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Abstract—In the present paper, we are mainly concerned with the nonparametric estimation
of the density as well as the regression function, related to stationary and ergodic continuous
time processes, by using orthonormal wavelet bases. We provide the strong uniform consistency
properties with rates of these estimators, over compact subsets of RY, under a general ergodic
condition on the underlying processes. We characterize the asymptotic normality of considered
wavelet-based estimators under easily verifiable conditions. The asymptotic properties of these
estimators are obtained by means of the martingale approach.
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1. INTRODUCTION

Let X = {X;: t > 0} be a R¥-valued stationary process having a common density function f(-)
with respect to the Lebesgue measure. On the basis of the sample {X;: 0 < ¢ < T} observed from the
process X, the kernel estimate of the density function f(-) is defined (see, e.g., Banon (1978)), for any

x € R4, by
1 T X—Xt
_ K dt
0= g / ( . ) ,

where the kernel K (-) is any function which satisfies some regularity conditions and (hr)r>¢ is a
sequence of positive constants converging to zero and Thé — oo as T — oo. In the traditional kernel
methods for curve estimation, it has been widely regarded that the performance of the kernel methods
depends largely on the smoothing bandwidth, and depends very little on the form of the kernel. Most
kernels used are symmetric kernels and, once chosen, are fixed. This may be efficient for estimating
curves with unbounded support, but not for curves which have compact support or subset of the
whole real line and are discontinuous at boundary points. For curves of this type, conventional kernel
or orthogonal-series techniques are not adequate and cause boundary bias which is quite difficult to
remove. In such situations, wavelet methods perform relatively well. For finer local analysis and good
asymptotic properties the wavelet estimator is certainly the method to be chosen against kernel method
estimation. A great advantage of the wavelet methods in statistics is to provide adaptive procedures in
the sense that they automatically adapt to the regularity of the object to be estimated. Another advantage
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164 BOUZEBDA et al.

of the wavelet procedures is their remarkable facility of use. For the general theory of wavelets we refer
to Meyer (1992), Daubechies (1992), Mallat (2009) and Vidakovic (1999) among others. The use of
wavelets in various curve estimation problems is surveyed in Hardle ef a/. (1998), where approximation
properties of wavelets are discussed in detail. For recent references on the subject refer to Giné and
Madych (2014), Li (2014), Bouzebda and Didi (2015), and Giné and Nickl (2009). Leblanc (1995)
established the Ly error of the linear wavelet estimator of f(-) in the univariate setting, which converges

with the rate 1/v/T when f(-) is in a Besov space and the underlying random process X = {X;: ¢t > 0}
is assumed to be strongly mixing. Also Masry (1997, 2000)’s seminal papers, studied the rates of strong
convergence for wavelet-based estimation of the density and the regression functions, which are uniform
over compact subsets of R?. In the present work, we do not assume anything beyond ergodicity of the
underlying process. It is worth noticing that strong mixing implies ergodicity; see, e.g., Remark 2.6 on
p. 50 in combination with Proposition 2.8 on p. 51 in Bradley (2007). Hence the present work extends
the scope of applications provided by the existing works. On the other hand, we mention that there exist
interesting processes which are ergodic but not mixing. Andrews (1984) has shown that a stationary
AR(1) process (X¢)iez obeying

Xt = 9Xt_1 + &¢

with i.i.d. Bernoulli distributed innovations is not strongly mixing. However, ergodicity is preserved
under taking functions of an ergodic process. If (¢;).e7 is a strictly stationary ergodic process and

}/i = 19(( . 7€t—17€t)7 (Et+17€t+27 . ))

for some Borel-measurable function 9(-), then (Y;):ez is also ergodic; see Proposition 2.10 on p. 54 in
Bradley (2007). Since the above autoregressive process can be represented as a linear process in the g;’s,
it follows that it is also ergodic. Another example of an ergodic and non-mixing process is considered in
Section 5.3 of Leucht and Neumann (2013). Indeed, assume that the process {(7;, A;): i € Z} is strictly
stationary with T; | 7;_1 ~ Poisson()\;), 7; being the o-field generated by (T, A\, T;—1, Ai—1,...). We
assume that \; = k(\j—1,T;j—1), where

k: [0,00) X N — (0, 00).

However, this process is not mixing in general; see Remark 3 of Neumann (2011) for a counterexample.
We refer to Leucht and Neumann (2013) for further details and motivations for the use of ergodicity
assumption. One of their arguments is that for certain classes of processes, it can be much easier to
prove ergodicity rather than mixing. It is known that any sequence (&¢)¢cz of i.i.d. random variables is
ergodic. Hence, it is immediately clear that (Y;):cz as above is also ergodic. It is worth noticing that the
ergodicity is implied by all mixing conditions, being weaker than all of them. This hypothesis seems to be
the most naturally adapted and provides a better framework to study data series, for example, generated
by noisy chaos.

To the best of our knowledge, the results presented here, respond to a problem that has not been
studied systematically until present, and it gives the main motivation to this paper.

The paper is organized as follows. General notation and definitions of the multiresolution analysis are
given in Section 2. The assumptions and asymptotic properties of the wavelet-based density estimators
are given in Section 3, which includes the optimal uniform convergence rates. Section 4 is devoted to
wavelet-based estimation of the regression function. We establish the uniform convergence rates and
characterize the asymptotic normality under the ergodicity condition in Section 4.1. Some concluding
remarks and possible future developments are mentioned in Section 5. To avoid interrupting the flow of
the presentation, all mathematical developments are relegated to Section 6.

2. MULTIRESOLUTION ANALYSIS

In this section, we set out some definitions and notation for later use. A general introduction to the
theory of wavelets can be found in Meyer (1992), Daubechies (1992), Mallat (2009), and Vidakovic

(1999). Following Meyer (1992) a multiresolution analysis on the Euclidean space R? is a decomposition
of the space Ly(R?) into an increasing sequence of closed subspaces {V;: j € Z} such that

(i) V; C Vi, jEZ,
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MULTIVARIATE WAVELET DENSITY 165
(i) N;V; ={0}, U;V; = La(RY),
(i) f(x) €V, f(2x) € Vj_1, f(z)€V;= f(x+k) €V, keZ,

where 1 is closed under integer translation. Finally, there exists a scale function ¢(-) € Ly(R?) with

Aﬂ@M:L

such that {¢x(x) = ¢(x —k): k € Z} is an orthonormal basis for Vp. It follows that {¢;k(x) =

279/2¢(27x — k): k € Z%} is an orthonormal basis for V. The multiresolution analysis is called r-
regular if ¢(-) € C™ and all its partial derivatives up to total order r are rapidly decreasing, i.e., for every
integer i > 0, there exists a constant A; such that

s A
|(DPo)(x)| < 1+ [x]) forall |8] <, (2.1)
where
9P(x) :
DPO)X) = po ey, A4 B=(Bu-Ba), wzgm

Throughout the sequel, the multiresolution is assumed to be r-regular. If W; denotes the orthogonal
complement of V; in Vj_1, i.e.,

Vi@ Wj = Vi,
then Lo(R?) can be decomposed as
LyRY) = P W, (2.2)
JEL
or, equivalently, as
L2(R) = Vi, & (D W (2.3)
J=jo

Then there exist N = 2% — 1 wavelet functions {¢;(x),i = 1,..., N} such that
(W.1) {i(x —k): k€ Z%i=1,...,N}isan orthonormal basis for Wj,

(W.2) with 9 j i (x) = 279/24;(27x — k) the functions {¢; jx(x): i =1,..., N,k € Z%, j € Z} consti-
tute an orthonormal basis for Lo (R?),

(W.3) v;(+) has the same regularity as ¢(-) and both functions have compact support [—L, L]¢ for some
L>0.

Forany f(-) € La(R%) we have the orthonormal representation, for any integer m,

N
F&) =D amk@mux®) + D) Y byt jk(x), (2.4)
kezd jzm i=1 keczd
where
Umk = /Rd f(u)qu,k(u) du
and

bijx = /]Rd f(u)ﬂli,j,k(u) du.
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166 BOUZEBDA et al.
Note that the orthogonal projection of f(-) on V; can be written in two equivalent ways, for any m <[,

(Puf)x) = > axdru(x) = > amk@mx(x) + Z Z > bijwthij(x (2.5)

keczd kezd j=m i=1 keZzd

3. MULTIVARIATE DENSITY ESTIMATION

Throughout the sequel, assume that the density function f(-) € La(RY). Then f(-) admits the
wavelet representation (2.4). Given the sample {X;: 0 < ¢ < T} we estimate the coefficients {a,,x}

and {bz‘jk} by

. I
Umk = T / Qbm,k(Xt) dt and 7,]k / ¢z,] k Xt (31)
0
and note that these estimates are unbiased, that is

E(@mk) = e and  E(bijx) = biji.
A linear estimate of f(-) can be obtained from (2.4) by

= Z Zﬁ'f\mkgzsm,k(x) (32)
kezd
or, equivalently, as
X) = > GiokbjosX) + D DD bincthi jr(x), (3.3)
kezd Jj=jo i=1 kez?

for any jo < m. Here the resolution level m = m(T) — oo at a rate specified below. We assume that
o(+) and 1;(-) have a compact support so that the summations above are finite for each fixed x (note
that in this case the support of ¢(-) and v;(-) is a monotonically increasing function of their degree of
differentiability, see Daubechies (1992)). We focus our attention on multivariate linear estimators (3.2)
and (3.3) which will be shown to have uniform almost sure convergence rates over compact sets.

