. To achieve this goal, we first construct a kernel
estimator of f which is fully data driven. Then, we derive for it an oracle inequality under very mild
assumptions on the characteristic function of the errore. As a consequence, we get minimax adaptive
upper bounds over a large scale of anisotropic Nikolskii classes and we prove that our estimator
is asymptotically rate optimal when p € [2,400]. Furthermore, our estimation procedure adapts
automatically to the possible independence structure of f and this allows us to improve significantly
the accuracy of estimation.
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1. INTRODUCTION

Let X, = (Xk,h .. ,th), k € N*, be a sequence of R%-valued i.i.d. random vectors defined on
a complete probability space (2,2, P) and having an unknown density f with respect to Lebesgue
measure. Assume that we have at our disposal indirect observations given by
Yi=Xg+er, k=1,...,n, (1)
where the errors ¢, are also i.i.d. d-dimensional random vectors, independent of the X}’s, with a known
density q.
The goal is to estimate the density f by using observations Y™ = (Y7,...,Y,). By an estimator we

mean any Y (" -measurable mapping f: (R%)" — L,(R?). The accuracy of an estimator is measured by
its L,,-risk

~ ~ 1 ~ ~
R;D[fvf] = (Efo_sz)pv pE [17+OO)7 Roo[faf] = Ef”f_fHoo

Here and in the sequel E; denotes the expectation with respect to the probability measure Py of the
observations Y™ = (v3,...,V,) and ||g|» = (J |g(2)[* dz)'/* is the Ly-norm of g € Ly(R?), s € N*,
r € [1,400), with the usual modification for r = co. We will also denote by g the Fourier transform of
g € L1(R?), defined by g(x) = [ €*®) g(z) dx, where (-, ) is the Euclidean scalar product on R®.

The aforementioned deconvolution model, which is more realistic than the density model (with direct
observations), exists in various fields and is the subject of many theoretical studies. In most of them, the
main interest is to provide estimators which achieve optimal rates of convergence on particular functional

classes in a minimax sense. For instance, the problem of nonparametric estimation in the deconvolution
model with pointwise and Ls risks was investigated by Carroll and Hall [8], Stefanski [38], Stefanski and
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STRUCTURAL ADAPTIVE DECONVOLUTION UNDER L,-LOSSES 27

Carroll [39], Fan ([12],[13],[14]), Pensky and Vidakovic [34], Butucea [4], Hall and Meister [20], Meister
[32], Butucea and Tsybakov ([6],[7]), Butucea and Comte [5]. Global density deconvolution was also
considered under a weighted L,,-norm (defined with an integrable weight function) by Fan [13]-[14] and
under the sup-norm loss by Stefanski [38], Bissantz, Diimbgen, Holzmann and Munk [3] and Lounici
and Nickl [28]. Whereas all the works cited above are in the one-dimensional setting, the problem of
deconvolving a multidimensional density under pointwise or Lo loss has been addressed by Masry ([29],
[30]), Youndjé and Wells [41], and Comte and Lacour[9].

Our aim here is twofold. First, we deal with optimal deconvolution of a multivariate density under
IL, and sup-norm losses. Next, as in Lepski [25] (under sup-norm loss) and in Rebelles [36] (under LL,,-
losses) for the density model, we also take advantage of the fact that some coordinates of the X}’s may be
independent from the others, but in a unified way. To analyze the accuracy of our estimation procedures,
we use the minimax criterion.

Minimax estimation. In the framework of the minimax estimation it is assumed that f belongs to a

certain set of functions X, and then the accuracy of an estimator fis measured by its maximal risk
over X:

Rplf, 2] := sup R, f, f-
fex

The objective here is to construct an estimator f; which achieves asymptotically the minimax risk
(minimax rate of convergence):

Rp[ﬁka ¥] = iQpr[J?a Y] =t pnp(X), n— oo,
fn
where the infimum is taken over all possible estimators. Such an estimator is called minimax on 3.

In this paper, we focus on the problem of minimax estimation over anisotropic Nikolskii classes of
densities N, 4(8, L), see the definition in Section 2.2. Whereas the vector 5 = (51, ..., 34) represents

the smoothness of the target density, » = (r1,...,rq) represents the index of homogeneity. When p
is finite we assume that both the smoothness of f and the accuracy of estimation are measured in
the same LL,-norm, which means r; = p for j = 1,...,d. This restriction permits us to use a global

selection procedure from a family of linear estimators that leads to optimal accuracy in the minimax
sense. Otherwise, this is not possible. In the latter case, the vector r is replaced by p in the notation
of the functional class. If 3; = By, Lj = Lo and r; =g forall j =1,...,d, any function belonging to
N, q(B, L) is called isotropic function. Let us briefly present some interesting results and the novelties
that we propose in the context described above.

In Comte and Lacour[9] it was shown that

d -1
_ T 2)\ + 1
Qpn,2(N27d(ﬁa L)) Xmn 2+, T = |:Z ! ) :| ) (2)
j=1 &
when the common density ¢ of the errors (which is assumed to be known) satisfies
d N d N
A JJa+e) "2 <lgo)l <A JJa+8) 2, vteR?
j=1 j=1
for some constants Ay, Ag,A\; >0, j =1,...,d. Such a density is usually called ordinary smooth of

order A = (Aq,..., \q).

Note that this result was proved in the one-dimensional setting by Fan [13]. However, whereas
Fan [13] provided an estimator whose construction depends on the smoothness parameter § of the
functional class Na 1 (3, L) (which is not known in practice), Comte and Lacour[9] proposed an adaptive
strategy. Indeed, they provided a single estimator which is fully data driven and minimax on each class
N3 q4(B, L), whatever the nuisance parameter (3, L) in a large range. Such an estimator is called optimal
adaptive over the scale of functional classes {No 4(8, L)} (3,1)-
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28 REBELLES

Lounici and Nickl [28] considered the problem of adaptive deconvolution of a univariate density under
sup-norm loss and proved that

o n \re (24177
Qpn,oo(Noo,l(ﬁa L)) - <10g(n)> ) T = |: ﬁ :| ) (3)

when the common density ¢ of the errors is ordinary smooth of order A > 0. Moreover, they constructed
an optimal adaptive estimator over the scale of Holder classes { Noo 1(8, L) }(3,1)-

[t is worth mentioning that Fan [13], Lounici and Nickl [28] and Comte and Lacour [9], as in
most of the aforementioned papers, considered also the case of errors having a common density whose
Fourier transform has exponential decay, usually called super smooth. In the multidimensional setting,
Comte and Lacour [9] showed that, in the presence of super smooth noise, the rates of convergence
on anisotropic Nikolskii classes (considered as classes of ordinary smooth densities) are logarithmic
and achieved by a single kernel estimator which is optimal adaptive and whose construction does not
require any bandwidth selection procedure. Note that Youndjé and Wells [41] considered the problem of
adaptive deconvolution of an isotropic density in the ordinary smooth case, namely the “moderately ill-
posed” case in inverse problems. The results obtained in Comte and Lacour [9] under Ly-loss generalize
considerably those of Youndjé and Wells [41].

In the present paper, we deal with the problem of minimax adaptive deconvolution of an anisotropic
density in the ordinary smooth case with L,-risks, p € [1, oo]. The rates of convergence given in (2)-(3)
are recovered from the results we obtain. Indeed, we provide adaptive kernel estimators which achieve
the following minimax rates of convergence respectively:

Onp(Npa(B, L)) = n" 241, Vp € [2,+00); (4)
enceMraB.2) = (1) T e e, (5)

-1 -1
where 7 is given in (2), w := [Z;l:l 22;:;1] and K := (1 — Z;lzl ﬁjlrj) [Z;l:l 51]} > 0.

Here, the optimality is a direct consequence of minimax lower bounds recently obtained by Lepski and
Willer [27]. As usual, these lower bounds hold under additional assumptions on the common density of
the errors, see Section 2.4. Moreover, they proved that there is no uniformly consistent estimator on
N, 4(8, L) under the sup-norm loss if £ < 0 and under the L;-loss. Therefore, we do not consider the

case p = 1. When p € (1,2), our estimation procedure is adaptive, but does not achieve the minimax
lower bound on N, 4(3, L) found by Lepski and Willer [27].

[t is important to emphasize that minimax rates depend heavily on the dimension d. To reduce the
influence of the dimension on the accuracy of estimation (curse of dimensionality), many researchers
have studied the possibility of taking into account not only the smoothness properties of the target
function, but also some structural hypotheses on the statistical model. For instance, see the works
on the composite function structure in Horowitz and Mammen [21], Juditsky et al. [22] and Baraud
and Birgé [1], the works on multi-index structure in Goldenshluger and Lepski [15] and Lepski
and Serdyukova [26], the works on the multiple index model in density estimation in Samarov and
Tsybakov[37] and the works on anisotropic denoising in functional deconvolution model in Benhaddou,
Pensky and Picard [2].

Below, we discuss one of the possibilities of dealing with this problem in the framework of density
estimation. The approach which has been recently proposed in Lepski [25] is to take into account the
independence structure of the target density f, namely its product structure due to the independence
structure of the vector X of interest.

