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INTRODUCTION

This Part II of the paper (consisting, in turn, of parts 1 and 2, the latter to appear in the next issue)
deals with the application of the results obtained in Proposition 2, Lepski (2013), to the construction of
upper functions for generalized empirical processes. The main difficulty in the realization of our approach
consists in the following. To apply Proposition 2 to particular problems one has to compute the function £
and there is no general recipe how to do this. The main goal of this and the next part is to provide
rather general assumptions under which this quantity can be calculated explicitly. As was discussed
in Lepski (2013), upper functions for random objects appear in various areas of probability theory and
mathematical statistics. Therefore the problems of different nature require different assumptions. The
assumptions presented below are oriented mostly to the problems arising in mathematical statistics,
which definitely reflects author’s interests. However, some purely probabilistic results like the law of
iterated logarithm and the law of logarithm will be established as well.

1. GENERALIZED EMPIRICAL PROCESSES

Let (X,X,v) be a o-finite space and (£2,2(,P) a complete probability space. Let X;, i > 1, be a
collection of X'-valued independent random variables defined on (2,2, P) having the densities f; with
respect to the measure v. Furthermore, P¢, f = (f1, fo,...), denotes the probability law of (X1, Xs,...)
and Ey¢ is the expectation with respect to P;.

Let G: $ x X — R be a given mapping, where $j is a set. Put Vn € N*
&(n) =n"" > [G(h, X)) —EG(h, X;)],  heH, (1.1)
i=1

We will say that £y(n), b € 9, is a generalized empirical process. Note that if h: X — R and G(h,z) =
h(x), b € 9,z € X, then {y(n) is the standard empirical process parameterized by $).
Throughout this section we will suppose that

G (h) == sug |G(f),x)‘ < 00, Vh € 9, (1.2)
S

and it will be referred to as the bounded case. Some generalizations concerning the situations, where
this assumption fails, are discussed in Section 1.1.
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84 LEPSKI
Condition (1.2) implies that the random variables G(h, X;),b € $, and G(h1, X;) — G(b2, X),

h1,bo € $,i=1,...,n, are bounded, and we obtain in view of Bernstein’s inequality Vz > 0
52
Pr{len(n) > 2} < 2ex { - o A (1.3)
52
Pl () — ()] > 2} < 2030 { - o ) (1.4)
where
AR(h) =2m7 2> EGA(0,X;),  af(bi,bh2) = 2ZEf (b1, X:) — Gh2, X2))%, (1.5

i=1

Boo(h) = (4/3)n~! u boo(hl,bg):(4/3)n 52£|G b1,z) — G(h2, z)|. (1.6)

We conclude that Assumption 1, Lepski (2013), is fulfilled with () =|-|, A = A¢, B = Bo, a = ay,
b = b, and ¢ = 2.

[t is easily seen that a; and b,, are semi-metrics on $). We note also that &: $ — R is P-a.s.
continuous in the topology induced by bo. Thus, if  C $ is totally bounded with respect to a; V by, and
such that Ag := suppeg Af(h) < 00, B 1= 8UPpeg Boo(h) < 00, then we conclude that Assumption 2,
Lepski (2013), is fulfilled.

Thus, in the problems for which Assumption 3, Lepski (2013), holds, the machinery developed in
Proposition 2, Lepski (2013), can be applied for [£4(n)], h € $. We would like to emphasize, however,
that problems studied below are not always related to the consideration of |y(n)|, b € $, with § being
totally bounded, although such problems are also studied. The idea is to reduce them (if necessary) to
those for which Proposition 2, Lepski (2013), can be used. For instance, we will be interested in finding
upper functions for |£4(n)| on b € $ not only for given n but mostly on N x ), where N is a given subset
of N*. This will allow us, in particular, to study generalized empirical processes with random number of
summands.

1.1. Problem Formulation and Examples
In this section we find upper functions for several functionals of the generalized empirical process
&p(n) defined in (1.1) under condition (1.2). We remark that the parameter f may possess a composite
structure and its components may have very different nature. In order to treat such situations it will be
convenient to assume that for some m > 1

H=H1X X Hm, (1.7)
where ;,7 = 1,...,m, are given sets. We will use the following notation. For any givenk = 0,1,...,m
put
=015 X Dy, 9 = Deer X X D,

with the convention that $9 = 0, $7,, = 0. The elements of H and £ ; will be denoted by h*) and
b(x) respectively. We will suppose that for any j =k +1,...,m the set §; is endowed with the semi-
metric o; and the Borel measure ;.

In the next two sections we find upper functions for [£5(n)| on some subsets of §) (possibly depending
on n!) and we will consider two cases.

Totally bounded case. In this case we will suppose that §); is totally bounded with respect to p; for
anyj=k+1,...,m

Partially totally bounded case. Here we first suppose that for some p > 1

(X, v) = (X1 X+ X Xy, 11 X o+ X 1), (1.8)

where (X}, 1), 1l =1,...,p, are measurable spaces and v is the product measure.
Next we will assume that §,,, = X;. As a consequence, the assumption that §,, is totally bounded is

too restrictive. In particular, it does not hold in the case X = &} = R?, which appears in many examples.
Before presenting the results, let us consider several examples.
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UPPER FUNCTIONS FOR POSITIVE RANDOM FUNCTIONALS. II. 85

Example 1 (Density model). Let K: R? — R be a given function and let

1

|:Hh:| /hl,...,'/hd), h:(hl,...,hd)E(O,l]d,

where, as before, for two vectors u, v € R? the notation u/v denotes the coordinate-wise division.

Putp=1,m=d+1, k=d, X = Hap =R%, $; =1(0,1],i=1,...,d, and consider for any h =
(h,z) € $ := (0,1]¢ x R?

&(n) = Enaln) := 12[Kh ~ Ee{Kn(Xi — )}

We have come to the well-known in nonparametric statistics kernel density estimation process. Here
the function K is a kernel and the vector h is a multi-bandwidth.