We will denote by F; the o-field generated by {X: 0 < s < t}. For a small constant § > 0, define by

;2*5 (-) the conditional density of X; given the o-field F;_s.

The following assumptions will be needed throughout the paper.
(C.1) Foranyx € R?

=0, inthe a.s. and L? sense.

lim sup

1T
t—45 —
Jim s [P 1)
At this point, we may refer to Peskir (1998) for further details.

(C.2) The density f(-) is continuous and has bounded partial derivatives of order r, that is, there exists
a constant 0 < € < oo such that

| I

Dlogh | gaiy| SC R keZ 0 0<kid etk =

Define the kernel K (u, v) by

=Y ¢u—-Kg(v—k and h,=2""". (3.4)
kezd
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MULTIVARIATE WAVELET DENSITY 167

Theorem 3.1. Assume that

2dm(T) 1og T
T

For every compact subset D C R?, and under assumption (C.1), we have almost surely

. o dm(T)\ 1/2
sup |7 = B(Fr0)| = o (1F T2 ) ) ogrimrz),

m(T) =m — oo and —0 as T — oo.

The proof of Theorem 3.1 is presented in Section 6.
Theorem 3.2. Assume that
2dm(T) 1og T
T
For every compact subset D C R%, and under assumptions (C.1)and (C.2), we have almost surely

m 1/2
sup | fr(x) — f(x)| = O<<(log T;Qd (T)> > + 02~y 4 o(adrm(T)),
xeD

m(T) =m — oo and —0 as T — oc.

The proof of Theorem 3.2 is presented in Section 6.

4. MULTIVARIATE REGRESSION ESTIMATION

Let {X;,Y;} be jointly stationary processes and ¢(-) be a Borel measurable function on the real line.
Assume that E[|p(Y1)|] < oo and define the regression function

m(x, ) = E[p(V1) [ X1 = x].

The introduction of the function ¢(+), as was pointed out in the Introduction, allows us to include some
important special cases:

e (V) =1{Y <y} gives the conditional distribution of ¥; given X; = x.
e o(Y) = Y* gives the conditional moments of ¥; given X; = x.

Recall that the probability density f(x) = fx, (x) of X; is assumed to exist and be bounded and suppose
in addition that
Ellp()f] <00 for p=>1.
Now define
H(x) = m(x,¢) f(x).
Notice that H(-) € L,(R%). It follows that for p = 2, H(-) has the Ly orthonormal representation

=3 @ mu(x) + Y Z S Vet a(x (4.1)

keZd jz>m i=1 k74
where
e = [ H(W)$p x(u)du, b= [ H(y; k(u)du
Rd R4
Suppose now that we observe a sequence {X;, Y;}I_; of copies of (X, Y") that is assumed to be stationary
and ergodic. Given the preceding notation, we consider the estimates of the coefficients {a;,, } and {¢;, }
given by

. e - 1T
Uy = T/ o(Ye)dmx(Xe)dt  and ik = T/ o(Ye)vi jx(Xe) dt. (4.2)
0 0
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168 BOUZEBDA et al.

A linear estimate of H(-) can be obtained, from (4.1), by
X) = Y Agehmic(x), (4.3)
kezd

or, equivalently, as

X) =Y @rbiox(x) + Z Z S Bt k(x) (4.4)

keczd Jj=jo i=1 kezd

for any jo < m. Now define the linear estimates of the regression function m(x, ¢) by

Hr(x,¢) _ Hr(x)
Jr(x) Jr(x)
The estimates (4.5) can be viewed as wavelet-based Nadaraya—Watson estimates of the regression
function m(x, ). This family of estimators was deeply investigated by Masry (2000). Let us denote
by ¢(-) the density function of (X,Y"), and by p the density function of Y. Let G; be the o-field generated
by {(Xs,Ys): 0<s<t}, and for § > 0 small enough, let g94(-) and p9%-3(-) be the conditional

densities of (X,Y) and Y respectively, given the o-field G;_s. Define the o-field

Sio =0 ((Xs,Ys); (Xp): 0< s <t,t <7 <t +0).

mr(x, ) = (4.5)

We need the following assumptions.

(N.0) E[|¢(Y0)”] < oo forsome v > 1.

(N.1) Foranyy € R

1 T
lim sup / P93 (y) dt — 1‘ =0 inthe a.s. and L? sense.
To(y) W

T'—ooyeRr

We may refer to Peskir (1998) for further details.

Our main results concerning the strong consistency with rate of ﬁT(x) are given in the following
theorems.

Theorem 4.1. Assume that
2dm(T) 1og T

T —0 as T — .

m(T) =m — oo and
Let Ly be a sequence of numbers such that
Lho~mMEE=D+P) — O(1) as T — oco.

For every compact subset D C R?, and under the assumptions (N.0)—=(N.1), we have almost surely

. dm(T)\ 1/2
sup |Hr(x) — Hr(x)| = o((“og e > ) 1 O@-nM)2)
xeD

where
1 T X Xt
HT(x):Th%/O E[QO(E)K(hT,hT)(gt_(;} dt

The proof of Theorem 4.1 is presented in Section 6.
The following additional assumptions are needed for our second strong consistency result.
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(N.2) The regression function m(-) is continuous and has bounded partial derivatives of order r, that is,
there exists a constant 0 < ¢’ < oo such that

9" m(x)

/ —
8xk1 8xkd <&, kiy,...,kqg>0, ki+---4+kg=r;
1 -0y

sup
xeD

(N.3) Forany (x,y) € R4*! and any 6 > 0 small enough,

lim sup
"0 (x,y) eRHL

T

1 n
/ ggtﬂs(X’ y)dt — g(x,y)| =0 inthe a.s. and L? sense.
0

(N.4) Forany x € R%, there are two positive constants A and A such that
(i) inf]f(x)|>A>0,

(ii) sup|m(x, )| <A < 0.
xeD

Comments on hypotheses. Condition (N.1) implies the ergodic nature of the data as given, for

instance, in Gyérfi et al. (1989), assuming that p9-s and 95 belong to the space C°, at least, of
continuous functions, which is a separable Banach space. Moreover, approximating the integrals

T T
/ p=5(y)dt  and / g2 (x,y) dt
0 0

by their Riemann’s sums, it follows that

T n n
T / pIs(y)dt =n™t Y T (y) = 0Tty puni(y)
0 -
7j=1

i=1

and

T n n
T / gt (xyy)dt 2 nTt Yy g (k) =0t Y g0 (x, ).
0 i=1 j=1

Since the processes (X7;,Yr;);>1 and (Yr;);>1 are stationary and ergodic (see Proposition 4.3 of
Krengel (1985)) following Delecroix (1987) (see Lemma 4 and Corollary 1 together with their proofs),
one may prove that the sequences (p96-15(y));>1 and (g96-15(x,y));>1 of conditional densities are

stationary and ergodic. Moreover, making use of Beck (1963)’s theorem (see, for instance, Gyorfi et
al. (1989), Theorem 2.1.1), it follows that

1 (T 1 (T
lim sup / p¥=4 (y) dt — E(pg“s(y))' = lim sup / P4 (y) dt — p(y)' =0 as.
T—00 yeR 0 T—00 yeR T 0
and
e e
lim sup / g9-5 (%, y) dt — E(g9-9 (x, y))‘ = lim sup / g9 (x,y) dt — g(x)| =0 a.s.
T—00 ycRrd 0 T—00 xR 0

[t is then clear that both Conditions (N.1) and (N.3) are satisfied.

Theorem 4.2. Assume that
2dm(T) 1og T

—0 as n— oo.
T

m(T) =m — oo and
Let Ly be a sequence of numbers such that

227 mMEE=D42) = O(1) as T — oo.
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For every compact subset D C RY, and if the hypotheses (C.2), (N.0)—(N.3) are satisfied, we have
almost surely

~ dm(n) \ 1/2

xeD

The proof of Theorem 4.2 is presented in Section 6.

Our main result concerning the strong consistency with rate of m,,(x, ¢) is given in the following
theorem.

Theorem 4.3. Assume that
2dm(T) 1og T

T —0 as T — co.

m(T) =m — oo and

Let Ly be a sequence of numbers such that
L’:}Q_m(T)(d(p_al) =01)as T — oo.

For every compact subset D C R?, and if the hypothesis (C.1),(C.2), (N.0)=(N.4) are satisfied, we
have almost surely

log T)24m(T) 1/2
sup lma (x. ) — x| = O (VETT) ) 4 om0y 4 ofa-amn),

xeD

The proof of Theorem 4.3 is presented in Section 6.