Organization of the paper. In Section 2, we describe assumptions on the densities involved in the
statistical model (1) and we recall the minimax lower bounds obtained in Lepski and Willer [27] and used
in this paper. In Section 3, we introduce the family of kernel estimators we consider for our procedure and
then we describe the selection rule that leads to the construction of our final estimators. In Section 4, we
provide some oracle inequalities and, as consequences, minimax adaptive upper bounds under L, -losses
over scales of anisotropic Nikolskii classes. Further, we discuss the optimality of our estimators and the
influence of the independence structure of the target density on the accuracy of estimation. Proofs of all
main results are given in Section 5. Proofs of technical results are deferred to the Appendix.
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STRUCTURAL ADAPTIVE DECONVOLUTION UNDER L,-LOSSES 29
2. ASSUMPTIONS ON DENSITIES f AND ¢
2.1. Structural Assumption on the Target Density

Denote by Z, the set of all subsets of {1, . .., d}, except the empty set. Let P be a given set of partitions
of {1,...,d}. Forall I € Zydenotealsol ={1,...,d}\ Iand|I| = card(I). Wewilluse{for{1,...,d}.
Finally, for all z € R% and I € Z, put x; := (z;) e and, for any probability density g: R — R,

gr(xy) == /RI g(x) dx;.

Assume that 9y=9 and that gg = 1. Note also that f; and gy are the marginal densities of X7 and e
respectively.
If P € B is such that the vectors X7, I € P, are independent then f(z) = [[;cp f1(x1), V2 € R4,

In the sequel, the possible independence structure of the density f will be represented by a partition
belonging to the following set :

D) = {P e ) = [ o), va e v}, (6)

IeP

Remark that P(f) is not empty if we consider that () € B, or that P = {P} if the independence structure
of f is known. The possibility of choosing 3, instead of considering all partitions of {1,...,d}, is
introduced for technical purposes. This is explained in more detail in Lepski[25], Section 2.1, paragraph
“Extra parameters’.

Finally, we endow the set 8 with the operation “o” introduced in Lepski [25]: for any P, P’ € P
PoP :={INI'#0,1€P, I'eP'}. (7)

The use of this operation for the estimation procedure allows us to construct an estimator which adapts
automatically to the independence structure of the underlying density.

2.2. Smoothness Assumption on the Target Density

In the literature we can find several definitions of the anisotropic Nikolskii class of densities. Let
us recall the one we use in the present paper. Set {eq, ..., es}, the canonical basis in R?, s € N*.

Definition 1. Set r = (ry,...,rs) € [1,4]*, 8= ((1,...,08s) € (0,400)® and L = (Lq,...,Ls) €
(0,400)*. A probability density g: R®* — R4 belongs to the anisotropic Nikolskii class N, 4(3, L) if

(i) \\ng|yrngj, Vk=0,...,18;], Vi=1,...,s;
(i) 1DV g+ zej) = DY g(), < Lyjl2l% 1), vzeR, Vj=1,...,s.

Here and in the sequel, |a] is the largest integer strictly less than the real number a. Furthermore,
we use the notation Ny 4(8, L) for N, 4(8, L) whenr = (r,...,r).

In order to take into account the smoothness of the underlying density and its possible indepen-
dence structure simultaneously, a certain collection of anisotropic Nikolskii classes of densities was
introduced in Lepski [25], Section 3, Definition 2. However, since the adaptation is not necessarily
considered with respect to the set of all partitions of {1,...,d}, the condition imposed therein can be
weakened. For instance, if 8 = {0} (no independence structure), we want to find again the well-known
results concerning the adaptive estimation over the scale of anisotropic Nikolskii classes of densities
{Nnd(ﬁ, L)}, which is not possible with the classes introduced in Lepski [25]. For these reasons, the

following collection {Nnd(ﬂ, L, P)}P was introduced in Rebelles [35], Section 3.1.
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30 REBELLES

Definition 2. Let r € [1,4+0c]? and (B, L,P) € (0,+00)? x (0,4+00)? x P be fixed. A probability
density g: R? — R belongs to the class N, 4(3, L, P) if

g(x) = H gr(z7), VzeRY 91 € Ny, 181, L), VIe€P'oP" VP, P")ePxP. (8)
IeP

Note that, if B = {0}, the class N, 4(3, L, D) coincides with the classical anisotropic Nikolskii class
of densities N, 4(3, L).

2.3. Noise Assumptions for Upper Bounds

Both the definition of our estimation procedure and the computation of the L, -risk, p € (1, 4+-00], lead
us to consider that the density ¢ of the noise random vector €1 satisfies the following assumptions.

Assumption (N1). Assume that, forany I € PoP', (P,P') € B x B:
(i) ifp=2, then||qr|1 < +oo;
(ii) ifp € (2,400], then ||qr]|co < +o0.

Assumption (N2). Assume that, for some constants A >0, \; >0, j =1,...,d, one has for any
ITePoP,(P,P)ePxP:

(i) ifp=2,then

A.
) > AT [Ja+e)" 2, vieRY
jel

(ii) ifpe (1,400)\ {2}, then q;(t;) # 0, ¥t € R, g3 ~' e cHI(RI)) and

‘[Daf(f,—l](tl)]'[tj‘ﬂ <AJJa+t)z, vteR’ Va; = (aj)jer e NIL D a; <|IJ;
jel jel jel

(iii) if p = +oo0, then qi(tr) #0,vt € RY, qr ' € C'(RI!)) and

b
D )| < AJJ+) 2, vteR?, Vkel, Yo, € {0,1}.
JjeI

Here and in the sequel, D}*¢ denotes the ayth order partial derivative of g with respect to the
kth variable, Dgg = g and, for any multi-index o = (a1,...,a5) € N°, D% denotes the derivative
D' ...D%gofg: R®* — R.

Assumption (N1) is satisfied for many distributions like centered Gaussian, Cauchy, Laplace or
Gamma type multivariate ones. Assumption (N2) is quite restrictive since it does not hold for the clas-
sical Cauchy and Gaussian densities, whose characteristic functions have exponential decay. However,
it holds for the centered Laplace and Gamma type distributions, whose characteristic functions have
polynomial decay. As mentioned in Comte and Lacour [9], the latter case is of great interest in particular
physical contexts; see, for instance, the study of the pile-up model in Comte and Rebafka [10].

In what follows, we assume that ¢ satisfies Assumptions (N1)—(N2).
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2.4. Noise Assumptions for Minimax Lower Bounds

Recently, Lepski and Willer [27] obtained minimax lower bounds for ¢y, ,(N;q(5,L)),
p € [1,+o0], when the density ¢ of the noise random vector e satisfies the following assumption.

Assumption (N3). For any multi-index o = (aq,...,aq) € {0,1} satisfying oy + ... +ag > 1,
D>qexists. Furthermore, there exist constants B > 0and \; > 0,j =1,...,d, such that

d N
(i) laml<BJJa+t) ¢, vieR%
j=1

(11) ||a_1DaZ]\HOO < B7 Va = (aly"'vad) € {071}d7 a1+ ... tag > 1.

Note first that Assumption (N3) is also satisfied for centered Laplace or Gamma-type distributions.

Next, if B = {0} (no independence structure), any density ¢ that satisfies both the condition (i) of
Assumption (N3) and Assumptions (N2) fulfills

d N d
AT+ 2 <Ja( H1+t2 Y Wierd

and hence is ordinary smooth of order A = (Aq,..., )\d). Furthermore, the condition imposed in the left-
hand side of the latter inequalities, together with condition (ii) of Assumption (N3) (or Condition 1 in
Lounici and Nickl [28] for the one-dimensional setting), implies that condition (iii) of Assumption (N2)
is satisfied.

In the setting of the deconvolution density model, Lepski and Willer [27] provided minimax lower
bounds on N, 4(8, L, M) = N, 4(3,L) N {f: HfHoo < M} in four different zones described in terms of

parameters p,r, 8 and X\, namely the fail zone, the dense zone and the sparse zone which is divided in
two zones.
Since N, 4(3,L, M) C N, 4(3, L), the results below follow from Theorems 2 and 3 in Lepski and

Willer [27] and allow us to assert the optimality of our estimators when P = {@} (no independence
structure) in some particular cases.

Theorem 1. Let Ly > 0 and p € [2,4+0) be fixed. Suppose that Assumption (N3) is satisfied. Then,
forany (B, L) € (0,00)" x [Lo, )%,

lim inf inf {go,;;,(Np,d(ﬁ,L))Rp[ﬁw Np.a(8, L)]} >0

n—-+o0o fn

where the infimum is taken over all possible estimators and pp, ,(Np 4(3, L)) is given in (4).