Example 2 (Regression model). Lete;, i = 1,...,n, beindependent real random variables distributed
onZ C RandsuchthatEe; = 0foranyi=1,...,n.LetY;, i =1,...,n, beindependent d-dimensional
random vectors. The sequences {g;,i = 1,...,n} and {Y;,i =1,...,n} are assumed independent. Let

M be a given set of d x d invertible matrices and let Z C R and &; C RY be a given interval.

Putp=2,m=d+2,k=d X1 =940=R, X=7,9;,=(0,1],j=1,...,d, and H3,1 = M.
Consider forany b = (h, M, z) € $ := (0,1]% x M x R?

&h(n) = Enara(n) i=n" " det(M)| Y Kn[M(Y; - 2)]e;
=1

The family of random fields {&, ar,0(n), 2, h, M € (0,1]% x M x R?} appears in nonparametric regres-
sion under single index hypothesis, Stone (1985).

[f 7 is a bounded interval, i.e., the g; are bounded random variables, then (1.5) and (1.6) hold and the
results from Lepski (2013) are directly applicable. However this assumption is too restrictive and it is
not satisfied even in the classical Gaussian regression. At the first glance it seems that if Z = R, then
Proposition 2, Lepski (2013), is inapplicable here. Although the aforementioned problem lies beyond the
scope of the paper, let us briefly discuss how to reduce it to the problem in which the machinery developed
in Proposition 2, Lepski (2013), can be applied.

Some generalizations. Let (¢;, i = 1,...,n) be a sequence of independent real-valued random vari-
ables such that Ee; = 0 (later on for simplicity we assume that the ¢; have symmetric distribution) and
Ee? =: 02 < co. Let X;, i =1,...,n, be a collection of X-valued independent random elements and
suppose also that (X;, i =1,...,n) and (¢;, i = 1,...,n) are independent. Consider the generalized
empirical process

3 n! Z Gy, Xi)zi,  heE®,
where, as before, G: § x X — R is a given mapping satisfying (1.2). For any y > 0 define

gl‘](n7 y) = n_l Z G(f), Xi)eil[—%y} (Ei)a nn(y) - Slup ‘Ez‘ [1 - 1[—y7y} (52)] .
im1 i=1,...,n

Obviously, for any y > 0

Eony) =n~' D [Gy(h,Xi) ~BGy(h, X)), X = (Kise0),
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86 LEPSKI

where Gy(h, ) = G(b, Z)ul_, ,(u), © = (Z,u) € X := X xR, h € $. Since G, is bounded for any
y > 0, inequalities (1 3)and( 4) hold and, analogously to (1.5) and (1.6), we have

ﬁm=%42ﬁ@@mxx af(h1,bs) = ﬁ)%fhh> G(h2, X3))?,
=1
Boo(h) = (4y/3)n~" boo (b1, b2) =:<4/3)ywz Ysup |G(h1,7) — G(ha, 7))
reX reX

Let also $5 C $ be such that the results obtained in Proposition 2, Lepski (2013), are applicable to
|€p(n, )| on $ for any y > 0. It is extremely important to emphasize that neither A¢(-) nor ag(-, -) depend
ony. B

This implies, in view of Theorem 1 below, that upper functions for [£4(y)], b € $ (for brevity V (b, y)
and Uy (h,y), ¢ > 1) can be found in the form:

V(b,y) = Vi(h) +yVa(h), Uqg(h,y) = Uga(h) +yUg2(h).

This means that we are able to bound from above for any y > 0
_ _ q
P{sup [&y(n,9)| = V(b)) >0}, Epfsup [1&(n.p) - Ughp)] } -
beh behH +

Moreover, we obviously have for any y > 0

IP’f{ sup [ [€5(n)| = V(b,y)] > 0} < Pf{ sup [ [€5(n,y)| = V(b,y)] > 0} + Pp{mm(y) > 0},
henH henH

B { sup [16(n)| = Uatb.)] |, < By sup 16600 )] = Uao,)] | + (500 Gool9)) "Bla(0)"

hen
Typically, V(-,y) = V) (-, y) and Uy (- y) = US™ (- y) and V3™ () < V™ and U (1) < U for all n
large enough. This allows us to choose y = y,, in an optimal way, i.e., to balance both terms in the last
inequalities, which usually leads to sharp upper functions Vl(n)(') + ynv2(n)(') and Uéﬁ)() + ynU(n)( ).

1.2. Main Assumption
Now let us return to the consideration of generalized empirical processes obeying (1.2). Assumption 1
below is the main tool allowing us to compute upper functions explicitly. Introduce the following

notation: for any h*) € H¥
Goo(b(k)) = sup sup ‘G(hax”?

bk, reX
and let Goo : H¥ — R be any mapping satisfying
Goo(h™) < Goo (h®)),  VH™ € 5t (1.9)

Let {9;(n) C $;, n>1},j =1,...,k, beasequence of sets and let §¥(n) = H1(n) x - - - x Hi(n). Set
foranyn > 1

G,= inf Go(0W), G,= sup Go(h™).

HF EHT (n) H() €9k (n)
Foranyn >1,j=1,...,k, and any bh; € $;(n) define
Gjn(by) = sup Goo(0™), Gy, = inf Gja(by).
’ ’ blEﬁl(”)r“vb]’—leﬁj—l(n)’ ” hjej")j(n) ’ ’

hi+1€9;5+1(n),...,h €N (N)
Noting that | log (t1) — log (t2)| is a metric on R \ {0}, we equip $§ (n) with the following semi-metric.
For any n > 1 and any §®), %) e §%(n) set

o (H™), ") = jmax | 10g{Gjn(h;)} —log{Gjn(h)}],

where ﬁj, hj,j=1,...,k, are the coordinates of h*) and h*) respectively.
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UPPER FUNCTIONS FOR POSITIVE RANDOM FUNCTIONALS. II. 87

Assumption 1. (i)0 < G,, < G, < oo foranyn > 1land foranyj=1,...,k
G (0) _ Gylt)
G - G,

n 7,n

vh*) = (b1,....be) € Hi(n), Yn>1.