Some comments on the results. In deriving results for nonparamptric estimators, in particular, the
wavelet estimator, we generally decompose the error in two terms: the stochastic component and
the deterministic one, i.e., the bias. For bounding the stochastic part, i.e., in order to find almost
sure bounds on the stochastic process, we especially need assumptions about the wavelet functions
{¢i(x),i =1,..., N} in addition to general assumptions about the density or reversion. The determin-
istic component requires more assumptions about the smoothness of m(-, ¢) and the density function f.
In the classical kernel density estimation, the limiting behavior of kernel estimator f,,(-), for appropriate
choices of the bandwidth a,,, has been studied by a large number of statisticians over many decades. For
good sources of references to research literature in this area along with statistical applications consult
Devroye and Lugosi (2001), Devroye and Gyorfi (1985), Bosq and Lecoutre (1987), Scott (1992), Wand
and Jones (1995) and Prakasa Rao (1983). In particular, the condition that a,, — 0 together with
nad — oo is necessary and sufficient for the convergence in probability of f,,(x) towards the limit f(x),
independently of x € R? and the density f(-). Theorem 3.1 (resp. Theorem 4.1) shows an intermediate
result by obtaining a rate of convergence for the density estimator (resp. Hp(x)). Secondly, we have

shown that the density estimate (resp. Hp(x)) converges to the true density function (resp. H(x))
with the same rate. In particular, we have proved that the difference between the right-hand side of
the equation in Theorem 3.1 (resp. Theorem 4.1) and the right-hand side of the equation in Theorem 3.2
(resp. Theorem 4.2) vanishes faster than the rest of the terms. The imposed conditions on the wavelet
functions permit us to exploit the smoothness of the density function or the regression function. It is well
known that the best obtainable rate of convergence of the kernel estimator, in the AMISE sense, is of
order n=4/3_in the univariate case. If we discard the condition that the kernel function must be a density,
the convergence rate could be faster. Indeed, the convergence rate can be made arbitrarily close to the
parametric n ™! as the order increases. In fact, Chacon et al. (2007) showed that the parametric rate n=?
can be attained by the use of superkernels, and that superkernel density estimators automatically adapt
to the unknown degree of smoothness of the density. The main drawback of higher-order kernels in this
situation is the negative contribution of the kernel which may make the estimated density not a density
itself. The interested reader may refer to, e.g., Jones et al. (1995), Jones and Signorini (1997) and Jones
(1995). It will be of interest to give a complete and analogous discussion in our setting for wavelet type
estimators.
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4.1. Asymptotic Normality

Let us introduce
1 2
02(x) = Var(p(Y) | X =x) = / — m(x, X, y) dy, 4.6
»(x) ((Y) | )= 1) Ja {o(y) —m(x )} fxy(xy)dy (4.6)
and let ma(¢, -) be the second order conditional moment of the random variable ¢(Y") defined by
1
o) =B X =x= [ Pty (47)
fx(x) Jr

The following additional conditions are needed for the detailed statement of our results concerning the
asymptotic normality.

(N.5) The conditional mean of Y; given the o-field S;_s s depends only on X, i.e., forany ¢ > 1,
E[p(Y?) | Si—s,6] = Elo(Y2) | Xl

(N.6) Foranyx € R% and any § > 0 small enough,
lim / f9-5(x) dt = f(x) in the a.s. and L? sense,

where f9- exists and continuous in a neighborhood of x.
(N.7) Foranyt € [0,7] and any 6 > 0 small enough, andt < r <t + 9,

(i) The conditional variance of ¢(Y;) given the o-field S;—1 depends only on X, i.e., for any
1> 1,

E[(gp(Yt) —m(x, gcv))2 | SM] = E[(cp(Yt) — m(x, @))2 | Xt] = a?o(x) a.s.

2

(ii) The function o3

(x) is continuous in a neighborhood of x, that is

sup |Ui(u) - J?D(x)| =o(l) as h—0.

{u: [Ix—ul|<h}

(N.8) The function ma(¢, -) is a continuous function in a neighborhood of x, that is

sup  [02(pw) — 02(2,%)| = o(1) as h— 0.
{u: [[x—ull<h}

Comments on hypotheses. Assume that the random functions fgt *(x), for any t € [0, T, belong to

the space C° of continuous functions, which is a separable Banach space. Moreover, approximating the

integral fo 91-5(x) dt by its Riemann’s sum, it follows that

gt gt gT,L
/ f 5 dt T Z / f 5 TZ 1 2

Since the process (Xr;);j>1 is stationary and ergodic, following Delecroix (1987) (see Lemma 4 and
Corollary 1 together with their proofs), one may prove that the sequence (f;s,j—1)5(x));>1 of random

functions is stationary and ergodic. Indeed, it suffices to replace the conditional densities in the work of
Delecroix by fs5 j—1)s's and the density by the function f.

Below, we write Z < N (p, 0?) whenever the random variable Z follows a normal law with expecta-

tion p1 and variance o2.
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Theorem 4.4. Assume that Conditions (C.3),(N.0),(N.2),(N.3),(N.6), (N.7) are fulfilled. Suppose
that

m(T) — oo, T27U™T) o0 as T — .

We have the following convergence in distribution, forx € D, as T — oo,

1/2
Ly} mrt) — m ) — N0 5200),

where

5200 = 7209 [ LS oimatt+m)}

kezd
with o2 (x) defined in (4.6).
The proof of Theorem 4.4 is provided in Section 6.

Theorem 4.5. Assume that Conditions (N.O), (N.1), (N.2), (N.6) and (N.8) are fulfilled. Suppose
that

m(n) — oo, n2~UMM) _ 50 as n— oo

We have the following convergence in distribution, for x € D asn — oo,

n /2
{Qdm(n) } (Hn(x, ) — Hn(x,¢)) — N(0,55(x)),

where

5260 =m0 [ {3 ool t+k}2

kezd
with ma(p,x) defined in (4.7).
The proof of Theorem 4.5 is given in Section 6.

Corollary 4.6. Assume that the conditions of Theorem 4.5 are satisfied. In addition, (C.3), (N.4)
and (N.5) are assumed to be satisfied. Suppose that

n2- @m0 g5 n— . (4.8)

We have the following convergence in distribution, for x € D, as n — oo,

n Y% .
{2dm(n) } (Hn(x) — H(x)) — N (0,55 (x)).

The proof of Corollary 4.6 is given in Section 6.
The following theorem is more or less straightiorward, given Theorem 4.5.

Theorem 4.7. Assume that Condition (C.2) is fulfilled. Suppose that
m(n) — oo, n2~4mM) _ 50 as n— oco.

We have the following convergence in distribution, for x € D, as n — oo,

n 1/2 .
Lo} (0= £0) = N (0,332,

»*2(x) = / {Z¢ t+k}2

kezd

where
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Corollary 4.8. Assume that Conditions (C.1),(C.2), (C.3) are fulfilled. Suppose that

n2~(@+2mM) _ 0 g5 n — oco. (4.9)

We have the following convergence in distribution, for x € D, as n — oo,
n 1/2
{ g | (o) = £60) = N(0.27 ().
The proof of Corollary 4.8 is given in Section 6.

5. CONCLUDING REMARKS AND FUTURE WORK

In this work we have considered the problem of estimation of the density and regression functions
in the framework of stationary and ergodic continuous time processes. The uniform strong consistency
with the exact rates and the asymptotic normality are obtained by using the sophisticated martingale
approach. [t is obvious that in some applications the stationarity assumption may be violated, where an
important question arises, that is how to extend our results to the setting of non-stationary continuous
time processes. The proof of such results, however, should require a different methodology from the one
used in the present paper, which goes well beyond the scope of the present paper and leaves this study
open for future research.

5.1. The Estimation in the Besov Spaces

According to the Appendix of Masry (2000), there are many equivalent definitions of the Besov
spaces By, 4, fors > 0,1 <p < oo,and 1 < g < oo. Let

(S+f)(x) = f(x—T).
For0 < s <1, set
[Srf = fllL, \? dr 15+f = fllz
s,,f:</< P 5 s,,oofzsup .
TpaD =N L U e ) pege) D= S
Fors =1, set
HS‘rf - f”L T dr ”STf - f”L
73,,f=</< ! , Ys.p.oo(f) = sup P
pi D= LU ) e poell) =500 ©
ForO0<s<1land1 < p,q < oo, define
Bs,p,q = {f S Lp: 'Ys,p#](f) < OO}
Fors > 1, put
s =[s]7 +{s}"

with [s]~ an integer and 0 < {s}™ < 1. Define B, 4 to be the space of functions in L,(R?) such that
Dif e By, for all |j] < [s]~. The norm is defined by

||f||Bs,p,q = ||f||Lp + Z ,7{5}*,p,q(Djf)'
l71<[s]~
For further details, refer to Bergh and Lofstrom (1967), Triebel (1983) and the Appendix of Masry (2000).
Recall that the function f € By, must be in L,(R?) and s > 0 is a real-valued smoothness parameter

of f. A second and very useful characterization of By, , in terms of wavelets coefficients is due to Meyer
(1992). Assume the multiresolution analysis is r-regular and s < r. Then f € B, 4 if and only if

}pa

' 1/q
Topall) = | PoSllz, + (Z (2J8||ijf||Lp)q) < oo,

j>0
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with the usual sup-norm modification for ¢ = co. Moreover, using the wavelet representation, f € B, 4
if and only if

; 1/q
Jé,p#}(f) = |lao - ||z, + <Z (2J(s+d(1/2—1/10))||bj . ||Lp)q> < o0,
>0

where

s, = (Z S bl )

1=1 kezd

If we assume that f, H € By, and some additional conditions, one can show, by using similar
arguments to those used in Masry (2000), adapted to our setting, that

Lo\ (5—d/p)/d+2(s~d/p)
sup o x,) — m(x. )] = O (%) )

xeD

This will be considered elsewhere.