Theorem 2. Lel Ly > 0and (B, L,r) € (0,00)¢ x [Lg,00)? x [1, 00]? be fixed. Suppose that Assump-
tion (N3)is satisfied. Then,

(i) thereis no uniformly consistent estimator over N, 4(5,L) if 1 — Z] 1 ﬁlr <0;
J

(ii) if1— ZJ 151 > 0,

hmmfmf{gpg,loo(Nr,d(ﬁ, L))R [fm N,.a(8, )]} 0,

n—-+00 f

where the infimum is taken over all possible estimators and pp oo (Ny (8, L)) is given in (5).
The settings of Theorems 1 and 2 correspond to particular cases of the dense zone and the sparse zone
respectively. Further, when the problem of minimax estimation under L,,-loss on the class N, 4(3, L) is

considered and p € (1,2), this corresponds to a particular case of the tail zone.
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3. ESTIMATION PROCEDURE

In this section, we construct an estimator following a scheme of selection rule introduced in Lepski

[25] to take into account the possible independence structure of the underlying density. If 8 = {0}, this
scheme coincides with a version of the methodology proposed by Goldenshluger and Lepski [17]. This
methodology, employed in many areas of nonparametric statistics, has been recently used by Comte and
Lacour [9] in the framework of the deconvolution model.

3.1. Kernel-Type Estimators

Let K: R — R be a fixed symmetric kernel (| K = 1) belonging to the well-known Schwartz class
S(R). For instance, K may be a Gaussian kernel. For all I € Zy, h € (0,1]% and = € R? put

HKSL‘] KhI l‘[) —V 1l_IK:L‘J/h VhI- Hh
Jjel jeI jel

Therefore, in view of the definition of the kernel K and Assumption (N2) on the errors, one can define the
kernel-type estimator

_ B n 1 . (t_[)
—n ! L -Y L = itren) 0 dtr. 9
Jui(xr) :==n kZZI () (@1 = Yer)s Ly (1) @mll Jein € Gt )

The ideas that led to the introduction of the estimators ﬁ” are explained in Fan [13] in the one-
dimensional setting and in Comte and Lacour [9] in the multivariate context.

Family of estimators. Below we propose a data-driven selection from the family of estimators

3] = {f(hp — 1 Fo (), w e B, <h,7>>er[m]}, (10)

IeP
where the set H,[ P | of parameters (h, P) is constructed as follows.
For I € 7,4, consider first the set of multibandwidths

Fps = {h; e WP h@) Il =27k ke N', G e 1},

min’

(1\/\1\) E (1,+OO), [10g(n)]_‘?‘, b S (17 +OO)7

n1, p=+00, 1, p = +o0.
Then define
1 1 )
Hyr = {hr € By (Vi) 2 O 2 6l ppese + VIR oy b (1)
jel
p P = pla A= )+ Amax]
cpi=1A { [1 + Amax <2 V ﬂ } , Amax = max Aj.
e p—1 j=1,...d

The constant ¢, is chosen in order to have H,, 1 # 0, Vn > 3.
Put finally

Hp[ B :={(h,P) € (0,1] x PB: hy € Hpy, VIEP P, P e P}

The introduction of the estimator }‘V(h’p) is based on the following simple observation. If there exists

P € P(f), the idea is to estimate separately each marginal density corresponding to I € P. Since the
estimated density possesses the product structure, we seek its estimator in the same form.

MATHEMATICAL METHODS OF STATISTICS Vol.25 No.1 2016



STRUCTURAL ADAPTIVE DECONVOLUTION UNDER L,-LOSSES 33

Auxiliary estimators. We mimic the procedure of Lepski [25] by introducing the following auxiliary
estimators. Consider first the classical kernel auxiliary estimators

fh[ﬂ?l(m.’) = Km * fh[(xf)7 h,n € (07 1]d7 I €1y,

“ ”

where, here and in the sequel, stands for the standard convolution product on R?, s € N*.

Then put, for h,n € (0,1]¢ and P, P’ € B,
f( h,P), 7773’ H fh[ﬂ?l 1),

IePoP!

where the operation “¢” is defined by (7).

u ”

The ideas that led to the introduction of the estimators f h,P),(n,P)» based on both the operations “x

and “o”, are explained in Lepski[25], Section 2.1, paragraph ' Est1maz‘10n construction”. Note that the
arguments given in that paper do not depend on the norm used in the definition of the risk and remain
valid for estimation under IL,,-loss.

3.2. Selection Rule
For I € Zyand h € (0, 1]¢, define

.|
ne HL(hI)Hpa pe (172)7

1
1 —Aji—5

’I’L_QH]eIh] 9 p:27

bV

_1 - -1
w1775 Viogl L 2 | € 2400)

—A—1
n 2\/10g ]EI ] ’ % p = +o00.

Put also A, := 07, Gp]a(a_l), where 0 := suppeg [P,

Gp,:=1V { HKH? sup sup  sup Hfthp]
(h,P)e Hp[ PB] P'e B IcPP’

and -y, > 0 is a numerical constant whose expression is given in Section 5.1 below.

For h € (0,1]¢ and P € B introduce Uy (h, P) := sup;ep Uy (hy) and

Ay(h,P):=  sup [ 1y ey — Foney o — Aplho (1, 7”)] : (12)
(n,P))EH[ P +

Define finally (h, P) satisfying

Ay(h,P) + AUy(h,P) =  inf Ap(h,P) + MUy (h, P)]. 13
p(h, P) + Aplhy (R, P) (h’P)EHM][ p(hs P) + Aplhy (h, P)] (13)

Our selected estimator is f:: f(ﬁ Py

Note first that the existence of the quantities involved in the selection procedure is ensured by both
the finiteness of the set H,[ P | and the following result. The first statement given in Proposition 1 is

a simple consequence of Marcinkiewicz Multiplier Theorem; see Theorem 5.2.4 and Corollary 5.2.5 in
Grafakos [19].
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Proposition 1. Assume that Assumption (N2)is satisfied.
(i) If p € (1,00) \ {2}, for any r € (1,2) and any I € PoP', (P,P') € P x B, there exists a
constant Cy 1 := Cy 1(|I|,K, q) > 0such that

Ly lle < Cr (Vi) " OO T 0™, e (0,1)%
jel

(ii) Forany I € Po P, (P,P") € B x P, there exists a constant Cy := Cy(|I],K,q) > 0such that

_)\._1 _)\._1
”L(hz)HQ < CIth T HL(hI)HOO < CIth 7, Vhe (O 1]d’
Jjel Jjel

The proof of this proposition is postponed to Appendix. It is important to emphasize that the first
bound was not used for the definition of ¢,(hs) since a dimensional constant is not explicitly done in
Theorem 5.2.4 of Grafakos [19].

Next, we also emphasize that the quantity ¢, (hr) can be viewed, up to a numerical constant, as a
uniform bound on the LL,-norm of the stochastic error provided by the kernel-type estimator f3,. This is
explained by the following result. For I € Zy, h € (0,1]¢ and z € RY, define

& (1) = fu, (@1) — E{ fa, (21)}.

Proposition 2. Assume that Assumptions (N1)—(N2) hold. Let I € PoP’, (P,P') € B x B, be
arbitrary fixed. If p € (1,4oc], r > 1 andn > 3 then

1

{E sup [l llp = @p(h) |} < epein=2, cpfr) > 0. (14)
hr€Hyp, 1

The constants v, r(r) and ¢, (r) do not depend on the sample size n. Their explicit expressions can be
found in the proof of this proposition, which is also postponed to Appendix.

Finally, in view of the assumptions on the kernel K, since H,[ B ] is a finite set, (h,P) exists, is in
H,[ P ] and is Y -measurable. It follows that f: (R%)" — L,(R%) is an Y (") -measurable mapping.

4. MAIN RESULTS

In this section, we first provide oracle inequalities for our estimator f. Then, we discuss adaptive
minimax estimation over scales of anisotropic Nikolskii classes.

4.1. Oracle Inequalities

Note that the construction of the proposed procedure does not require any condition concerning the
density f. However, the following mild assumption will be used for computing its risk:

feRPBi={geF: swp sw |gl, <o}, (15)
PP eP IePP’

where F denotes the set of all probability densities g: R? — R,.. The considered class of densities is
determined by the choice of 3 and in particular

Fpl{0}]={g9€F:|gl, <o}, F[{P}]={g9€cF: ?ggllgzllp <o}

Define, for (h, P) € H,[ P | such that P € B(f),

1
Ryl(h,P). f)i= (By sup sup [1fus = fil})"s € (L+oc),

Roo[(h,P), f1 :=Ef sup  sup || fn; — f1lloo-
PlepBIePoP!
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If the possible independence structure P of the target density is known, R, and R, can be viewed as
the “IL,,-risk” of the estimator fp) defined with the loss

l(f(h,P),f) = sup sup | fn, — fillp-
PIEP IePoP!