(ii) There exist functions Lj: Ry — Ry, D;: Ry — Ry, j=0,k+1,...,m, such that L; is non-
decreasing and bounded on each bounded interval, D; € C1(R), D(0) = 0, and

1G(8, ) = G(B, oo < {Gao(8®) v Goo(6™)} Do {0 (h®), 5 ™))}
+ 3 Li{Go(6®) v Gas (6™} D; (0555, 1)),
j=k+1

for any b, € H¥(n) x Ot andn > 1.
We remark that Assumption 1 (i) is automatically fulfilled if £ = 1.

Remark 1. If n > 1 is fixed or $;(n), j =1,...,k, are independent of n, for example, $;(n) = 9H;,
j=1,... k foralln > 1then upperfunctions for |5 (n)| can be derived under Assumption 1. However,
if we are interested in finding upper functions for |{;,(n)| when n is varying, we cannot do it in general
without specifying the dependence of $;(n), j = 1,...,k, onn.

In view of the latter remark we will seek upper functions for [£,(n)| when b € 5(71) = 5’1“(71) X O

Herefo’f(n) = H1(n) x -+ x Hi(n) and let {5](71) C $Hj(n), n>1},j=1,...,k beasequence of sets
satisfying an additional restriction. We will not be tending here to the maximal generality and complete
Assumption 1 by the following condition.

Assumption 2. For any m € N* there exists njm| € {m,m + 1,...,2m} such that

U 9% (n) C 9% (n[m)).

ne{m,m+1,...2m}

We note that Assumption 2 obviously holds if for any j = 1,..., k the sequence {5](71), n>1}is
an increasing/decreasing sequence of sets.

1.3. Totally Bounded Case

The objective is to find upper functions for |{y(n)| under Assumption 1 enforced, if necessary, by
Assumption 2 and the condition imposed on the entropies of the sets $;,j =k +1,...,m.

1.3.1. Assumptions and main result. The following condition will be additionally imposed in this
section.

Assumption 3. Suppose that (1.7) holds and there exist N, R < oo such that for any ¢ > 0 and
anyj=k+1,...,m

€g,.0;(s) < Nllogy {R/s}]+,

where, as before, €g. ,. denotes the entropy of $; measured in g;.

We remark that Assumption 3 is fulfilled, in particular, when ($;,05,%5), j =k+1,...,m, are
bounded and satisfy the doubling condition. Note also that this assumption can be considerably
weakened, see discussion after Theorem 1.

Notation. Let 3 < n; < ny < 2n; be fixed and set N = {ny,...,ny}. Forany h € $ set
SupP;=1,...ny Ef|G(h7 XZ)|7 n 7& ny,
(n2) ™" 3202 Er|G(h, X;)
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and remark that if additionally X;, i > 1, are identically distributed then we have the same definition of
Fa, (+) in both cases. We note that

Fy, :=sup sup Fyn,(h) <sup G, < 0
neN pesH(n) neN

in view of Assumption 1(i). Let b > 1 be fixed and put
ni, n; =nsy, 07 n; = ny;
n— /8 =
{n[nl], n; # ny, {b, n; # ny,
where, recall, n[-] is defined in Assumption 2.
Define Lj(2) = sup,, max {u LLj(u), 1} and L3 (z) = YT, | log, {L;(22)} and introduce the
following quantities: for any h*) ¢ H¥and any ¢ > 0
P(h™) = (36k5; % + 6)log (1 +10g{2G 1 Goo (h*)}) + 36N 2LW (Goo (h'™)) + 18C. Rk

M,(h™) = (72k6;2 + 2.5¢ + 1.5) log (2G ' Goo (0™)) + 72N6,2L%) (G (6™))) + 36C'y, Rym -

Here 4, is the smallest solution of the equation (485)~'s*(6) = 1, where, recall, s*(6) = (6/72)(1 +
[log 5]2)_1, § > 0. The quantities N, R are defined in Assumption 3.

The explicit expression of the constant Cn, g m 1, as well as explicit expressions of the constants Ay,
A2 and Cp p used in the description of the results below, are given in Section 2.1.2, which precedes the
proof of Theorem 1.

Result. Forany r € N put Fy,, »(h) = max[Fp,(h),e "] and define forany h € $,u > 0and g > 0
Vi (n.h) = Al\/aoow(k))(Fm,r(h)n—l) (P(6®) + 2108 {1+ | og (Fay.e(9))[} + )

+ AaGoo(04)) (1~ Tog” (1)) (P(h®)) + 210 {1+ | 1og (Fag.e(h)) [} +u).

uﬁ“’@(n,h):AM o (69)) (a0 1) (My(6)) + 2log {1+ | 10g (Fa >)\}+u)
+ AaGlc (h(k)( “log? (1) (M (6%8)) + 2108 {1+ |log (Fay.x(0))[} + ).

Theorem 1. Let Assumptions 1 and 3 be fulfilled. If ny # ny suppose additionally that Assump-
tion 2 holds. Then foranyr e N,b > 1, u>1andqg>1

Pe{ sup sup [|gy(n)| — V" (n.B)] = 0} < 2419¢7,
neN pef(n)

Ee{ sup sup [Jgy(m)] —2h"(m,0)] }' < ¢ [v/(01) " FyG v (1) H0g” () G) ] e,

neN pesH(n)

where ¢, = 2(74/2+53944T (¢ 4+ 1)(Cp p ).

Remark 2. The inspection of the proof of the theorem allows us to assert that Assumption 3 can be
weakened. The condition that is needed in view of the used technique: for some o € (0,1), L < o0

s;qgc TY€g;,0,(5) < L, j=k+1,...,m. (1.10)
S

In particular, this allows us to consider the generalized empirical processes indexed by sets of smooth
functions. However the latter assumption does not permit us to express upper functions explicitly as this
is done in Theorem 1. This explains why we prefer to state our results under Assumption 3.
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Several other remarks are in order.

1°. First we note that the results presented in the theorem are obtained without any assumption on
the densities f;, ¢ > 1. In particular, the obtained upper functions remain finite even if the densities f;,
1 > 1, are unbounded.