6. PROOFS

This section is devoted to the proofs of our results. The previously presented notation continues to be
used in the following. The following technical lemma will be instrumental in the proof of our theorems.

Lemma6.1. Let (Z,)n>1 be a sequence of real martingale differences with respect to the sequence
of o-fields (F, = O'(Zl, ooy Zpn))n>1, Where o(Zy,. .., Zy,) is the o-field generated by the random
variables Z1, ..., 7Z,. Set

Foranyp > 2and anyn > 1, assume that there exist nonnegative constants C and d,, such that
E[ZE | Fooi] < CP7IpV A2, almost surely.

Then, for any € > 0, we have

62
P([Sp| > €) < 2eXp{ “oD +OE)},

d2

i=1"

where D, = >

The proof follows as a particular case of Theorem 8.2.2 due to de la Pefia and Giné (1999).

Proof of Theorem 3.1
Define the kernel K (u, v) by

By using the fact that

Adp
[p(x)| < (14 ||x][[)d+1

we infer that the kernel function K(-) defined in (6.1) converges uniformly and satisfies Meyer (1992),
p. 33,

Cat1
<
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for a constant Cyy 1. From (6.2) it follows, for any j > 1, that
|K(V,u)|jdV < G](d)v
R4
where
DG +d( —1))
G;(d) = 2x/? ;
i@ D(d/2)T((d +1)5) T

and I'(t) is the Gamma function, that is, I'(t) := [;° y'~!exp(—y)dy. By combining (3.1), (3.2)

0
and (6.1), we observe that fT( ) can be written as an extended kernel estimator in the following way
-~ 1 T X Xt —m(T)
fr(x) = Th% /0 K<hT, hT> dt, where hp =2 . (6.3)

Making use of the triangle inequality, we readily obtain that
sup | fr(x) = E(fr(x))] < sup | fr(x) = f7(x)| + sup | fr(x) = E(fr(x))|
xeD xeD xeD

= Fr1(x) + Fra(x), (6.4)

1 1 X Xt
- B(x( ™, ( s ) dt.
1169 = 1y | (# (% 2) 7es)
For a positive real number § such that n = T/6 € N, consider the §-partition v; = id, 0 < i < n, of the

interval [0, T']. Moreover, fort > 0 and 1 < j < n, consider the o-fields
]:t:J((XS):0§S<t), giza((Xs):ogngi).

where

Since D is compact, it can be covered by a finite number L = L(T') of cubes Dj;, with centers x;
having sides of length

r(T) = const /L(T)Y4  for j=1,...,L(T).

T d/2
L(T) = .
(T) <th+2 logT>

o7 o) A Cleathod B L b

We set

Then we readily infer that

sup | fr(x) — fr(x)| = sup
xeD xeD

1 " i X Xt x Xy
= K —E|K Fi_ dt
1<?1<%:)%T xeD TthZz;[ﬁ 1( h’ hT [ (hT’hTﬂ t 5D ‘
< m su ! (Yi(x) — Yi(x;))|+ ma ! Yi(x;)
X i i X i\ Xj
1<]<L(T)XE£ Th, 1<j<L(T) | Th J

= IT71( ) + IT72(X)

Yi(x) = /jl (K(;; i’i) —E[K(é,iﬁ)‘ﬂ_(sD dt.

Since ¢(+) satisfies (2.1) for |3| = 1, it follows that (Meyer (1992), p. 33)

8K(u7Y)‘ 02
oui |~ 1+ lu—yl)?

with

<Co, i=1,...,d
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This, in turn, by Cauchy—Schwarz, implies that

d
‘K(UJ’) - K(V7Y)| < sz lui — v < d1/202HU—VH'
i=1

The last equation allows us to infer that
X Xt X Xt
K —-K(?
(hT’hT> (hT’hT)

7 (X)<2d1/2T(T)CQ _2d1/2(30nst-C’2 Y log T\ '/?
PR= a7 pdnpyye O\ Thd, )

< d'Y2r(T)Cyh ",

which implies that
(6.5)

The proof needs to use Lemma 6.1. Therefore we have to check its conditions. Notice, for any § > 0, that
(Yi)1<j<n is a sequence of martingale differences with respect to the sequence of o-fields (G;—1)1<j<n.
Indeed, since

Gi2 CFi5 CGi forany te [T;—1,T;],

it is clear that Y; is G;_1-measurable and satisfies

E[lfi(x)\gi_g]:E[/TTi <K(}TT,§;)—E[K(;‘T )| 7 5]>d gi_g}zo

o]

By Minkowski’s and Jensen’s inequalities, we observe that

[EY?(x) | Goosll SE[ / (K(;‘T,f;t) _E[K(}Z,f;)\ft_@dt
< [ ey ) =G
e (e ) 0] B[ [ (5 ) A o] )
)" v B [xe
)

hr’ hr
(K 7 foe] )
ZE[KP( X Xt> ‘gi_2] 1/;D>p

(
<[ (el o
(

p

=

| gi_z} dt

1/p

+

i hr’ hp
Vi X X—t
=2F E|KP dt
/h_l [ (hT hT)‘g 2]
Observe that
p( X Xt / pf X Xt Gi—2
E[K (hT’hT ‘g’ K hy hy f (u) du
/ 054-1 fgi72 (u) du
(14 e =l
< b e, (6.6)

Therefore we have

Vi
‘E[Yf(x)|gi_2]| < ZP/ Og+1h(d+1)p dt < 2505+1h(d+1) = 20p+1p dz’
Yi—1

where
42 = 6Cpq ASTTP,
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It follows that

D, = Zcﬂ TP Cy ) < ThECyyy. (6.7)
Therefore we have the following chain of inequalities, for a positive constant C,
L(T) n
< ; d
IP’< 1§I]n§aL)%T) > €T> < Z IP’(‘ ZYn(xJ)‘ > eTThT>

1 n
Thd 2 :)/Z(XJ)
T i=1 j=1 i=1

< 2L(T) ex {_ (Thi)(log T/ Th. }
= P 2D, + 2001 T (log T/The)1/2)

_ < T >d/2 { Thd ].Og T }
ex -
=\ttt 1 P17 O(ThE) (1 + 2Ca41 (log T/Th)V/2)

/2 d/2—C2€}
(o o) @=L
h log T (h% log T)d/2
1

((Thd) log T hy THGEC2/d=0) 42
By choosing ¢ sufficiently large, such that

€aCy/d —2 >0,
we readily obtain that

1 n
Thé, Z Yilx;)
We obtain the assertion by a routine application of the Borel—Cantelli lemma

logT 1/2
I =0 . 6.8
T,2(x) (Tth > (6.8)

ZP@?&

n>1

>€T> < 0.

We next evaluate the second term in the right-hand side of (6.4). One can see that

sup | fr(x) — E(fT(X))|
T x T <
- TZd/ E[K(hﬁjﬂft—é] LRy i L P I
" en|TH / /R ff”(y)—f(y))dydt‘

= su K Fi-s(y) dt — > d ‘
< th/ e < /f ))&y
By using the fact that

Ads
[9(x)| < (1 + [x])1

we infer that the kernel function K(-) defined in (6.1) converges uniformly and satisfies Meyer (1992),
p. 33,

Ca+1
K(v,u)| < ,
KIS (4 v~ ujyen
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for some constant Cyy ;.
Making use of the Cauchy—Schwarz inequality, (6.2) and Condition (C.1), we obtain readily that

hldT/ e b < /ff” )t - f(y)>dy
< </Rd hlf_,vi<;Z7h};) 2dy>1/2</Rd 1/()Tfft—a(y)dt_f(y)2dy>l/2

T
1 Cit1 > 1 Xy ‘ >1/2 1/1 F
< K ) d =0 dt —
(L it g g el av) g [ 470

L2
1/2 ~1/2 b 1 (o
< t—8 J4
hh Cd+1/dK(hT,u) du T/o FFesdt — f B
From (6.2) it follows, for any 5 > 1, that
[ K@l av < 6@,
Rd
where
LI +d(j —1))
Gj(d) = 27%/? c’
) D(d/2r((d+ 1))
and I'(¢) is the Gamma function, which yields
Fra(x) < hy*Ci/ 3Gy (d H / fTedt — = 0(hy/?). (6.9)
L2
Proof of Theorem 3.2
Making use of the triangle inequality, we readily obtain that
sup | fr(x) — f(x)| < sup | fr(x) — E(fr(x))| + sup |E(fr(x)) — f(x)|
xeD xeD xeD
= Fr(x) + Fra(x). (6.10)
By an application of Theorem 3.1 we readily obtain
logT 1/2 2
FT,l(X):O<<Thd> >+O(h1T/ ). (6.11)
T

Notice that under the conditions imposed in Section 2, we have (refer, e.g., Walter (1994) and Xue
(2004)),