In this case, we see that the effective dimension of estimation is not d, but d(P) := sup;p |I|. Therefore
the best estimator from the family [ B | (the oracle) should be f n+,p+) such that

R, [(h*, P* inf R,[(h, P), f].
AP =t Ryl P). ]

Let us provide the following oracle inequalities for our selected estimator f

Theorem 3. Suppose that Assumptions (N1)—(N2) are satisfied.
Ifn>3andp e (1,+00] then:Vf € F,, [B],

~ 1
R,[F, f] < Cp(£ inf R,[(h, P), U, (h, P)} + Cpa(f,)n"2, (16
plf /) ”’1(”)<h,7>>enp[$mnfpeqs<f>{ #l(0P): 1+ 2ty (h, P)} + Cpalfp)n™2, - (16)

where fp =1V [Supp7p/€msuplefpofp/ ||f[||p]

The explicit expression of C, 1 (f,) = C,1(d, B, K, ¢,f,) and Cp,2(f,) = C,2(d, B, K, ¢, £,) is given
in the proof of the theorem. It is worth to note that the maps f, — C, 1(f,) and f, — C,s(f,) are
bounded on any bounded interval of R...

I = {(b}, we obtain automatically some oracle inequalities for estimation on R? under Lj,-loss
without considering any independence structure. In this case, the result above can be improved. Indeed,
by scrutinizing its proof, one can easily see that the following theorem is true.

Theorem 4. Suppose that P = {(D} and that Assumptions (N1)—(N2) are satisfied.

Ifn>3andp e (1,+00] then:Vf € F,

Rolf.f1 <, inf {(1+ 20KIDRy Fn f] 4+ 2y ()} +2C,m 2. (17)
p,0

The explicit expression of the absolute constant C, = C,(d,B, K, ¢) > 0 is given in the proof of the
theorem.

Note first that the statement of Theorem 4 holds for all probability densities f € F, which is not true
for Theorem 3. Next, the constant 1 + 2||K||¢ is more suitable than C,,1(£,). Indeed, the prime interest
in the oracle approach is to obtain a constant that does not depend on the target density and close to
one. However, Theorem 3 allows us to consider both the smoothness properties and the independence
structure of the target density and then to reduce the influence of the dimension on the accuracy of
estimation. Indeed, if f has an independence structure P # () and the smoothness parameter h is fixed
and properly chosen, then our procedure should select the true partition P and the estimator f(, p
should provide a better accuracy of estimation than the classical kernel-type estimator EL This was

illustrated by a short simulation study in Rebelles [36] for the density model (with direct observations),
under the Ly-loss.
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4.2. 1L, -Adaptive Minimax Estimation

In what follows, we illustrate the application of Theorems 3 and 4 to adaptive estimation over
anisotropic Nikolskii classes of densities N, 4(3, L, P) and N, 4(3, L), respectively. To compute the LL,-
risk of a kernel-type estimator, we first compute its bias. Thus we need to enforce the assumptions
imposed on the kernel K. One of the possibilities is the following, proposed in Kerkyacharian, Lepski and
Picard [23].

For a given integer [ > 2 and a given symmetric function u: R — R belonging to the Schwartz
class S(R) and satisfying [ u(z) dz = 1 set

w(z) ::zl:<l.>(—1)j+11.u<?>, 2 eR. (18)

=\ j\J

Furthermore we use K = w; in the definition of the collection of estimators F[J3].

The relation of kernel u; to anisotropic Nikolskii classes is discussed in Kerkyacharian, Lepski and
Picard [23]. In particular, it has been shown that

/K /sz(z)dz:O, Vk=1,...,1—1. (19)
R

4.2.1. Minimax adaptive estimation under an LLy-loss

[2A<1—1>]
For (8, P) € (0, +00)? x B define bnp(B,P) :=n BESCTCEEY) , where
1 _1)\.+1 —1
=7(8,P) = inf 77, = [ A : (20)
Iep el ﬁj

Assume that () € P and consider the estimator f defined by the selection rule (12)—(13) with
€ (1, +00).

Theorem 5. Let p € (1,+00) be arbitrary fixed. Suppose that Assumptions (N1)—(N2) are satis-
fied. Then for any (3, L, P) € (0,1]¢ x (0,00)% x P one has

limsup {¢;, (8, P)Ry[f, Np.a(3, L, P)]} < cc.

n—-+o00

To get the statement of this theorem we apply Theorem 3. If 8 = {0} (no independence structure),
we obtain the following theorem by applying Theorem 4.

Theorem 6. Let p € (1,+00) be arbitrary fixed. Suppose that B = {0} and that Assumptions
(N1)—=(N2) are satisfied. Then for any (B, L) € (0,1]* x (0,00)? one has

hrEJsrup {qb;;)(ﬁ, @)Rp[fa p.d(3, L } < o0.

To the best of our knowledge, these results are new. Below, we briefly discuss several consequences
of Theorems 5 and 6.

In view of the assertion of Theorem 1, if p € [2,4+00) and Assumptions (N1)—(N3) on the errors

are satisfied, we deduce from Theorem 6 that ¢, ,(5,0) is the minimax rate of convergence on the
anisotropic Nikolskii class N, 4(3, L) and that a minimax estimator can be selected from the collection of

kernel-type estimators introduced in Section 3.1. Moreover, if p = {0} (no independence structure), the
quality of estimation of our estimator f is optimal, up to a numerical constant, on each class N, 4(3, L),
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whatever the nuisance parameter (3, L). Thus, in the aforementioned case, f is an optimal adaptive
estimator over the scale { N, 4(3, L)} (3,1)-

If p € (1,2), our estimator does not achieve the minimax lower bound on N, 4 (3, L) obtained in
Lepski and Willer [27] under the L,-loss. We conclude that either our estimator is not minimax on
Np.a (B, L) or the lower bound in Lepski and Willer [27] is not the minimax rate of convergence on the
latter functional class.

Further, our results show that IL,,-estimation of an anisotropic density in the deconvolution model
does not necessarily require that the target function is uniformly bounded, as is assumed in all the works
concerning the density model (with direct observations); see, e.g., Goldenshluger and Lepski [17]. See
also the discussion in Lepski and Willer [27] concerning the deconvolution model, Section 3, paragraph
“Deconvolution density model. Bounded case.”.

[t is also important to emphasize that both Theorems 5 and 6 allow us to analyze the influence of
the independence structure on the accuracy of estimation under an IL,,-loss in the deconvolution model.
Indeed, we see that

Pnp(B,0) > bnp(B,P), P #0,
whatever the independence structure of the common density of the errors. Thus, our estimation
procedure allows us to improve significantly the accuracy of estimation if the target density has an

independence structure P # (). For instance, if p € [2,00), 8= (8,...,8) and P = {{1},...,{d}},
then
s

’I’L_ 26+2(Z?:1 Mt = ¢n,p(ﬁ> @) > ¢n,p(ﬁ>'P) =n 2B+2fma"+1a Amax = -Hlaxd >\ja (21)

=1l,...

and ¢, (5, P) is the minimax rate of convergence in the one-dimensional setting.

Having said that, the question is: Is ¢, ,(,P) the minimax rate of convergence on the functional
class Ny, 4(8, L, P)? For the density model (that corresponds to A; =0, j = 1,...,d), it is asserted in
Rebelles [36] that the answer is positive and that the proof of the corresponding minimax lower bound
coincides with the one of Theorem 3 in Goldenshluger and Lepski [18], up to minor modifications to
take into account the independence structure. Specifically, in the proof of the lower bound for any given
partition P one can perturb only the density of the group of variables corresponding to the index set

I € P with minimal value of 3; = [>_.; 1/B;]71. For the deconvolution model, we conjecture that the

answer is also positive if p € [2, +00) and that a minimax lower bound on N,, 4(3, L, P) can be obtained,
up to straightforward modifications, as in Lepski and Willer [27].

4.2.2. Minimax adaptive estimation under sup-norm [0Ss

For (8,7,P) € (0, +00)% x [1, +00] x % define 6y 00(8,7, P) := (n/log(n))” 27+, where
T:= T(ﬁ,T,P) = 1127f>TI7 TI = (Tl_l + [wﬂ%[]_l)_l’

22 +177" 20 +1]7" L= jer o,
7= [ it } Cwr= [ it } k= Il irs (22)
Bj Bir; 2 jer 5,

Assume that () € P and consider the estimator f defined by the selection rule (12)—(13) with
p = +00. As before, we obtain the following two theorems:

jel Jjel

Theorem 7. Suppose that Assumptions (N1)—(N2) are satisfied. Then for any (B,L,r,P) €

(0,1]% x (0,00)% x [1,4+00]? x P satisfying 1 — Z;l:l 53,1” > 0 one has

lim sup {(;5;71)0(5, 7, P)Roo [J?, N,.a(8,L,P)]} < oo.

n—-4oo
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Theorem 8. Suppose that B = {0} and that Assumptions (N1)—(N2) are satisfied. Then for any
(B, L,7) € (0,1]% x (0,00)? x [1,400]¢ satisfying 1 — ZJ . ﬁlr > 0 one has

11msup{(;5noo B,r,0)R [f Nya(B, L } < 0.

n—-4oo

To the best of our knowledge, these results are also new. As before, we briefly discuss several
consequences of Theorems 7 and 8.