2°. Next, putting r = 400 we get the results of the theorem with F},, »(-) = Fy,(+). This improves

the first terms in the expressions of V" (-, ) and U{"?(-,-), however the second terms may explode if
Fa,(h) = 0 for some h € $. The latter fact explains the necessity to “truncate” Fy,(-) from below, i.e.,
to consider Fy, »(-) instead of Fy,, (-).

1.3.2. Law of iterated logarithm. Our goal here is to use the first assertion of Theorem 1 in order to
establish a non-asymptotic version of the law of iterated logarithm for

My (n) := sup  [§p(n)].

€N
Suppose that forsome ¢ > 0,b > 0
¢<G,<G,<emb  VYn>1 (1.11)

We would like to emphasize that the restriction G,, > ¢ is imposed for simplicity of notation and the
results presented below are valid if G,, decreases to zero polynomially in 7.

Moreover we will assume that

sup sup sup E¢|G(h, X;)| =: F < oc. (1.12)
n>1 bE?)(n) i>1

We will see that this condition is fulfilled in various particular problems if the densities f;, ¢ > 1, are
uniformly bounded. Suppose finally that for some a > 0

L£®)(2) < alog{l +log (z)}, Vz > 3. (1.13)

For any a > 0 and n > 3 define
H1(n,a) = 95 (n) N {H®: Goo (6P) < nllog(n)] ).

Theorem 2. [et Assumptions 1,2 and 3 be fulfilled and suppose additionally that (1.11), (1.12),
and (1.13) hold. Then there exists Y > 0 such that for any j > 3 and any a > 2

[ V1 g (1) } N T} 2419

Pf{ sup  sup VG () log (1 + log (n)) : |

n>j h(k)éﬁlf(ma) ~ log(j)

The explicit expression of the constant T can be easily derived but it is quite cumbersome and we
omit its derivation.

Remark 3. An inspection of the proof of the theorem shows that for any y > 0 one can find 0 <
T(y) < oo such that the assertion of the theorem remains true if one replaces Y by Y (y) and the right-

hand side of the obtained inequality by 2419[log(j)]~(**¥). This makes sensible to consider small values
of j.

A simple corollary of Theorem 2 is the law of iterated logarithm:
[ Vn Nk (n)

<7, Pg¢-a.s. (1.14)
\/Goe (6®) loglog (1)

lim sup sup
N0 (k) Ef)]f (n,a)
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2. PROOF OF THEOREMS 1 AND 2
2.1. Proof of Theorem 1
2.1.1. Preliminaries. We start the proof with several technical results used in the sequel. Put for any
1=1,...,n9,y € [Ill/l’lg, 1] and o = b[log (1’12)]_1,
Qi(y) = L(ifny,)(y) + (m2y — i+ 1)%1a,(y),  Qily) =y " Q(y).
Here A; = ((i — 1)/my,i/nz],i = 3,...,n9,and Ay = [1/ny,2/ny].

For any a > 1 let [a] be the smallest integer larger or equal to a. This implies, in particular, that
Y € App,y. First we note that forany y, 5 € [n1/ng, 1] and anyi =1,...,ny

Qily) <1, Qi(y) =0, Vi>Tnoyl,  |Qi(y) = Qi(y)| <TA 2y —7)|*.  (2.1)
The first and the third inequalities imply forany i = 1,...,ns and any y,y € [n;/ns, 1]

Q) - Q) < ran) [ty -+ (1107 (22)

yVvVy

Forany z, 2 € R, denote(z,2') = (1 — \/Z/\Z/)l/z, and remark that o is a metric on R.. This follows

zVz!

Voro(e. ) — [E (b\(/i) - b\(/z’/))? v

where b is the standard Wiener process. Taking into account that y, g > 1/2 and that w(y A y) < 1 we
obtain from (2.2)

from the relation

1Qi(y) — Qi(7)] < 8e®[w(y,7)]". (2.3)

Here we have also used the definition of «.. Taking into account that forany a < ¢

sup p(1 —log (p))“ = e*~°[c/a]®,
p€E(0,1]

we obtain from (2.3) forany b > 0, 3,7 € [n1/ny,1] and ng > 3

su 1V e log (m2) ’
Qi) - Q)] <se| 0 ] (2.4)
Next, forany v,y € [n1/ng, 1]
1Qi(y) — Qi@ =0, i¢{ Ayl ... a(yVy)l} (2.5)

We have for any y, § € [ny/ny,1] in view of the first and the third bounds in (2.1) and (2.5)
2 2n,|y — 9, na(y V)] — [na(y Ay)] > 3,

Z ‘QZ ‘ —\ |2 =
Bna(y —9)1**,  [na(y V)] — [ma(yAg)] <2

To get the first inequality we have also used the fact that [na(y VvV g)] — [n2(y Ag)] > 3 implies
na(yVy—yAy) > 2and therefore

Moy V)l — ey Al +1<m(yVy—yAy)+2<2m(yVy—yAy) =2mly -y
Thus we have for any y, § € [n;/ng, 1]

JZ 1Qi(y) — Q> < V/2naly — gl + V3na(y — §)|* < 2¢/maw(y, §) + 2v/3e® [w(y, 7)] .
=1
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Hence we get

JZ |Qily 9)[2 < 8ymaw(y, 7)) + 4v/3e%[w(y, )]

< 8 ynow(y. 7) + 4v/36 log (n3) ]b
< 210 (Y, Y 1—log (w(y, 7)) |

Taking into account that sup,~, 2=%/2[log (2ez)]® < (2b/e)® we obtain

> 1Quly) = Qi@)P < 8v/ms |y, §) + v/3/4e(2b/e)* {1 — log(w(y, 7))} °|.
1=1

Finally we get for any y, § € [ny/ng, 1] and any b > 1

\{Z |Qi(y 7)[2 < 8[2° +1)(b)°y/m[1 — log (w(y,7))] " (2.6)

2.1.2. Constants. The following constants appeared in the description of upper functions and inequali-
ties obtained in Theorem 1. Let y = 0if n; = ny and y = 1ifn; # ns. Then

1
CNRmk=CVh o +CO 4+ 2xap,  ap =26 2log(2) + 2 sup (62 A 6) " (965/5*(5)) ®,
b} K b b £} k) 6>6*

W= {1 (5 )]+ >[10g2{(46[3f33?2>}k}’