K(u,v) =0 for |u; —w| >2L, i=1,...,d,

and

/{H ) } (u,v)du=0 for ki,....kg>0, O0<ki+---+ksg<r

Under Condition (C.2) and using Taylor series expansion of order » and a change of variables in
connection with a straightiorward application of Lebesgue dominated convergence theorem, for x € D
and 0 < 6 < 1, we have

35100 = £091 = |y [ K (s o )SIav = 569
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X X
N ‘/ 2L2L]dK hr’ hr +V) (f(x+hTV) — f(X)) dv

_ ‘ / X X + V) < 1 Z hkl'l)kl hkd kq an(VhTe + X)> dV‘
21 2L]d hT’ hr e T T DL

9" f(x) k k k k X X
< sup hl...hd/ vt vt K , +v)dv
! xeD |t .. duhd kl+_§d_r T T Jicanpn) i < <hT hr >
1 9" f(x) / o k X X
= sup h’ Vo | K ) +v)|dv =0(hh).
rlxeD |9uk .. ouhd Tk1+z+:k . 2L2L]d a (hT hr ) (r)
Therefore
Fra(x) = sup [E(fr(x)) — f(x)| = O(h}). (6.12)
xXE
By combining (6.11) and (6.12) we achieve the proof of Theorem 3.2.
Proof of Theorem 4. 1
Let us introduce the truncated version of fIT(x) as follows. Let
. I
=g [ SO0 < L)X dt (6.13)
and
=) @bmi(x). (6.14)

kezd

Here and in the sequel, 1{A} denotes the indicator function of the set A. In a similar way as in the
preceding proof, we write Hy(x) as an extended kernel estimator

~ 1 T X Xt
) = | etr (e (6.15)
and
~ T X
F00 = 1y [} LR < Ly () (6.16)
We recall
T
60 =y [E[n (%) G
and
T
Hi) = 1y [ B[00 < Labie (%) |6 (6.17)

We first decompose { Hp(x) — E(Hz(x))} into the sum of four components by writing

= -~ = = L L

Hr(x) — Hr(x) = (Hr(x) — Hf(x)) + (Hf(x) = H7(x)) + (H7(x) = Hr(x)).
Recalling (6.2), we observe that

sup !HT ﬁ%(x)! < hrCi

T
up 1ot [ 0o > L (6.18)
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A simple Markov inequality appli
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cation implies that

P(lp(Y:)| > Lr) < L7 E(lp(Y2)[")-

Recall the notation T' = nd, under Assumption (N.0O) and using the fact that

We have by the Borel—Cantelli
Since Lt is increasing,

ZL;”<OO, T — oo.

n>1

lemma that |p(Y;)| < L almost surely for all sufficiently large 7.

lo(Yy)| < Ly  forall t<T.
By all this and using (6.18) we infer that
sup | Hr(x) — HE(x)| = o(1) a.s (6.19)
xeD

Once more, by (6.2) we infer that

| Hp(x) = Hr(x)|

/OT

B[ (e) < 2y () |6 — Bl (2 X G

T
[ E|letonieml> o,

[ E[letonteonr> er{x([ )| Gins] a

Cat1

4(1 + [x — Xy || Byt )d+t |6- ‘5]

T
| Elleantiennl > e} 16, ae.

By the Hélder and Markov inequalities, we obtain, for any e > 0 and any p and ¢ fulfilling

that

Efle(Y)1{le(Yo)| > L1} | Gi-s] < (E[lo(Y2)

The process (p9-4 (v))er fulfills
implies that

sup ‘HT
xeD

which gives

We set

HT(X

1

191G,-5]) " (P{lp(V2)] > Lr|Gi_s})"

L" [l o) do

Condition (N.1), which combined with Condition (N.0), in turn, readily

o | s [ e

., /OTpgt—a(y)HL;qEﬂgp(YO)‘q}7

< L"E[|p(Y)|? | Gis]

1
Tp(
1
Tp(

)‘ < hrsup
yeR

dv

= hpsup
yER

sup ‘HT

— Hy(x)|
xeD

= O(hy) a.s. (6.20)

TL2T d/2
b = hdt2 1o TJ ‘
T g

L
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Recalling that the set D is compact and using the same arguments as in the proof of Theorem 3.1, we
obtain that

L L
sup G0 — Hro)| = mae, ) sup (<) = Hr(x)|
< max  sup |HT — HY( (xj)| + max |H (x5) — H:(xjﬂ

1<j<D(T) xeDni; 1<j<L(n)

T T
+ max sup [H,(x;)—H,(x
1<J<L(”)XED£I [Hn () (ol

= @1+ Q2+ Qs. (6.21)
From (6.12), we infer that, almost surely,
~ ~ 1 T x X x; X
HE(x) — HE(x;)] = /Yl V)| < LY K k(77,7
H0 ~ A )| = |y [ ettt < (s (00 < (G2 0) )
1 T X Xt X5 Xt

< _ J

_Tth/O ‘SO(ENK(hT’hT) K(hT’hT)

_ dYV2CsLy

o e =L
T

This, in turn, implies that

= max su ﬁL X)) — ﬁL X
@ 1SJSD(T)x€D£Ij| 7(x) = Hr(x;)|
L log T\ '/?
< const - r gl :O<< ogd > > a.s. (6.22)
LYd(T)nG" Th,

In a similar way, making use of (6.12) gives

| H(x) — Hp(x;)]
| gna [ E[pontaont < 2y ((3 ) = k(5.5 ) o)

1 T X Xt X
< E| oY) K _ k(9 (
= nhg/o ['90( )l (hT’hT) (hT hp ‘ G- 5]
_dYV2CoLy
= hd+1 HX_Xj”’
T

This yields likewise

L L
= max su H+ (x;) — Hp(x
©s 15JSD(T>xeD£1j| r(xi) = Hr(x)|

1/2
<const. AT :0<<1°ng> > a.s. (6.23)
LY/4(T)hdt The.
We next evaluate the term W5 in the right-hand side of (6.21). Observe that
Q2 = | |H (x;) — Hy(x;)]

[ (comtiemin < ey (.30

= max d
1<5<D(T) | ThY,

- B[] < K (30 |G| )

MATHEMATICAL METHODS OF STATISTICS Vol.24 No.3 2015



182 BOUZEBDA et al.

1 n
Thd ; V(%)

= max
1<5<D(T)

where, fori=1,...,n,

Vri(x) = /TTi o(Y)1{|p(Yy)| < L:r}K(}j( 7??)

~E[o1 el < Ly (5 1) |G|

is a sequence of martingale differences array with respect to the o-field G;. It is easy to see that, using

Jensen’s and Minkowski’s inequalities, fori =1,... n,
L x X
B2, 160 =5 (( [ (woinfem < zor (X )
Ti 1

(o1l < Lk (X 1) [G1na] ) ) [ 6

< [ (2 (et < Lovr (X)) [ 6-2)

x X P
+E!/? (E[ (Y)1{le(¥y)| < Lr}K ( t) G a]) 1gz-—z> dt. (624)
Recalling thatford > 0and T;_1 <t <T;, G;_o C G s C G

e[ (= [eintoml < Lovre (X 1) 6] ) [0

< (oot < rbie (. X)) 64

is G;_1-measurable and using (6.24), it follows that

D Ti X Xt
BVEG) |Gl <2 [ B[ (w0intteonl < by () 6o @t 629
Ti1
T X
<rbor [ E||EKP( 7)) G| dt. 6.26
< g [ w20 |0] (6.26)
From (6.6) we obtain, for any integer p, that
E[VA,00|Gr-2] | < SL52CE, WD < pler-ia?
Taking
C=2Cq,  d?=0Cu IR0 "D,
and making use of the condition
L’}Q‘m(”)(d(p_l)”) =0(1) as n— oo,
we conclude that
Dy =Y d? = ndLh s = Th(LhRGP V) = O(ThY).
i=1
Applying Lemma 6.1 to the sum of {Vr;(x;)} and choosing
er = €o(log T/Th%)l/z,
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we obtain
1 n D(T)
P<1§%aDX(T) The, ;VTJ(XJ) > 6T> Z P< (%)) > 6TThT>
Thd)?(log T /Thé
SQD(T)eXP{— ( T)(C;g / T)d12}
2(Dy, + 2Cy441Thi (log T /The)1/?)

IN

( TL2 >d/ 2 { Thd-log T }
exX —
B 10gT) T\ O(ThE)(1 + 20, (log T/Thik)1/2)

d/2
TL% / T—Cgeg
dt1 ( )-
hy" log T

IN

We conclude that

L logT 1/2
1<§n<aDX ‘HT (xj) — Hp(x;)| =0 Th, (6.27)

by a routine application of the Borel—Cantelli lemma. This, when combined with (6.22), (6.27) and
(6.23), and the fact that hy = 27T implies the desired result

sup| Hr(x) — Hr(x)| = 0<<(log Ty > 1/2>' (6.28)

xeD T
Therefore the proof of Theorem 3.2 is completed by combining (6.19), (6.20) and (6.28).