[P ={0}and1— Z] 1 ﬁl > 0, it follows from Theorems 2 and 8 that, in the presence of the noise

satisfying Assumptions (N1)—(N3), ¢n, o0 (3,7, 0) is the minimax rate of convergence on the anisotropic
class N, 4(3, L). In this case, our estimator is an optimal adaptive one over the scale

{Nea(B,1), (8.L,1) € (0,1) x (0,00)" x [1,+0]* Zﬁr 0}. (23)
AN

Thus our results generalize considerably those of Lounici and Nickl [28] when the target density has
Holder-type regularity and the noise is ordinary-smooth.

[t is worth to note that our method of estimation can be used for pointwise estimation. Moreover, it
follows from Theorem 8 that our estimator achieves the adaptive rates of convergence found in Comte
and Lacour[9] with a pointwise criterion over the scale of anisotropic Hélder classes { Noo a(8, L) } (3,1)-
Thus, in the case of ordinary smooth density and ordinary smooth noise, we extend their results to
the scale of anisotropic Nikolskii classes given in (23). Note that the logarithmic term in the rates
®n,00(B,7,P) is known to be an “optimal payment” for adaptation to the regularity of the target density
in the pointwise setting; see, e.g., Butucea and Comte [5].

As before (under IL,,-loss), Theorems 7 and 8 allow us to conclude that our procedure leads to a better
accuracy of estimation under sup-norm loss whenever the target density has an independence structure

P # (. In particular, our method of estimation outperforms that of Comte and Lacour[9]in the pointwise
setting when both the estimated density and the noise are ordinary smooth. Another interesting fact
related to the consideration of the eventual independence structure of the target density f is the
following. Suppose that f belongs to the functional class N, 4(3, L, P) satisfying 1 — Z‘j 1 ﬁlrj <0
and 1 — 2]61 ﬁlT > 0, VI € P, and that f = {P}. Scrutinizing the proof of Theorem 7, one can see

that it is possible to construct a kernel estimator that achieves the rate ¢,, o (5,7, P), whereas there is
no uniformly consistent estimator on NV, 4(53, L).

Finally, we conjecture that ¢, (3,7, P) is the minimax rate of convergence on N, 4(53, L, P) when

1— Z? 1 ﬁl > 0 and that a proof of the corresponding lower bound can be obtained by a minor

modification of that in Lepski and Willer [27] to take into account the possible independence structure
of the underlying density.

5. PROOFS OF THE MAIN RESULTS
5.1. Quantities and Technical Lemma
For brevity, introduce first

I3 ={Ie€PoP, (P,P)ePxP} Uy, := sup sup sup Uy(hr) < oo
neN* I€ZS hr€Hy 1

Note that the finiteness of i), is due both to the definition of the sets of multibandwidths H,, ; and to the
bounds given in Proposition 1.
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Next, define the constant ~, involved in the selection rule. For I € Z§ and r > 1, put

a4,/ pe(1,2),
M = ~

(7Cr +3A(2m)” 2 ||K191||oo||q1||%)r, p=2

'Yp,l(r) = -

- 3

(6Bl er 2 (1 v O)(1V lgr]loo) o, p € (2,+00),

1
6C7 (K, q)(1 V [|qz]loo) 2 [93|1| log(|I]) + 69r], p = +oo,

A — —
where gr(t7) = [1e;(1+12) 2, Cr == A{(27)" 2 (|K7grll2 V [IK1911h)}, ¢p is given in the definition
of H, 1, ¢(p) := 15p/log(p) and

A - - _ - -
Cr(K,q) := o {||K191||2 VI Krgr v (1}@3}( 1D} K1g1l1) V [ K1erll2 v HKISOIHl}a
) 2

with oy (tr) := sup;e; [t;lg1(tr). Then, put vy := kply,cooy + kl—tooy, B > 1, and

SUPp prep SUPrepop 1Tp,1(Ta)}, P # {0},
Tp =
Vp0(T1); B = {0}.

Finally, we need the following technical lemma in order to compute our risk bounds. Define

&p = sup sup [ [|&n, [lp = vplhp (A1)l

S thEHpJ
£ = 22K G (max{Gy K1) 8= 1V [ sup 11l ]
d
Lemma 1. Assume that B # {0}. Set r € {r1,ro,r4}. Under Assumptions (N1)—(N2), if p €
(1,400] then, for all integer n > 3,
1 1 r 1
(Erl&pl)r < cpa(rin™2,  (Eflfpl") " < cpa(r,fy), VfeF,[PI.

The absolute constants ¢, 1(r) > 0 and ¢y 2(r,f,) > 0 can be explicitly expressed and the maps
f, — cpa(r,f,) are bounded on any bounded interval of Ry ; see the proof of Lemma 1, which is
postponed to Appendix.

5.2. Oracle Inequalities: Proof of Theorems 3 and 4
(1) Setp € [1,+00] and f € F,[ P ]. Let (b, P) € Hp[ B |, P € BP(f), be fixed.

In view of the triangle inequality we have
||]7— f||;n < Hf(ﬁ,ﬁ) - !ﬁh7p)7(ﬁ,§)||p + |f(h77>)7(ﬁ,75) - JF(h,P)Hp + ||J?(h,7>) - f”p
< Ap(h,P) + Ay (h, P) + Ay (h, P) + Ayl (0, P) + || fin ) = fllp-
Here we have used the equality f(h PG P) = f(}l P).(hP): By definition of (ﬁ, P), we obtain

1 = £llp < 2085 (R, P) + Ahp(h, P)] + [ fin ) = flp- (24)
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(2) Suppose that P = {I1,...,I,,},m € {1,...,d}. Since P € B(f), for any = € R?

| fnp) (@) = | T fnr@n) = ] f1=n)
IeP IeP
< Sl o) = el T Vol )( TT Ul ).
j=1 k=j+1,...m I=1,....j—1
Here we have used the trivial equality: form € N* and a;,b; € R, j =1,...,m,
Tos - Hb et _bj>( I k)( 11 bl>, (25)
j=1 j=1 k=j+1,...m I=1,...j—1

where the product over empty set is assumed to be equal to one.

In view of P € B, the triangle inequality and the Fubini—Tonelli theorem (used in the case p < o0)
we establish

N

e =7l < Y1, — sl TT 1) ( TD 15ul)
j=1

k=j+1,...m 1=1,....j—1

IN

m(max{Gy,£,})"" sup || fu, — fily,
IeP
since |[K|[ly > [ K= 1. Recall thatd = suppcq [P| and G, > 1. It follows

| finpy — Fllp < o(max{Gp, £,})"" sup | frr — Fillp- (26)

(3) Forany (n,P’) € H,[ P ] and any z € R?

I I = ey @nr) = I1 Jontar)

I'eP! IeP: INT'#£0 1'ep’

|2y ey (@) = o ()] =

Therefore, by the same method as the one used in step 2, we establish

H fhmlhnmﬂ B fm’
p

IeP: INI'#0

”J?(hﬂ?)(nﬂ?’) - J?(n,P’)”p <0Gy ]°C=Y sup (27)

I'ep’
Here we have used Young’s inequality and the inequalities ||K||; > [K=1and G, > 1.
(4) In view of the Fubini theorem and Young’s inequality, for any I € Z3 and any n € (0,1)%
B Far O lp = 15y % Frllp < 1Kl 1l < KIS (28)

Then, by the same method as the one used in step 2 and (28), for any (n, P") € H,[ P | and any
I' € P’ we get

H fhmz’ﬂ?mz’ - H Ef{ﬁ?mﬂ ()}

IeP: INI'#0 IeP: INI'#0 p
< o(max{Gy, [IKI{6})°  sup ||Ky, % oy = Fior)],
IeP: INI'#)
—1 rs
< 0||K||{ (max{G,, [K|[{£,}) sup |\ fn,np = fror llp- (29)
IcP: INI'#0
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(5) Forn € (0,1]% and I’ € Ty, since P € B(f), we have for any = € R?

Ef{fm/(xf’)} = /Knll(yl’ _‘TI’) H flﬂl’(ylﬂl’)dyf’ = H Ef{ﬁ?mﬂ(mlﬂf’)}'

IeP: INI'#) IeP: INI'#)

Here we have used the product structure of the kernel K and the Fubini theorem.
Thus, in view of the triangle inequality, (27), (29) and the trivial inequality [sup; z; — sup, yi]+ <
sup;[@; — yi]+, forany (n,P") € H,[ P |, we get

Ly, = Fonpr llp = Aoty P

| QI | A

IeP: INI'#0D IeP: INI'#0

< o[G0 sup

+ Hgm/ ||p - ’V;z)up(nl’)] ;

J’_
L fnpymrn = Faenllp = Mlhp(n, P)] | < £ sup sup [|fn, — fillp + £,
PIeP PP
since f, > 9[G,]?®~ > 1. We deduce
Ap(h,P) <ty sup sup | fa; = filly + - (30)
PP IEPOP!
Finally, it follows from (24), (26) and (30)
If = £llp < 36p{ supsup |[fa, = fillp + 5lp (1, P) + &} (31)
PIEPICPOP!