C’](\i)Rmk =supd_ {k [1 + log <9216m(5>] [logQ { <460§W;R5> H }
>0 + s ( ) +

Putalso Cp = [Supj_g 41, .m SUPsejo1] Dj(2)] V2, where D is the first derivative of the function D;.
Set, finally, ¢p = 4v/2 [Qb + 1] bb and let

A1 :4\/26(\/CD\/[XCI,]), Ay :(16/3)(CD\/86), CD,b: (\/QCD\/[XCI,])\/ [(2/3)(CD\/86)]
2.1.3. Proof of the theorem. 1°. Putforanyi=1,...,n

and define for any y € (n;/ng, 1] and any b € $ the random function

b) =ny" > e(b, X:)Qi(y). (2.7)
=1

We remark that &(p) = &€(p/n2, ) forany p € N and any b € $. Thus in order to get the assertions of

the theorem it suffices to find upper functions for [£(-, -)| on [n1/ny, 1] x $(n) in view of Assumption 2
and the definition of the number n.
In view of Bernstein’s inequality Assumption 1 in Lepski (2013) is fulfilled with # = h =: (y, h) and

0 =h=:(y,b),

A%(0) = Af(h) —2n22ZQ2 (y)EfG* (b, Xi), (2.8)
a%(6,0) = af(h, h) := 2n;” ZEf [Qi(W)G(h, X3) — Qi(@)G(b, X3)]%, (2.9)
=1
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B(0) = Boo(h) = (4/3)n3 " [l sup  Qi(y )] sup |G(h,2)], (2.10)
b(@,é) = boo(hvl_l) = (2/3)11 Zzsupnsgp ‘ (h,2)Qi(y) — 5(67$)Qz(g)‘ (2.11)

Note that a; and b, are semi-metrics on [nj/ng, 1] x $ and &(-,-) is obviously continuous on
[n;/ny, 1] x $H(n) in the topology generated by be,. Moreover, A; and By, are bounded and therefore
Assumption 2 in Lepski (2013) is fulfilled.

Later on we will use the following notation: for any Q: X — R put ||Q||cc = sup,cx [Q(2)].
We obtain from (2.8)—(2.11) and (2.4) for any h, h € [n; /ng, 1] x H(n)

AF(h) < 2(m) By ()G (0),  Boo(h) < (4/3)(m1) G (h), (2.12)
botin B) < % G0, ) 006, 495G GO 1~ 0w (w0 )] ), (219)

where, recall, v = 0if ny = ns and v = 1 if n; # ny. Here we have used that if n; = ny the second term
in the last inequality disappears.

We also get using (2.1) and (2.6)

ag(h,h) < Van{JZ QI (W)Es[G(b, X;) — G(H,XZ-)]Q

< V) () + Fa ) [G10) — 66,0
Xy 2Py ()G (00 [1 ~ 05 (w(3,7)] ™}, (2.14)

where we have put ¢, = 4v/2[2% + 1](b)?. Here we have used that if n; = ny the second term in the last
inequality disappears.

For any 7 > 0 put $(n,7) = {h € H(n): Fn,(h) < 7}. Our first step consists in establishing an
upper function for [€(-, )| on H(7) := [n1/ny, 1] x $(n, 7). As usual, the supremum over empty set is
supposed to be zero.

2°. Note that in view of (2.12) and (2.14) for any h,h € H(7)

41og? (ny
3111

< ) G (6®), (2.15)

AF(h) < 27(n1) G (0™),  Buo(h) <

ae(h,1) < 2/r(m1) 23 /1G (D, ) — Glb, oo + xewy/ Goo H0)]1 ~ log (w(y, 7))] *}. (216

Moreover, by the triangle inequality we obviously have for any h,h € H(r)

ar(h,h) < Ag(h) + Ag(h \/8T (01) MG (h®) v (h(k))]a (2.17)
B
boo(h, b) < Boo(h) + Boo(h) < 81°§n(“2) Goe (6 v G (6. (2.18)
1
Set
a(h®,5") = G (6®) v G (6™).
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.....

m

G, — G(B, )|, < CD{g(h(k),h(k))Q(k)(h(k),h(k)) + > Lj{g<h<k>,h("”)>}gj(hj,hj)}.

Jj=k+1
On the other hand, putting Zj(y) =Lj(y)Vy, j=0,k+1,...m, we have for any b, b satisfying

.....

1G (B, ) — G (B, ) oo < G0, Yoe + I1G(B, )e < 26(6®),5™)
< CD{Q(h(k),h(k))g(k)(h(k),h(k)) + ) Zj{gu)(’f),h(’“))}@j(hj,hj)}-

j=k+1

k)

Here we have also used that Cp > 2. Thus we finally have for any b, b

1G (5, ) — G (B, ) loo < CD{Q(h(k),h(k))g(k)(h(k),h(k)) + > Zj{g<h<’f>,h<’“>>}@j<hj,m)}-

j=k+1

The latter inequality together with (2.13) and (2.16) yields for any h,h € H(7)
(®) )y, o~ 7 (®) 2
ag(h, h) < a{ <Q(h("”),h )e® (™, 5y + > Li{G(6™ b )}Qj(hj,hj)>

j=k+1

/506, 6%) 1~ log (m<y,g>)]‘*’}, (2.19)

boo(h, h) < b{Q(h“‘f%h(’“)m(’f)(w’f%h(“) + 3 Z{6(00™.5™) 1o, (056,

j=k+1
FxG6®, 5™ [1 — log (m<y,y>)]"’}, (2.20)

e O B n
where we have put a = 2\/7-(111)—1/2(\/017 V; [ch]) 4(CDV8 ) log” (n2)

, b
3°. We note that in view of (2.15) Assumption 1 (1) in Lepski (2013) is verified on H(7) with

3n;

A(6) = A(h) == 0\ /G (5®),  B() = B(h) := bGou (5M), 0=,
The idea now is to apply Proposition 2, Lepski (2013), with © = H(7). Put