Proof of Theorem 4.2
Consider the decomposition

Hy(x) — H(x) = (Hr(x) — Hr(x)) + (Hr(x) — E(Hr(x))) + (E(Hr(x)) — H(x))
= Kr1(x) + Kr2(x) + K73(%). (6.29)
Applying Theorem 3.2, we have

sup |Kr 1 (x)] = 0<<logT>1/2> + O(hr) a.s. (6.30)

xeD Tth

Making use of the Cauchy—Schwarz inequality in combination with (6.2), we infer that

|Hrp(x) HT )| < Th / /]R‘“‘l v) K hT hT)( Gi=5 (u, v) — g(u,v)) dudvdt

<H1/ Ges g — </ ( Caa > 2(v)< L K(x u>>dudv>1/2
Sl )y ¢ N 2\ Jpasr \BL(1 + 1z — wllnztye+1 )7\ nd ™ N b
T 1/2
< hyl? 1/ g9 dt — g Hson(/ (K ‘d2>
T Jo

2 2
< hy*C%, 1, GY (@)l 2

1
gt—édt_
T/o g g

sup |Kr2(x)| = sup |HT(X)
xeD xeD

L2
Under condition (N.3), we obtain

x))| = O(hy*) a.s. (6.31)
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By change of variables, it follows that

RUr00) - #] = 1y [ B e () - e

i [l ] e

_ Tsz /OTE[m(cp,Xt)K(:T,ifﬂ — m(p,x) f(x)

1 u

— nd. Jo m(ep, u)K(}j(T, hT)f(u) du — m(p, x)f(x)
T
X X
— /[_2L,2L}d m(p,x + hpv)f(x + hTV)K(hT, . + v) dv — m(p,x)f(x)

= / (m(p,x + hev) f(x + hrv) — m(go,x)f(x))K( x , * v) dv.
[—2L,2L)¢ hr" hr
Making use of Conditions (C.2), (N.2) and using the same arguments, we infer that
|[E(Hr(x)) — H(x)]

Lo |mie0 ()

< hkl...hkd/ i MK x,x+v dv
r! xeD Ov]fl N 8’1)§d k1+-%:kd=r T T [—2L,2L]d | ! d ‘ (hT hT )
= O(h%).
Therefore
sup [Kr3(x)| = sup |E(Hr(x)) — H(x)| = O(h}). (6.32)
xeD xeD

The proof of Theorem 4.2 is completed by combining (6.30), (6.31) and (6.32).

Proof of Theorem 4.3
Consider the decomposition

sup !mT X, ) — m(x, go)!

xeD
| r9) _Hx9) | H(x)  H(x, 90)'
xeD | fr(x) fr(x) fr(x) f(x)
< qup | Hr09) — Hx w>'+5u H(x,¢) f(x) = fr(x)
x€D fr(x) xep | [f(x) fr(x)
sgg%(x, ) — H(x, )| sgg\fT(x) — f()]
<X N + o)™ N 6.33
inf | (o) I e o .
Observe that
inf 1fr(ol = inf|£ (o)l = supl fr(x) = S (x)]
Theorem 3.2 combined with Condition (N.4)(i) imply that
inf | fr(x)| > Wf|f(x)] > > 0. (6.34)
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Under Condition (N.4)(ii) we have

sup|m(x, ¢)| < A < oco. (6.35)
xeD

Theorems 3.2 and 4.2 combined with statements (6.34) and (6.35) finish the proof of Theorem 4.3.

Proof of Theorem 4.4
Let us define some notation needed:

Fro9 = 11 [E[R(E ) 6]

Or(x) = Hr(x) — Hr(x) + m(x, ¢)(fr(x) — fr(x)), (6.36)

Br(x) = mr(x, ) - m(x,0) = 2T _nx, ), (6.37)
Jr(x)

Ry (x) = —Br(x)(fr(x) — fr(x). (6.38)

We may consider then the decomposition

mT(x, 90) - m(X7 SO) = {mT(x7 90) - mT(X7 SO)} + {mT(X7 SO) - m(x, 90)}
_ Or(x) + Ry (x)

) + Br(x). (6.39)
fr(x)
By using Condition (N.5), we obtain
Br() = mre )~ mix ) = X i)
fr(x)
1 T [ X Xt
:fT x){Tth/o E_(cp(iﬁ)—m(x,go))K( )‘gt 5] }

D [ B[ Eie0) 1 %0 - mix i (XX |G| )

- fT(x){ng /OTE:(W(Xt,so) —m(x, w))K(:T, 2{;) ‘gt_é} dt}.

A simple change of variable combined with the continuity of the conditional density f9-¢ and Assump-
tions (N.2) and (N.6) allow us to infer that

x {Thd/ /Rd mee ) K (s )1 )d“dt}
(m(x + hev, @) —m(x, @) K( 7 5 +v) 770 (x + hyv) dv dt
fTX T 0o Jrd (hT hp )
<ol ) 10w sl e,

X hﬁl...hﬁd/ ook K (0, v dv}
2 g )

bt kg=r

1
(
= le(X) {Tisz /OTE _E[(SD(Yt) —m(x,p)) K (; z(t) ‘St—&é} ‘gt—6:| dt}
1
(
1

B
T(x)| < 7

1
(%)
1
(

1
- cshl (f(x) +o(1))}. 6.40

_TX
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[t remains to know that under Assumption (N.6) we obtain

fr(x Thd/ /R hT fgt 5(u) dudt

X
= K C 4V f9 S (x 4+ hpv) dv dt
T /0 /[—2L,2L}d hr" hr >f ( V)

B (; /OT f9-5(x) dt + 0(1)> /[—2L,2L}d K(0,v)dv

= f(x) + o(1). (6.41)
Hence, combining (6.40) and (6.41) we obtain
(Th)!*Br(x) = O(hip(Th)'/?). (6.42)
Using a similar argument as for equation (6.8), we may show that
~ logT'\1/2
fr(x) — fr(x) = (ThT) a.s. (6.43)
Combining decomposition (6.38) and equation (6.43) together with (6.42) we get
(Th)V2Ry(x) = O (R (log T)'/?). (6.44)
Making use of Theorem 3.1 and the same steps of the proof implies that, in probability,
|fr(x) — Efr(x)| = o(1). (6.45)
By combining (6.12) and (6.45), we have, in probability, as n — oo,
Fr(x) — f(x). (6.46)
Making use of (6.42), (6.44) and (6.46), we infer that
\/Thd (mr(x, ) —mr(x,¢)) = \/Thd Qr(x) + op(1).
Consider the decomposition
\/Th% T x X
V) —mx, o)) K,
f(X) \/Thd / { t) ( SO)) <hT ht>
X Xt
~ B[ (e )~ mx) K (% 1) | 6]
= Z {gT,i(X7 90) - gT,i(Xv 90)} = Z XT,i(Xv 30)7
=1 1=1
where T =édn,i=1,...,n,
i x Xt
i Y:) — ,0)) K , dt,
e \/Thd /z 16 ( ) = mix 90)) (hT ht>
and
0 x X
Era(x, ) [ Bl —mee o5 ] a
\/Thd (i-1)5

where x7,(x, ) is a triangular array of martingale differences with respect to the o-field G; (see Didi
(2014)). This allows us to apply the central limit theorem for discrete time arrays of martingales (see
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Hall and Heyde (1980)) to establish the asymptotic normality of \/TthQT(x). This can be done if we
establish the following statements:
(a) Lyapunov’s condition:

n

SE[G(x0) | Gica) 5 S2():

i=1
(b) Lindeberg’s condition:
nlkE [X%,i()g 90)1{|XT,72(X7 90)| > 6}] = 0(1) for any € > 0.
Proof of part (a). Observe that

n

- Z (Eléri(x, ) | gi_2])2‘

i=1

Y E[Gi(x ) | Gia) = Y _E[XFi(x. ) | Gia]
i—1 i=1

Under Assumptions (N.2) and (N.5), one has
|Eléri(x,¢) | Gi—al|

0 N
X) \1/Tth /(i—1)5E[(90(Yt) - m(x, 9"))K(th )]itT) ‘ Qi—z} dt'
0 N t
g P10 e X o
1

/:51 5 (m(u, ) —m(x, ) K (hx b )ftz 2(u) du dt
8rm((p,x)

vzl ([ 70 o00)
f(x)VTd /(z‘—1)5ft ()i + (1) igg 81}{“1...81)5‘1

X hkl...hkd/ vkl...vdeO,V dv}
D ket | K (09)

ki+-+kq=r

c r+d/2 is .
3(hT) \/T< /( . ft12(x)dt+o(l)>. (6.47)

o= ([ o)

Making use of the Riemann sum, the quantity g; i‘Q(x) may be approximated, whenever § is small

Let

enough, by 67" ~2. It is then clear from the discussion above that the process (sz 2)Z>1 is stationary
and ergodic. So the sum } Y% | gZ 17 (x) has a finite limit (see Krengel (1985), Theorem 4.4), which is

5 2
K¢ (x)] = ( /0 f(x) dt> = 6% f2(x). (6.48)

Therefore by using Condition (6.48) we infer that

> (Blérs(x.0) | Gima])? = f;’}(:)d (i g ( /( B dt>2 - o<1>)

i=1 i—1)8

MATHEMATICAL METHODS OF STATISTICS Vol.24 No.3 2015



188 BOUZEBDA et al.
= O(h7*).

The statement (a) follows then from
. - P
lim Y E[¢Fi(x, ) | Gima] = T5(x).
i=1

Observe that under Condition (N.7)(i) we have
E[¢7(x,0) | Gi-]