(6) Consider the random event B, := {G, > Cp(f,)}, Cp(f,) = (1 + wlhy + | K|9£,) | K]||{ + 1. Put
also

~ 1
RE((h,P), f] == (Ef sup sup || fn, — frl5)=, r>1.
PreBIePoP!

In view of (28), Lemma 1, Markov’s inequality, (31), and the Cauchy—Schwarz inequality we get
1
By € {& > 1}, [Py(By)] ™+ < cpa(ra)n="/ and

EANF = flae)n < 30 [KIFC, (&) <R§>“)[(h,7’),f] + lhy(h, P) + \/(n)>

~ 1
Efllf = fl5 1) < 3epa(ra)epa(ra, £) (RE (R, P), ]+ vlhy + cpa(r2))n /2,
RED[(hP). ] < epa(ra) + vy + (KL, + £
Thus we come to the assertion of Theorem 3 with Cy, 1(£,) := 302||K||§l[Cp(f;,,)]°2_1 and
Cpa(fp) = 3cpa(ra)cp(rs,fp) (2’Ypup +(1+ ”K”?)fp + 2cp,1(r2))

A

+3¢,1(r1)02 | K[| F[C, (£,)]7 1,

since Rl(,rl)[(h,P), f1=Rp[(h,P), f]. The constants ¢, 1(rx) and ¢, 2(rg, £p), k = 1,2, 4, are given in
the proof of Lemma 1.

(7) Particular case: = {0} (no independence structure).
Set feFandleth € Hp p be arbitrary fixed. By scrutinizing steps (1)—(5) we easily see that

1f = fllp < U+ 20KIDI i = Fllp + 29,5 00Up () + 2] lénlly — 7, o (1)U (R)] .-
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Thus we get from Proposition 2

EfIF = FI5) 7 < L+ 2AKIDETn — FIT) " + 25, o (e00Up(h) + 2, (x)n 72,

where the constants p(r1) and ¢,(r1) are given in the proof of Proposition 2.

5.3. Adaptive Minimax Upper Bounds: Proof of Theorems 5—8

(1) Case p € (1,4+00). Let (8,L,P) € (0,17 x (0,00)% x P and f € Npa(B,L,P) CF,[B] be
arbitrary fixed.

In view of the triangle inequality, VA € (0, 1]¢,

sup  sup ||fn, — fsll, < sup sup ||Ef{ch()}_fJ||p+ sup - sup (&, llp,  (32)
PIEP JEPSP! PIEP JEPOP PIEP JEPSP!

where E¢{ fn, (27)} = Kn, * f(x) and, recall, &, (x5) := fu,(z7) — Ef{fn, (xs)}.

Note first that, by applying Proposition 3 in Kerkyacharian, Lepski and Picard [23], it is easily
established that, for any h € (0,1]¢, any P’ € Pand any J € P o P/,

HKhJ*fJ—fJHngcJKmp,z,LJ)hﬁchhﬁwc?ugZh c>0. (33

jeJ jeJ jerI
Next, if (h,P) € Hp[ B |, we easily get from Propositions 1-2
1 1
A= 1)]=1A 41 _[2/\(1_1,)]
(Es sup sup ||£hJ||p)P = (9<Sup [thﬁ P ! ] . (34)
PP JEPoP! reP L 5
Consider now, for all I € P, the system
. Ia(1=1)-1x.41 _[%/\(1_11;)]
hfﬂ =k = [thg?A( Pl AT } . j kel
jEI
The solution is given by
A=l
hj=n RO e TeP, (35)

where 77 is given in (20).

C1yj—1y.
B and n Lo h2 " S Lhorall Te PoP, P e, and n

large enough. Denote by h; the projection of hy on the dyadic grid H, ;. It is easily checked that
(h,P) € Hp[ B | for n large enough. Thus it follows from Theorem 3, (32), (33) and (34) that

[BAG= D y1] TA) /2
Ryl f, f]<C[suth + sup [thQ ] :|+C/n_/, (36)

IeP 5] 1eP L g

Note that h; € [1%?)

min’

for n large enough. Finally, it is easily seen that we get the statement of Theorem 5 from (35) and (36).
Similarly, the statement of Theorem 6 is obtained by applying Theorem 4.

(2) Case p = +oo. Let (B,L,7,P) € (0,1]% x (0,00)% x [1, +00]? x P such that 1 — Z] 1 ﬁlT >0
and f € N, 4(8,L,P) be arbitrary fixed. It follows from the definition of the latter functional class and
the embedding theorem for anisotropic Nikolskii classes, see, e.g., Theorem 6.9 in Nikolskii [33], that

Nya(B,L,P) C Foo[ B ], since 1 — 3., ﬁjlrj >0,VI € 1.
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Note first that, in view of the arguments given in the proof of Theorem 3 in Lepski [25], it follows from
Lemma 4 in[25] that, forany h € (0,1]¢, any P’ € P and any J € P o P’,

1Eny % £1— Filloo < esup S 1P ei=e(K,d,1,L) > 0, (37)
T€P jer
Bil) :==o()Bio; (1), o) :=1= (Bpr)™" o;(1):=1=> (p," —p; B "
kel kel
Next, if (h, P) € Hoo B ], we easily get from Proposition 2
log(n
Ef sup sup ||, lloo = O(sup & 2)>\-+1 > (38)
P'eP JePoP! nHjeI h;™

Consider now, for all I € P, the system

Gi(D) _ o) _ log(n) :
hja — pEt) — J A1 j kel
nll

jer

The solution is given by

_ T 1
n 2Y7+1 B;(I)
= e, I
h] <10g(n)> ’ Jed, €P7 (39)

where Y is given in (22).

Note that n[;c/ R} [ SEARDS log(n) for all I € PoP’, P € B, and n large enough. Thus, as before,

we get the statement of Theorem 7 from Theorem 3, (37), (38) and (39). Similarly, the statement of
Theorem 8 is obtained by applying Theorem 4.

6. APPENDIX
6.1. Proof of Proposition 1

Assume that Assumption (N2) is satisfied. Let h € (0,1]¢ and I € Z be arbitrary fixed. Note that

/ itrer) KI(hItI)QI(hItI) it
2m)Hl Jgin )

L 2 A2J'
g1 (hrtD)i(tr) gt =1Ja+6)7, (40

Jjel

Ly (xr)

where hjt; denotes the coordinate-wise product of the vectors hy and ¢;.
(1) Proof of assertion (i). Suppose that p € (1,00) \ {2}. Let r € (1,2) be arbitrary fixed. Here we
apply the Marcinkiewicz Multiplier Theorem on RI!, given in Grafakos [19], p. 363, with

m(tr) = g; * (hrtr)gr " (tr)-

In view of Assumption (N2) on ¢, m is a bounded function defined away from the coordinates axes on
R/l and is CH! on this region. Moreover,

)\ s
sup |m(tr)] < A sup [H(l—ku?) J H(l—k[u]/h 2]] <AHh (41)
trerlf| ur€RI Liey jer jer
Set ar = (a;)jer € Nl satisfying |ag| := > jer @ < |I|. Inview of Leibniz’s rule, one has
[DMm)(tr) = > < >{Hh%} (DY g Y (hytr)[D G Y (), Wt € RY
Yr<or i Jel

Here, y7 < oy means v < a;,Vj € I, and (:f) =[ljer (;"JJ)
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Let ¢7 be chosen such that ¢; # 0if o; # 0. In this case, for any multi-index v < a7,

{ H h;{j } [DPYIgl_l](hItI)[Daf_’YIé\I—l] (1)

jel
{onr s {15} (15)
gel jer jer
Here we assume that 0° is equal to one.

Since ¢ satisfies Assumption (N2), we obtain similarly to (41)

[enml(en)] < e anad [T (T ) (42)

Jerl J€erl
C(I],qr) = mixl{ > <Oq> sup {H“}j}[m’gfl](w)gf(w) } <oo.  (43)
loer [<H] <o Y1/ wrerl] jer

Put S\I(t_[) = I/(\I(tf)gf(tf), t € R, Since K € S(R), E € S(]R‘”) is the Fourier transform of a
function Sy € S(RIl) ¢ L,(RII). As

1
2m)M1 Jrin

it follows from Corollary 5.2.5 in Grafakos [19], (41) and (42)

Lnyy(wr) == ( e "m0 (ty) Sy (haty) dtr,

1Ly e < 2881 C (|, qr) max(r, (¢ = 1)~y e (Vi) =00 T 0y,
jeI
where C|; < oo is a dimensional constant which is not explicitly done in the aforementioned result. Thus
assertion (i) of Proposition 1 is proved with

Cr,[ = 2A{O\I\O(|I|v QI) max(r, (I' - 1)_1)6|I|||SI||I‘}'

(2) Proof of assertion (ii). Note first that

il _
ILapylle = 2m)~ 2 [|Kn, /G1ll2, Lyl < @) MLyl

In view of Assumption (N2) on the errors,

Bofaly < A% [ 1Ritat)P [J0+ &
jel

IN

2 = 2 2\, -1 —2X;,
A </RI K (un)P T +43) Jdu;)VhI I

Jjel jel

1K, /arlh

IN

A( [, IRt TT v TLos™
R

jEI jel
Thus assertion (ii) of Proposition 1 is proved with

Cr = A{@m) 2 (IKrgrll2 v 1 Krgrlh) ),

where g7 is given in (40).
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6.2. Proof of Proposition 2: Casep < oo
Let I € I3 be arbitrary fixed. We get the statement of Proposition 2 by applying Theorem 1 and
Corollaries 2 and 3 in Goldenshluger and Lepski[16] with s = p, X = T = Rl v = 7 is the Lebesgue
measure on R w(-,-) =n~1Lg,, (- =) and M(w) = |n"1Lg,llp < co. Here, the i.i.d. random
vectors are the Yy, ;’s and their common density is f7 x ¢r. By using the continuity property of L) (-), it
is easily proved that Assumption (A1) in the aforementioned paper is fulfilled.
(1) Casep € (1,2). Letr > 1 and hy € H, 1 be arbitrary fixed.