—  inf (h*)
Cnl] hE.%I%n,T)G (h )’

nl

which yields A = ay/G,[7] and B = bG,,[7]. Choose s = s3 = s*. To apply Proposition 2, Lepski
(2013), one has to bound from above the function

Ez(u,v) = eg? (Au, © 4(Au)) + eg;) (Bv,©p(Bv)), u,v>1,
defined in this proposition. Here, in our case, a = af, b = b, and
©4(Au) = {h € 9(n,7): Goo(h™)) <w?Gy[r]} X [01/my, 1],
Op(Bv) = {h € H(n,7): Goo(h™) < vG[r]} x [n1/n2,1].
Let us make several remarks.
3°a. First recall that
el (Au, © 4(Au)) = sup 5280, (Au), ar (Au(486)~1s*(6)),
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(bm)(Bv ©p(Bv)) —?sugé QEQB(BU) boo (Bu(488) 71 s*(9)).
>

We have in view of (2.17) and (2.18) that for any h, h € H(7)

k k
ar(1,1) < a/ [Goe (50) V Go6™)], Do (1) < B[Gao (5®) v Goo (6],
where we have also used again that Cp > 2. Therefore

sup  ag (h,h) < Au, sup b (h,h) < Bw.
h,he© 5 (Au) h,heO©p(Bv)

This yields for any § < 6., where, recall, §, is the smallest solution of the equation (488)~1s*(d) = 1,
QS@A(AU), af (AU(485)_18*(5)) = 0, QS@]g(Bv), boo (BU(485)_18*(5)) =0

and therefore

egif)(Au, O4(Au)) = (?ug) 5_2€@A(Au)7 o (Au(480)715*(9)), (2.21)
>
2> (Bv, O (Bv)) = sup 6~ €6 (Bu). b (BU(488) 1 5%(5)). (2.22)
>
3°b. For any t > 1 put H¥(¢,n) {h € Hk(n): Goo(h®) < Gyt} and note that the following
obvious inclusions hold:
04(Au) € (12 [rIG5" ) 9y x [/ 1] (229
O (Bv) C HY (vG,[r]GRt,n) x H%y x [n1/na,1]. (2.24)

For any € > 0 denote by mﬁ’“) (¢) the minimal number of gflk)—balls of radius € needed to cover $%¥(¢,n),

let M;(e), j = k+1,...,m, be the minimal number of g;-balls of radius € needed to cover $; and let
MN(e) be the minimal number of ro-balls of radius e needed to cover [n; /ny, 1].

Let H be an arbitrary subset of §7(t,n) x Oy x [1/2,1]. Tt is evident that for any given k) > 0,
€,>0,j=k+1,...,m, and € > 0 one can construct a net {h(i), i= 17_,_71[}1-]1]} C H such that
=(h,y) €H Jie{1,...,1[H]}

1[H] < N(e/2) M (e®/2) T Myiej/2), VHC H5(tn) x 97 x 01 /ng, 1]. (2.26)
j=k+1

Moreover we obtain from (2.19) and (2.20) for any u,v > 1

mo 1/2
oot < of (Gl 60+ D L(Gublutlestoy ) )

j=k+1

—I—Xu\/G [1—10g( (y, ))}_b}, Vh,h € © 4(Au),

boo(h, h) < b{G v o (5, 5™y + + Y Li(Gylrlv)e;(b;,b;)

j=k+1
+ xG,[T]v [1 — log (m(y,g))]_b}, Vh,h € ©p(Bv).

Thus, putting t = t; := u?G,[7]G, ' and choosing for any ¢ > 0

2 2
S S
(k)

2uay/Gp[7] ) 1/b
pr— 5 6 R — —~ s S
2a2mG, [T]u? J 202mL;(G,(T)u?)

e:e_( ,

MATHEMATICAL METHODS OF STATISTICS Vol.22 No.2 2013



UPPER FUNCTIONS FOR POSITIVE RANDOM FUNCTIONALS. II. 95
we obtain in view of (2.23) and (2.25) with H = © 4 (Au)
Vh € ©4(Au) Jie {1,...,1[04(Au)]}: a¢(h,h(i)) < <. (2.27)
Putting t = t5 := vG,[7]G4! and choosing

OB = S e = o~ ()
26mGy[r]v’ ! 2bmL;(G,[T]v) 7
we obtain in view of (2.23) and (2.25) with H = ©(Bv)
Vh e ©p(Bv) i€ {l,...,I[0p(Bv)]}: boo(h,h(i)) <. (2.28)

We get from (2.26), (2.27) and (2.28) for any ¢ > 0

2 m 2
S S
< E o ~
o)) < Egryy o0 <4ma20n[7']u2> * R <4ma2Lj (GH[T]U2)>

j=k+1
1/b
+ ez[m/n%”,m(z—l exp{ - <2ua\/G T §_1> }) (2.29)
@@B(Bv) boo (c) < Gﬁlf(tg, )08 <4mbG > zk;-l @373]79] < )>
J
+ €z (27 ex { = (200G, [rIs ) b}) (2.30)

4°. We get in view of Assumption 3

- 2 - _
¢, j< - > <N log, {4a®mRL;( )%} (2.31)
j:zk;i-l ¢ 4ma?L;(Gy[r]u?) j:zk;i-l [ }
< S < _
¢, j< - > <N log, {4bmRL;(G )s7t} (2.32)
j:zk;rl ° 4mbL;(Gy[rv) j:zk;i-l [ }

Taking into account that €p,, /n, 1)w(-) = 0iln; = ng and €y, /n, 1),w(€) < log (2/e2) forany e € (0,1]
and any ny < 2n;, we have

G[nl/m,le(Z_l exp { — (2ua\/Gn[T]§_1)1/ﬁ}) = X(2 log(2) + 2(2uay/Gy[r]s 1) ’1’), (2.33)
€ln, /no, 1m0 (2_1 exp{ (2vbG [7] _l)l/ﬁ}> = x(2 log(2) + 2(21}bGn[T]§_1) ‘1’> (2.34)

Let us now bound from above & ). First we note that in view of Assumption 1 (i)

% (t,n),on
HY(t,n) C {b1 € H1(n): Gin(h1) <Gy n} x -+ x {bp € Hp(m): Grnlbr) <tGp,}.  (2.35)

Consider the hyper-rectangle Z(t) = [G} ,tG} ] X -+ X [Gy n; tG u], t > 1, which we equip with the
metric

mb)(z,2) = max |log(z;) — log(2})], 2,2 € Z(t),
where z;, i, =1,..., k, are the coordinates of z, 2’ respectively. It is easily seen that for any ¢ > 0

€z (1y.m (§) < k[loglogt —loglog (1 4¢)] . < k(log (1 +1logt) + [1 +log (1/<)]+).