B[E[(o(¥) — mlx, 0)? | Simas] K2 ) | Gma]

— 1 “ [ 2 of X Xy

~ fA(x)Th. /6(1’—1) Elop(X)K (hT’ hT)
i -

_ 2 2 2 X Xt

= i o B30~ (0

is .
i f2(x§Tth /é(z'—l) E{U?D(X)KQ (:T’ f)l(zi> ‘ gi_l] at

Gis| dt

Gis| dt

1 i X Xt
< E sup suplo?(X;) — o2 (x)| K2 , Gi_o| dt
f2(x)Th /(i 1 |:{u x—ul|<h} o (Xe) = o (x| (hT hT> 2]
2 X Xt )
f2 Th /z 1) XK (hT’hT) gl_z] dt
:IT,I( )+IT72( ) (649)
Considering Condition (N 7)(ii) it follows that
- 2 2 of X Xy
‘;Iu(x‘ f2(x Thd Z/m ) {U'||xsll'£)||<hn 7630 =~ o IR (hT >‘g ]dt‘
2 X Xt
(f2 Thdz/z1 K )QZ]‘
= K2 * V) e x+hvdvdt‘
5f2 Z/&(z 1) /[2L2L hT hr ) B V)
Cd+1 / / X 2 ‘
+v )7 (x4 hyv)dvdt
Z 8(i—1) 2L2L]d n hn ) e )
Ciatr |1 </ > '
1 - +o(1
= o) 17, g [ JE ) ol
C
= o1) 340 /)
=o(1). (6.50)
Recall that
K(u,v) = K(u+k,v+k) for ke z<.
Set, forx € D,

X, = <L2:$1J"“’ L2:nfdJ>’
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with |u] <u < |u] 4+ 1 denoting the integer part of u. Now, we turn our attention to the second term of
equation (6.49), it follows then, from Condition (N.6), that

S a0 = e 2 E <X %) [g1s]
= X§Thdz/” RdK2 e pp I (W du
e S L
o 2 {K2 ;;’;;>—K2<’;:vh‘;>}ft ) duct

- 5;51;(‘))2 [ K*0w) (/ e (xm+th>dt> dv +o(1)
2(

>

i=1

5f2(xx)< Z/ i dt> RdKQ(o,v)dv+o(1)

:§2(:)(5f( )+ / {Z¢ +k} dv + o(1)

kezd
i L gomernf oo

Combining equations (6.50) and (6.51) we get

n P 2 2
Tim Y E[(x,¢) | Gioa] £ T2(x) < 9” / {Z¢> v+k} dv.  (652)
=1

keczd

Proof of part (b). The Lindeberg condition results from Corollary 9.5.2 in Chow and Teicher (1997)
which implies that

nE X7, (x. @) L{Ix7i(x, 9)| > €}] < 4nE[¢F;(x, 0)1{[€7,i(x, 0)| > €/2}].

Leta > 1and b > 1 be such that
1 1
=1.
a + b
Making use of Holder’s and Markov’s inequalities one can write, for all € > 0,
El¢ri(x, ¢)*

B[00 o) Lllerate o)l > /21 < 00

Therefore by using condition (6.2) we obtain
A [€7,;(x, 0)1{|€ni (x, 9)| > €/2}]

4 T X Xt
< E ;) — K dt
= ST 11gd(e/2)2/b /TZ.1 (p(12) = m(x,0)) (hT hT)

4 2a

T;
! Cay1
< E Y:) — m(x,
- 1oV <e/z>2a/b/ [CORE D)t (1 4 e - X, [ty
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Using Jensen’s and Cauchy—Schwarz’s inequalities in combination with Condition (N.0), we infer that

AnE[h (. @) 1{16ux.0)] > €/2)] < X ([ Eletn - o))
B GV (e/2)2a0 SRR

_ O((Tilzd)a 1). (6.53)

Combining statements (6.52) and (6.53) we achieve the proof of Theorem 4.4.

Proof of Theorem 4.5
Observe that

n

T x . X ¢
S (R R o] )

n
=Y (rilx,0) — €ni(x, ) ZXTZXSO
i1

where

Xz, ) th /ZTl(go(mK(;‘T,f;)—E[w(Y;)K(h’;,f;)\gt_5]>dt,

is a triangular array of martingale differences with respect to the o-field G; (see Didi (2014)). Observe
that

n

=3 (Eléralx,¢) | Gial)™

i=1
By combining Conditions (N.O)—(N.1) with (6.2), we readily infer that

E[eri0x,¢) | Gis ﬁhd/m k() 6]

W/'

Cat1 }
Y; i
- [*O( Dt 14 e Rty |9

D E[Gi(5,0) [ Gio) = D E[xFi(x9) | Gis]
=1

i=1

wl Cd“ / Elp(¥:) | Gi o] dt

z 1

n

Therefore by Jensen’s and Cauchy—Schwarz s inequalities we infer that
th n T; 2
S (Bleri(x, ) | Gia])? < TTd“ > < /T E[p(Y?) | Gi—s] dt)
=1 i=1 i—1
h C
d+1 Z/ 2(¥,) | Gr_o]
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h Cd+1 / /
y)dv dt
Z z 1 Rd
</Ti - >1
dt
nP; T a

<7 /R P Wp(y) dv

< thid“ M g (/ T g ) [t )
= O(hd).

To establish then the asymptotic normality, we have to prove the following statements:

(a) Lyapunov’s condition:

ZE[ﬁ%i(X, ©) | Gi—s] E592(x, p);
=1

(b) Lindeberg’s condition:
nlk [X%,i()g 90)1{|XT,72(X7 90)| > 6}] = 0(1) for any € > 0.

Proof of part (a). Observe that under Assumption (N.2), we obtain

B[e0x.) | 6] < T}ld [ e[poore( ) o] a

— I 2 ) o X Xt 4
- Thg,l« /Ti1 E _E[(P (Y1) |Sz—1,6]K (hT, hT> ‘gz_g} dt

— 1 g I 2 of X Xy
- Th%l« /;ZlE_E[QO (Y;f) |Xt]K (hT7 hT> ‘gz—2:| dt

- 1 TZ [ 2 X Xt )
T The /TZ.1 E _m2(@’Xt)K (hT’ hT) ‘QH} dt
= rnd /T E_(m2(w,Xt) — ma(p,x)) K ( ) (Qz ]

ma(p, X) /Ti [ o X Xy }
E|K i—o | dt
" Thd:  Jr,_, (hT’hT)|g 2

= Eri(x) + Eai(x). (6.54)
Using the continuity of the conditional density f%-1(-) and Conditions (N.6) and (N.8) and considering

a similar argument as for (6.50), we obtain
n T;

EH:EM(X): ! Z E-(mg(go,Xt)—m2(go,x))K2(x Xt)‘gz }
i=1 - /T i

1 [ X Xt
< E| sup  |ma(p,u) — ma(p,x)|K> G- 2} dt
Tth; Ti 4 _ueB(x,hT)‘ (7, ) (7, (h "hr >

o(1) = T x X
= T Z/ E Kz(hT hT) ‘Qz-_g} dt
Z/ /2L2L]d X fz;—i_V)ft T(x+ hrv)dvdi
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0(1)C+1 - /Ti / X X Ly
K i
on Z 7y J_ar01)d (hTahT—l-v)ft (x+ hpv)dvdt

<>cd+1< ( / = ) <1>>=o<1>cd+1f<x>

= o(1). (6.55)

Now, we turn our attention to the second term in (6.54), it follows, from Assumption (N.6), that

IN

| A

- X Xt
;Ez,z‘( Thd Z/ mz (p,x K2<hT’ hT) gi—2} dt
M2 907 i—
=" / L K hT ft 2 () du dt

. ma Spa Xm i—2
=" Z / / hT) £972(u) du dt
m2 907 2 X u 72 Xm u Gi—o
Th, Z/ 1/Rd{K hT’hT) K (hT’hT)} ¢ (u)dudt

:mzso, ZRdK2OV</ 79 (xm—I—hnv)dt)dv—l-O()

_ 7”2(:50’" <n; (/Tl £ i—Z(x)dt>> [ K20.3)dv +0(1)

= ma(e. (£ + o) [ {Z¢ +k} dv + o(1)
= ma(p, x) / { > (kv + k) }2dv—|—0(1). (6.56)

Combining equations (6.55) and (6.56) we get

Jim ST 0) | 6] £ 5200 < maliox)f0) [ { S 6(K)6(v + K } dv.  (657)
=1

kezd

Proof of part (b). The Lindeberg condition results from Corollary 9.5.2 in Chow and Teicher (1997),
which implies that

n X7 (%, 0)H{|xz,i (%, 0)| > €}] < AnE[&F (%, 9)1{|¢r,i(x, )| > €/2}].
Let @ > 1 and b > 1 be such that

1 1
=1.
a+b

Making use of Holder’s and Markov’s inequalities one can write, for all € > 0,
E g i\ Xy P 2a
(g (x o)1 {[€ri(x,9)] > /2)] < 10 #)

(¢/2)2a/b
Therefore by Condition (6.2) we have
AnE[¢7,;(x, 0)1{[é7,i (x, )| > €/2}]

4 X
Vi) K dt
= 5o 1pad(e/2)2a/b ‘/ (h hT)
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2a

; [ elewm Can
> t _
5Ta—1h§?_1)d(6/2)2a/b T, h%(l + ||X — XtHth)d'H

Using Jensen’s and Cauchy—Schwarz’s inequalities and Condition (N.O), we infer that

T;
B[ e U lers ) > 2] < W‘f ” /2)2a/b( [ sioa)

_ O((Tsz)a 1>. (6.58)

Combining statements (6.57) and (6.58) we achieve the proof of the theorem.