By application of Corollary 2 in Goldenshluger and Lepski [16], one has

2,2

Pf{||£h1||p > Up(hl) + Z} < GXP{ - AQ(}’L]) }7 Vz>0, Vn>1, (44)
P

1_
where Uy (hr) = 4n» || L pyllp and A2(hr) = 37| Ly |12.
By integration of (44) we easily get, for all integer n > 3,

Ef |: ||£h1||p - Up(h[) — Ap(h[)\/’r log(n)]i < F(I‘ + 1) [Up(hl) + Ap(hl)]re—rlog(n)

< I'(r+ 1)11° sup [n_%HL(hI)Hp]rn_r,
hr€Hp 1

where I'(+) is the well-known Gamma function.
Note that, for all integer n > 3,

37e~lpr | 1_
Up<h1>+Ap<h1>¢rlog<n>§{4+\/ " b Wl = s (1 ),

M
Since card(H,, 1) < [(1 v ﬁ‘) log2(n)] , we obtain, for all integer n > 3,

1

{Er swp [gnlly — R (h)] |7 < eprpn2,

1€H 1

1 1.3 1]
cp(r) = 11[F(r+ 1)] ToSup sup sup {np 2[2logy(n)] * ||L(h1)||p}’
neEN* I€TS h€H,y 1
which is finite in view of Proposition 1 and the definition of the set H,, ;.
(2) Casep = 2. Letr > 1and hy € H,, 1 be arbitrary fixed. Here we apply Theorem 1 in Goldenshluger

and Lepski [16], but we compute differently the upper bound on the “dual” variance o2 by using the
arguments given in the proof of Proposition 7 in Comte and Lacour [9]. Indeed, we obtain

o - P
o? < n2(2m) M| s / Fren @) der < n2@n) Mgl |
qr || 0o JRHI oo

since || i, < £l = 1.

Taking into account the latter inequality, the result of Theorem 1 in Goldenshluger and Lepski [16]
should be: Vz > 0, Vn > 1,

2
Bl > Ui+ 2 <esn{ =y Tp (45)
P

1
Up(hr) =n"2[| Ly ll2,

6 g _3 4 _
A2(hp) = i llarlin YK, /arllZ +24n" 2| Linylls,  Bp(hr) = NG YL lla-

(2m)
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By integration of (45) we get, for any integer n > 3,
| 16 llo — Uplhs) = Ay(r) V/rlog(n) = By(hu)rlog(n)]
< T(r + 1) [Uy(hr) + Ap(hr) + By(hy)] e " los®)

1
<Te+1)@VIGEI)" suwp {I1Kn /d@illoo + 1L, la} n =2

T1€H,1
Note that, in view of Assumption (N2) on the errors,

— -~ — _)\.
1K, /dilloo < AllK g1l [T 757, (46)
jer

where g7 is given in (40). Thus, in view of Proposition 1, (46) and the definition of H,, 7, for any integer
n > 3,

Up(hr) + Ap(hj)\/r log(n) + By(hr)rlog(n)

8r 48r — 6r||grl[x —Xj—3
la(ie o™ )+A||ngz||oo\/ o e I

= %,I(r)up(hl)-

Finally, we obtain for any integer n > 3

IN

1
1

{By s [Nl = s (b))} < ey,

ep(r) := [[(x + 1)]»

1 _ ||
x sup sup sup [V 1l 11K /e + a2} [210mo(m)] * 0]
neN* I€TS hi€Hyp 1

which is finite in view of Proposition 1, (46) and the definition of the set H,, .

(3) Case p > 2. Letr > 1and h; € H), 1 be arbitrary fixed.

By application of Corollary 3 in Goldenshluger and Lepski[16], one has: Vz > 0, Vn > 1,

2

Bolllnly > Ui+ 2h <esn{ =y T (47)
P

5—,17 -1 |
Up(hr) = 3e@)llarlze " {n ™ 1 Lo ll2 + 70~ 1Ll -
3 B 3 1,
A3(hr) = 16cp)ar % {n " 1L P+ 2L ol Ll + 17| Eqa [}

15p
log(p)’

Here we have used the following inequalities, which are consequences of Young’s inequality:

4 _
cn M Lnpllp,  clp) =

Bp(hl) = 3

11 * qrlloo < Il frll1llarlloo < llgrloos

1_1

1_1 _
H\/fI*QIHp < |fr*arlld "Ifr*arlly < llarlla 7
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By integration of (47) we get, for any integer n > 3,

£ [ 160, s — Up(ha) = Ay(h1)/rlog(n) = By(hr)rlog(n)]

< T(r + 1) [Up(hr) + Ap(hr) + By(hr)] e o5
3
4

<T(r+ 1){7c(p)(1 V [lgrllso) * }

X WD {HL(h,)\b 1Ll 20, + \/”L(hI)H2HL(hI)”p + ”L(hI)HP} n-2r

In view of Proposition 1, we get

1_2 2 1_1 _)\'_1
1L llp < W llso " ILuplls < Crvie > TT ;™2 (48)
Jel

Thus, in view of Proposition 1, (48) and the definition of H,, 7, for all integer n > 3,
Up(hr) + Ap(h1)y/rlog(n) + By(hr)r log(n)

, \/rC(p)[p Vel ”

11 1_ 3
< 1V cz>{6c<p>uqf|r§o P ys ald +

4re(p)[p V €]
3e }

_1 B W
Xn 2 |:1_Ilh] J T 2 + \/IOg(n)”L(hI)”ﬁJ = "pr(I‘)Up(h]).
J€

Finally, we obtain for any integer n > 3
1
r)” _1
{Er sup [lgn, lp = 3pr @Up(h)] | < o)™,

T1€EH, 1

1 3
¢p(r) = Te(p)[C(r + 1)]» sup sup sup [ (1V llgrlo) * {IIL(mIIz + Ll 2
neN* I€ZS hy€Hyp p+2

+\/”L(h’)”2HL(h1)”P - ”L(hI)HP}"_l Kl v 6\) logz(”)] : }

which is finite in view of Proposition 1, (48) and the definition of the set H, .

6.3. Proof of Proposition 2: Casep = 400

2)\j+1

Let n >3, I € IS and hy € [1/n,1]!] be arbitrary fixed. Assume that nllier; > log(n). We

divide this proof into several steps.

(1) Preliminaries. First, since ¢ satisfies Assumption (N2) and the Y}, ;s are i.i.d. random vectors
with density fr x qr, we get from Proposition 1

a1
sup  sup |Lin) (21 — yr)| < 1Lyl < Cr(K,q) [[ 2,7 < o0, (49)
xr€RII yreRHI jeI

A (o~ _ _ _ _
Ci(K,q) = o {HKIQIHQ V[[Krgrl v (I;.le‘deD}ngflh) V[ Kreprll2 v HKIWHl},

27) 2
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where ¢y (tr) = sup;¢; [tj]g:(tr) and gy is given in (40);

1
sup (Eg|Linpy (@1 = Yi0)P)? < V1 * arllool L 2 < VVllarCr(K. q) JTn 02

R jeI
Next, set z; and x; be arbitrary fixed in RHUI. For anyty € RH

He—itjwj _ He—itjwj

‘e—i<t1,$[> — e_i<t17r1> ‘ —

jeI jeI
< |I|sup|e % — ¢~ "i%i| < \I\sup It \sup\m] — xjl.
jel jeI jel
Therefore, for any y; € RHI
1 I/(;(tl) —i(t —i(t
Loy(@r —yr) = Ly (@r —yr)| < - {inen) — e=iltnmn| gt

IA

-1
101 (K, q) [T by ™ Suplﬂcg ajl;
jel

1

(Ef|Lingy (@1 = Yi1) = Ly (1 = Y1,1) ) 2
(Mt g

L @eoll Jrin

< nlIV1V larlloeCr(K.q) [ 1y 2Sllpla:] x;l;
Jjel Jje

K, (t)|?