This yields together with (2.35) in view of the obvious inequality Qfﬁk(t e (S) < €z mrr (/2)
1 ,N),0n b

€ k.o (6) < K (log (1 +log ) + 1 +log (2/<)]+). (2.36)
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We obtain from (2.36)

¢ < ¢ ><kl (1+1logt) + [1 + log (8ma2Gp[r]u’s )] 9.37)
ﬁk(tl n) 4mﬂ2G [ ] >~ ( og + oglq + og ma +>7 ( .

¢, > < k:(log (1+logts) + [1+log (8mbGn[T]v§_1)]+). (2.38)

5 (t2.m) o <4 bG, 7o
Putting Lj(2) = 27 'L;(z) = max {27 1L;(2), 1}, we get from (2.21), (2.29), (2.31), (2.33) and (2.37)

egif) (Au, © 4(Au)) < ko, 2 log (1+ log(uQGn[T]Gr_ll)) + N6 2 Z log, {Ej(Gn[T]’LLQ)}
Jj=k+1

empot e (U] o von- o { (TG}
+ (26, log(2) + 2 sup 6~ (963/5°(9) )

= ko *log (1 +log (u*Gy,[7]GRY)) + N6, 2 D logy {L;(Gylr]u?)}
j=k+1

+ O\ R + Xab, (2.39)

where, recall, ap, = 20,2 1log(2) + 2supss, (62 A §) 71 (966 /s*(0 ) . Note that ap, < oo since b > 1.
Repeating these computations we get from (2.22), (2.30), (2.32), (2.34) and (2.38)

68:00) (Bv,05(Bv)) < ké, log (1 + log (vGy[7]Gx1))

+ Not Z log, {Ej(Gn[T]’U)} + CJ(\?,)Rmk + xap. (2.40)
j=k+1

We deduce from (2.39) and (2.40) that Es 5= (s*,s*), is bounded from above by the function
E(u,v) < kd, % log { (1 +1log (u*Gy[7]Gx 1)) (1 + log (an[r]G;}))}

+N62 S ogy [{L5(Galr ot HE (Galr0)}] + O (2.41)
j=k+1

Here we have used that 6, < 1. We note that (2.41) implies in particular Assumption 3 in Lepski (2013)
and therefore Proposition 2, Lepski (2013), is applicable with © = H(7).

5°. To apply Proposition 2, Lepski (2013), on © = H(7) we choose ¢ = v/2 — 1 and bound from above
the quantities

Py, (b)) =4[vV2-1]" (\/2G ), V2G5 ]G oo (th)))
+ 2€<\/2G;1[T]Goo(h(k))) + 2@(\/2(;;1[7](;00([)(@))7
My o (0) = 8[V2 = 178 (1265 r1G! 00), V26 G (61)
+ 2(\/2 —1+gq)log (\/QGr_ll[T]Goo(h(k))\/QGgl[T]Gw(b(k)))7
where, recall, £(u) = log {1+ log (u)} + 2log {1 + log {1 + log (u)} }.
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Taking into account that £(u) < 3log {1+ log (u)},u > 1, [v2 — 1] ~? < 9and that G, [r] > G, for
any 7, we obtain from (2.41)

P, (h) < [72k6;% +12)log {1 + log (2Go (§*))G51) }

+72N6;% Y logy {L;(2Gee (™))} + 36C N, mamp =: 2P(H™),
j=k+1

M,y ,(h) < [144k5.% +3(1 + ¢)] log (2Goo ()G )

+144NGT2 D Togy {Lj(2G e (™))} + 720N, R = 2M,(H™).
Jj=k+1

We remark that P and M, are independent of 7 and y.
Put forany z > 0 and any h € H(7)

V) (58) = 2v201/Gao (509) [P(50) + 2] + 4G (6) [P(6) + 2],

D (58) = 2v2ay/Goo (50 [M, (5®) + 2] + 416G (6)) [M, (5")) + 2],

where, recall, a = 2,/7(n1)"Y2(y/Cp V [xep)), b = UCpvse)log? (nz)

3n;

We conclude that Proposition 2, Lepski (2013) is applicable with V¥ and U®?. Put for any
n€{n,n +1,...,n}

e) lo B n
a(n) = 2v27(n) "2 (/Cp V [xcs)), b(n) = 3(Cp V83211 g (2n)

and define

V) (n,h®)) = 2\/2a(n)\/Goo (H®) [P(h®)) + 2] + 4b(n)Goo (h™) [P(HH)) + 2],

U (n, h*)) = 2\/2a(n)\/Goo (5®) [My(5®)) + 2] + 4b(n)Goo (h™) [M,(H")) + 2].
Itis easily seen that a(n) > a, b(n) > bforanyn € {ny,...,ny} since ny < 2n;. Therefore
VO (n,h®) > VO (), UED (5, 50) > 0 (5®).
It remains to recall that &,(n) = &€(n/ns, h) forany n € {ny,n; +1,...,ny} and any h € $. All what

was said above allows us to assert that Proposition 2, Lepski (2013), is applicable to |{y(n)| on
H(r) := {n;,n; + 1,...,n5} x H(n,7) forany r > 0 with V(.. -) and US9 (., ).
Thus, putting h = (n, h) we obtain forany 7 > 0, any z > 1 and any ¢ > 1

]P’f{ sup [|&(n)| — \%2 (n, h(k))] > 0} < 4[1 + [log {1 +2 " log 2}]_2}2exp{—z}, (2.42)
heH(7)

Ef{ hsglz | [[€5(n)| — UED (n,§"))] Bigld < 2069/D330H (g + 1) [AV B]Yexp {—2}, (2.43)
cH(r

where, recall, A = a\/G,[7] and B = bG,,[7].