Proof of Corollary 4.6

Consider the following decomposition
VTR (Fr(x) — Hx)) = \/Thi (Br(x) — Hr(x)) + \/Thi (Hr(x) - E(Hr(x)))

+\/ThE(E(Hr () - H(x)
= UT(X7 gp) + WT(X, 30) + VT(X7 90)

Concerning the convergence in distribution of the term Ur(x, ¢), the result follows from Theorem 4.5.
On the other hand observe that

= Hp(x) — E(Hr(x))
\/Thd

T x . < t
:Tsz/O <E[so(Yt)K< X)(gt 5| - [go(Yt)K(hT,ffTﬂ)dt
:Tzd /T/RdH e(y) K ;7;)(gft’6(u,y)—g(u,y)) du dy dt
=T / /Rdﬂ hd 1+||fi+111||h Lyd+1 (9" (wy) — g(u,y)) dudyt

= hTCd+1/ v(y) (T‘ / 97" (w,y) dt — g(u, y)> udy.
Ré-+1 0
The Cauchy—Schwarz inequality combined with Assumptions (N.0) and (N.5) implies that

’ g
1/ gtt_adt_g
0

Condition (4. 8) completes the proof. By change of variables, it follows that

\/ Thé
g |, Eleor( ) o s

S IR ot | L

~ g ) Bl 0K (% )] =m0 700

= O(hy).
L2

(x,¢) < hrCayi|lellz||T
\/Thd

Vr(x,¢) = |E(Hr(x)) — H(x)|
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1
_h%

X u

[ e K () () du = mip, )7 (%)

:/ m(gp,x—Fth)f(x—i-th)K(;{ ,hx +V> dv —m(p,x)f(x)
(-2L,2L)4 T AT

X X
= [ e hav)f G hev) =m0 )KL ) av.

[~2L,2L)d hr’ hr
Making use of Conditions (C.3), (N.4) and using the same previous arguments, we infer that
VIR om0 £ ()

‘VT(X, 90)‘ S sup
rl xeD avlfl ... 81}5‘1

X hkl...hkd/ ookl K X,X+v dv
Z ’ ’ [—2L,2L}d| ! | (hT hr )

ki+--+kq=r

= o(m(y/11t)).
Vi, ) = \/TH(E(Hr(x)) — H(x)) = 0 (y/Th$ ) ).

We achieve then the proof of the Corollary.

Therefore

Proof of Theorem 4.7

Recall that
N T X + X +
s = L [ (G i) =G ] )
= z”: (n7,i(x) = 7ii(x)) = z”: Or,i(x),
=1 =1
where

K K( x Xt)dt,

nTZ \/Thd /712 . h,T’ hT

(8 ()| 5]

T

nri( \/Thd /T 1

O07.:(x) = (n1,i(x) — 71,4(x)).

The sequence {67 ;(x)} is a triangular array of martingale differences with respect to the o-field F; (see
Didi (2014)). Observe that

n

=" (E[nri(x) | Fioa])™.

=1

x) | Fi-2] ZE%Z ) | Fia]

By a simple change of variable, we obtain
T;

\/Thd /Tz 1 hT’ hT

E[nri(x) | Fica] =
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d )
- \/hT /TT_I /RdK<h);’huT) T2 (1) du dt
W/

[—2L,2L)4

:\/}f</ X)dt + o1 )> a.s.

2

X X Fi—2
K(hT,hT—i-v)t (x + hyv) dv dt

Considering Assumptlon C.2) and recalling that the function x — x* is measurable we have

hm </ f dt> = 02f%(x) inthe a.s. and L? sense.
Ti—1

n—>oon

Hence we obtain

;Z;(E[wx,w)m 2)) 2_ n (/ x) dt + o(1 >>2

SOl ) +o<h%><i§</iff2<X)dt>>+"<h%d)

= O(hT).

To establish the asymptotic normality of \/Th% (fT(x) — f(x)) we have to show the following state-
ments:

(a) Lyapunov’s condition:

ZE[W’.QF,i(X) | Fia] 5 oye2(x);

(b) Lindeberg’s condition:
nE[07;(x)1{|07:(x)| > €}] = o(1) forany € > 0.

Proof of part (a). Using a change of variable and the continuity of the conditional density ff”(-),
t € [T;—1,T;], we obtain

2 : 1 T; o X Xt
ElrmiC0 | Fia] < gy /Ti_lE[K (hT ) | Fioa at
1 T; X x -
on Ai_l /[‘_QL’QL]dK <hT’ hr +V)ft (x+ hrv)dvdt

1 L r >/ of X X
= TH(x)dt + o1 K , + v dv.
on (/T1 f ) W [~2L,2L]d (hT hr >

K(u,v)=Ku+k,v+k) for kez

Recall that

Moreover, the ergodicity of the process {ftft*‘s} implies the ergodicity of {fthi‘z} fort € [T;—1,T;]. We

obtain then
1~ /1 [T Fi_o . 2
E fi Ti(x)dt| = f(x) in a.s. and L* sense.
nz:l ) Ti_1 T—o0
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Assumption (C.2) allows us to write

ZE ) | Fica] < <1§:<1/Ti ffi—Q(x)dt>+o(1)>/ K2(0,v)dv
nTZ e i3 Y Tia ' [-2L,2L)4 ’

= X 2 v)av o
— A >/[2LWK<0, v+ o(1)

/ {Z¢> v+k} dv + o(1).

kezd
Therefore

T}LH;OZE x) | Fia] £ ¥"2(x) < / {Z¢> v+k}2 v.

kezd
Proof of part (b). We observe that

nk[07;(x)1{|07,:(x)| > €}| < 4nE[n7,;(x)1{|nri(x)| > €/2}].
Leta > 1and b > 1 such that

L1,
a b

Making use of Holder’s and Markov’s inequalities one can write, for all € > 0,
E|nr.(x)>
B (01 { s (0] > ¢/2)] < 700

(6/2)2a/b :
Therefore by Jensen’s inequality
AnE [17,;(x) {171 (x)| > ¢/2}]

4 X Xt

<
Y A 1h“d(e/2)2a/b/ E‘K(hT’ hT)
Lol y
(Thd 6/2 )2a/b g, Ji—ar 2L]d hT hr
1 gl X X d
(Tth)a—l(e/Q)Qa/b (f( ) +o( )) /[—2L,2L}d (hTa hrp +V) v

:O((n;g)a_l)'

Combining statements (6.59) and (6.60) we complete the proof of Theorem 4.7.

2a
dt

)f(x + hrv)dvdt

Proof of Corollary 4.8
Consider the following decomposition

\/Thﬁlﬁ(fT(X) —-fx) = \/Tth(]?T(X) = fr(x)) + \/Tth(fT(X) — E(fr(x)))

+\Th (B(Fr(x)) - £(x)
= Fr1(x) + Fra(x) + Fr(x).

(6.59)

(6.60)

Theorem 4.7 shows the convergence in distribution of Fr;(x) to a normal distribution. Secondly, by

combining Condition (C.1) with (6.2), we obtain

! Frao(x,¢) = fr(x) - E(J?T(X))
\Th
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T x X, . X,
:Tzd/ (E[K<hT,§T)‘ft—5]—E[K(hT,fT)Ddt
T Thd / /Rd hy' h 70 (w) — f(u) dudt

C’d-l-l Fis B
: T/o /Rd hd (1 + ||x — uf|hp")d+1 (fi "°(u) = f(u)) dudt

T
= hrCgyy1 /Rd <T_1/0 ftft_‘s(u) dt — f(u)> du.

/ fF5(u)du=1 and f(u)du=1,
Rd

R4

Using the fact that

we infer that

Frp(x) <2hrC4pq = O(hr).
Condition (4.9) implies readily that

Under assumption (C.3), we get
Fra(x) = \/ThHEfr(x) - f(x)|

_ \/ThThd/ k(o )stay - 7

_ \/Thd/[ML K(h’;,h’;+v)(f(x+th)—f(x))dv

[ " kitetkg=r

Th r
< \/ 4 su 0" f(x) Z nEr . pka |vk1
S pak1 pyy 7 hy L

x€D |0y ... 0V, Feiethg=r [—2L,2L]
d
I8

_ \/ThT 0 f(X) I | kd|
= ,  sup . Ky [T CHE

T xeD|[Ovt ... 0vy o, +kd . J[=2L,2L)4

- o(w(y/re )

Therefore
lim_ Fra(x) = 0.

The proof of Corollary 4.8 is completed.
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