1

—’i(t[,x‘]> _ —i<t1,x1> 2 d > 2
~ e e t
gt || | dt:

Consider now the normalized empirical process
201V flarllee) \ 7
En,(2r) = <C’1(K7Q) avi gu\ﬁ_)l > En, (z1).
n1ljer

In view of Bernstein’s inequality, (49), (50), (51) and (52), Vz > 0,

2'2
ol (e > 2} < 20 = o o,
252
Pf{|£h1($1) — &, ()| > Z} < 2eXp{ B a(xy,xy) + zb(xg 351)}’

where A(z;) := 1, B(zg) == (n [Lier h?‘ +1) < land

a(zr,xr) = b(zr, 1) := 2 A {n|l| sup |z — @51}
J€

It is easily seen that a(-, -) is a semi-metric on R,

(50)

(51)

(52)

(53)

(54)

(59)

(2) Supremum-norm over totally bounded sets. In this step we obtain bounds of the supremum-
norm of the normalized empirical process &, (-) over totally bounded sets by applying Proposition 1 in
Lepski [24] with T =Rl 6 =R, y = §p, and W(-) = | - |. Then we have to check Assumptions 1, 2
and 3 required in the latter Proposition and to match the notation used in the present paper and in

Lepski[24].
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Note first that, in view of (53), (54) and (55), Assumption 1 is fulfilled with ¢ = 2. Next, consider the
family of closed balls

Br(tr) == {ZL‘[ e R sup |z; —t;| < R/2 }, R>1, t;eRVL
2 jel

In view of the continuity property of the Fourier transforms and the definition of the semi-metrics
a and b, it is obvious that Assumption 2 is also satisfied with © :IB%gc(t[), Ag =1 and Bg =

(” HjeI h?jJrl)_%'

Let s: R — R, \ {0} be defined by s(z) := (0.01 + 28)~1. Obviously 3", s(2%/2) < 1 and, for any
z >0, a

Coa(=(486)5(5)) < |1 [log <2(4£?_|{|8(5)>} R (56)

where €g ,(d), § > 0, denotes the entropy of © measured in a. Then, for any z > 0, there exists §, > 0

small enough such that

e™(z,0) := sup 67%€0,a(2(485)1s(8)) = sup 0 ?€p 4 (2(485)s(0)) < o0,
>0 0>04

e (2,0) = supd~ ' €o 1, (2(485) " s(0)) = sup ' €g 1 (2(485) " s(0)) < <.
>0 0>04

Thus Assumption 3 in Lepski [24] is fulfilled and Proposition 1 in that paper can be applied. Let us
compute the quantities which appear in this result.

Choose 5= (s,s), »=(240,2Be) and ¢=+2—1. Since AgV Bg <1 and a(zj,zr) =
b(zr,zr) <2, Vor, x5 € RHI we straightforwardly get

es(,0) == e™(240,0) + e’ (2Bg, 0)

< sup 5_203@,3(2(486)_18(5)) + sup 5_1939713(2(485)_18(5))
5>0.61 5>0.61

< 4.5|1|[log(Rn|I|)] , +8.5;

U (y,36,0) = sa/2[1 + e 12es(32,0) + y + 02 (2[1 + & es(4,0) + 1)
2(31|I|log(Rn|I|) + 59 + v)
2041 )
\/n Hjel hj "

Thus it follows from Proposition 1 in Lepski [24] that, foranyy > 1 and anyr > 1,

< 2¢/31|I|log(Rn|I|) + 59 +y +

E{ sup |6, (@) - U (4.2,0)} <+ 1)[2y7 U@, 0)]eE (5T)

S
IIEBg{(tI)

(3) Supremum-norm over the whole space. Let z; € Rl be arbitrary fixed and 3; € R be such
that sup;¢; |5 — y;| > n. By integration by parts, we easily get
maxjer || Dj(Kn, /1)l . X _ C(Kqg)

I , gl = AL = 2Xj+1°
(2m) T supjer |z — yjl n]ler by’ n]ler b

\Linpy(xr —yr)| < (58)

in view of Assumption (N2) on the errors.
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Consider the collection of closed balls {Bg(nj), je€ Zm}. Obviously this collection is a countable
cover of RUI. Put, for anyj € z\,

fj;:/_ frrqr(zr)dzr,  B() = U B (k).
B() KEZI|: By (n])rB 3 (k)40
[t is easily checked that
3 6=  frearten) [ 3 gy mf)} dzy < 41, (59)

jezll jezll

Set j € Z such that f; > n=, where v > 1 is specified later. If y = 2log(1/f;) + (r + 1) log(n), we
get from (57)

v log(n r . v r. _rfl
Ef{ sup  [&n, (1) —7;))1( ) (2)Aj+1 } <2 F(r 41 )[7;)1( ) fn~ 2,
z1€Bp (nj) nHjeI h; +

where

7 (r) o= 4CHK, 9)v/2(1 V [larl|o) (93|T] log(T]) + 60 + 20 + 1),

20 +1

sincen [];c; h; > log(n).

Thus, in view of (59), we obtain

lOg ' r v r _rtl
{ sup Jo ()] =200 B R L) K
z7€01 nH]eI j +
where ©1 := Ujczin), g>p 0B (1))
Setj e zZMl such thatfj <n™"andz; € Br (nj). Inview of (49) and (58) we get, forany k = 1,...,n,
Bl Ly (@1 = Ye)| = Ep{|Loy) (@1 — i)l 1s) (Vi) }
FE {|Lnyy (@1 — Ve, D)l Tgirngy (Vo) }

C1(K,q) N C1(K,q)

2)\ +1 2X;+1
nglh ”Hjez h;

IN

Pp{Yk,r € B(j)}

2C1(K, q)
= 2,\ +1° (61)
nHJGI J
since fj ;= Pp{Yi; € B(j)} <n~" v >1landsup,cs|r; — Yi ;| > nwhenYy; € R B(j).
Introduce random events
Dj = {Z ]B(j)(Yk,I) > 2}, i€ Zm, D = U Dj.
k=1 jezll: fi<n=v
Let D be the complementary to D. If D holds then, in view of (49) and (58),
i 2C
I Ly (@ — Yer)| < 1(K QA)H, Vazr € ©5 := RN\ 0. (62)

k=1 "nglh
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Sincen [[;c; h; RN > log(n), we get from (61) and (62)

sup &, (z1)|1p V(EZ)I( )\{n Hlog( 2)/\ +1

IIEQQ ]EIh

and, taking into account that sup,., ce, |&n, (z1)| < 2C1(K, q)n,

. log(n)  \" -
Ef{;g&mh,(:cm — e >J nnj‘fl %Aﬁl }+ < 20/(K,q)""Fy(D).  (63)

Letj e z/| satisfying f; < n™" be arbitrary fixed. In view of Markov’s inequality one has for any z > 0
Py(D;) < e [Ef{eZIB(J)(YlJ)}]n < exp{—2z +n(e* — 1)fi},
since the Yy, ;’s are i.i.d. random vectors. Minimizing the right-hand side in 2 > 0 we obtain
Pr(Dy) < (e/2)*(nf;)* < 2fm*". (64)
Thus, choosing v = 1.5r 4 2.5, it follows from (59), (60), (63) and (64)

jer

Ef{shloo%o,z(r)J ) } < 2D 4 1) ()5, (65)
n|] +

where 7o 1(r) = 7L 70 (r).

Finally, in view of the definition of H 1,

1

{Br s [6n, oo = Yoo (Mo ()]} < cocr)n ™2, (66)

1€H,1

Coo(r) [F( +1)]r :;\I?* IS;IB) {700,[( )[2r+3+2|1|] [lOg ( )]\1{\ ’I’L_21r} < o,

6.4. Proof of Lemma 1
Assume that 8 # {0}. Set f € Fp[ P ]and letr € {r1,rs, rs} be arbitrary fixed. We obtain Lemma 1
by applying Proposition 2. We divide this proof into two steps.

(1) Note that
p< > swp [l — @)Uy (hs) ],

rezs M€y,
since 7, 7(r) increase with r. In view of Proposition 2, if p € (1, +o00] and n > 3,

(EBleplr) ™ < cpr@m™,  cpu(r) i= dIF[2e,(x).
(2) Foranyp > 1

Gy < 14+ KIS sup sup {61~ 1plhr) ], +22hbr) + [Es (i
I€LS h1€Hp 1

< 1+ [KIT(E, +7pUp + IKITE),

Yp = Sup 'Yp71(r402)7 fp ‘= sup sup [ 1€ns llp — ’Yp,I(r4a2)up(h1) ]+
rezs €T3 hy€M,y s

2

2-1
£, < KIS |Gy + IKIE| < O?IIKIE |1+ KNI (&, + 9ty + KIS + )
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Below we use the following trivial equality: for any random variable Y’
2 o2y L g0z
(B Y )r = [y ) 2] (67)

In view of Proposition 2, if p € (1, +o00] and n > 3, (Ef|fp|‘")i < ¢pa(r, f,) with
2

¢pa(r,£y) i= 7 [K|{ [ 1+ KIS (dBPep(x0%) + 7,24y + K118, +5,)

Thus, we finish the proof of Lemma 1.
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