To get the statements of the theorem we will have to choose z. This, in its turn, will be done for V-
and U, differently in dependence on the values of the parameter 7.

6°. Let r € N be fixed and for any » € N put 7, =e"~*. For any r € N* denote 5(7“) =
.6(n, T,«) \ﬁ(n,n_l), H(0) = Sﬁ(n,m) and let H(r) := {ny,n; + 1,...,n2} x H(r).
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Probability bound. For any u > 1 put z,(u) = u + 2log (1 + |r — r|) and remark that

a(u) = u+ 2log (|log (7+—-1)|), r<r,
' u+2log (1+ |log (7,)]), r>r.

We have for any r € Nand any h € 5(r)
70 = Foyx(h) = 20(u) = u+ 2log {1 + Ilog( nz,e(0))1},

Tr—1 < Fy(0) = Foyr(h) = 20 (u) < u+2log {|log (Fny r I} l<r<r-—-1,
7_7">Fn2(h):Fn2r(h):>zr(u)<u+210g{1+|10g nz,r |} TZI"
Hence we have forany r € N
zr(u) < u+2log {1+ log (Fape(0)[}, Vb e H(r),

which yields forany r € N
VD (n,58) < Vi (n,h), V(n,h) € H(r).

Here we have also taken into account that 7, < eFy, +(h), Vb € 9(r) forany r € N.

(2.44)

(2.45)

Thus we get for any » € N and v > 0, taking into account (2.45), the inclusion ﬁ(r) C H(r,) and

applying (2.42) with 7 = 7.,

1 ~11og 2}]72] exp {—
Pe{ sup [lgy(m) - W (n.b)] = 0} < A1+ flog {1+ 27 log 23] exp {—u}
(n,b)€H(r) [1+r—1|]

(2.46)

Since obviously N x H(n) = U2, ﬁ(r), summing up the right-hand sides of (2.46) over r, we come to
the first assertion of the theorem. Here we have also used that 16[1 + [log {1 4+ 27! log 2}] %] <2419
and the fact that 5(71) C $(n) forany n € N in view of Assumption 2 and the definition of the number n.

Moment’s bound. For any v > 1 put
zr(u) =u+2log (1+ |r —r|) + qlog (G4 [r]GRY).
Similarly to (2.44) we have for any r € Nand any h € 5(7“)
zr(u) < u+2log {1+ |log (Fa,,(h))|} + qlog (Gyu[r]GR1)-
Moreover, for any r € N by definition

Gplr] = inf Goo(h®
nl7r] seand | (6)

and, therefore, for any b € 5(7“)
2 (u) < u+2log {1+ |log (Fny +(h))|} + qlog {Goo(h*)G 1}
Similarly to (2.45), this yields for any r € N
UG 9 (n,50) < 4" (n,h),  ¥(n.b) € H(r).
Note that forany r € N
AV B < 2Cp[V/(11) " Fay G V (1) 7 log” (102)G) | [Gulr ]G,

(2.47)

where Cpp = (v2Cp V [yew)) V [(2/3)(Cp V 8e)]. We get from (2.43) and (2.47), similarly to (2.46),

u q K [\/(nl)—lFmGn Vv ((nl)_1 logﬁ (ng)Gn)]
E su &p(n —L[,E ) n,h <1
f{ (n,h)e%(r) U h( ) | )] }+ [1 +|r — r|]2

where K, = 2074/2+330H4T (g +- 1)(Cp p)".

q_—u

)
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Summing up the right-hand sides of the last inequality over  we come to the second assertion of the
theorem.

2.2. Proof of Theorem 2
Foranyl € N* set n; = j2!, N; = {ng,m; + 1,...,m541} and let
[ V1 g (1) }
) Ly/Goo (5)) log (1 + log (n))

¢j = sup sup
n>j h(k)éﬁ]f(”ﬂ

We obviously have

Pe{¢G > T} < Z]Pf{ sup sup V7 g (1) ] . T}
1=1 nENL k) € 5P (n,a) '\/Goo(h(k)) log (1 + log (n))

= i]P’f{ sup sup -nb(k) (n) — T\/n—lGoo(b(k)) log (1 + log (n))} > 0}.
=1

neN; [k EY)If (n,a)

Let I € N* be fixed and later on Y., » = 1, 2, 3, denote constants independent of [ and n.
Note that in view of (1.11), (1.12) and (1.13) for any n € N;

V0(210g(1+10g ("l)))(n, h) <\ \/(Fn_l)Goo(f)(k) (P, +2log {1+ |log (F)|} + 2log (1 + log (n)))
+ Xa(n" og? (n))Goo (h™®) (P, + 21log {1 + |log (F)|} + 2log (1 + log (n))),
where we have put
P, = (36kd, % + 6)log (1 + blog (2n)) + 36 N6, 2alog (1 + log (2n°¢)) + 18CN, r.m.k (b).
Hence, foranyn € Nyand any h € 5(71),
Vé2 log (1+log (”l)))(n, b) < Tl\/Goo(b(k)) logn(l + log (n)) o, [Goo(b(k)) log® (nT)Llog (1 +log(n)) .

Since b > 1 can be chosen arbitrarily and a > 2, let 1 < b < a/2. This yields for any n > 3 and any
h®) € 91 (n,a)

Goo(h(k)) log? (n) log (1+log (n)) - T3\/Goo(h(k)) log (1 + log (n))

n n

and therefore putting T = T + Yo 3 we get forany n € N;

(k)
V(()2 log (1+log (nl)))(n’ h) < T\/GOO (b ) log (1 + log (n)) ‘

n
Noting that the right-hand side of this inequality is independent of b and applying the first assertion
of Theorem 1 with N = Ny, r = 0 and u = 2log (1 + log (n;)) we have

> o 2419
PedG > T <2419 [+ log (j < .
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