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Abstract—Assume that the function values f(z) of an unknown regression function f: R — R can
be observed with some random error V. To estimate the zero ¥ of f, Robbins and Monro suggested
to run the recursion X, 11 = X,, — Y], with ¥, = f(X,,) — V,,. Under regularity assumptions,
the normalized Robbins—Monro process, given by (X,41 — ¥)/+/Var(X,41), is asymptotically
standard normal. In this paper Edgeworth expansions are presented which provide approximations
of the distribution function up to an error of order o(1/+/n) or even o(1/n). As corollaries asymptotic
confidence intervals for the unknown parameter 1) are obtained with coverage probability errors
of order O(1/n). Further results concern Cornish—Fisher expansions of the quantile function, an
Edgeworth correction of the distribution function and a stochastic expansion in terms of a bivariate
polynomial in 1/4/n and a standard normal random variable. The proofs of this paper heavily rely
on recently published results on Edgeworth expansions for approximations of the Robbins—Monro
process.
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1. INTRODUCTION

This paper continues the investigation of Edgeworth expansions for the Robbins—Monro (R—M)
process as started in [7]. In that paper we obtained Edgeworth expansions for sequences approximating
the R—M process, which are easier to handle than the R—M process itself. Now we show that under
appropriate conditions both processes possess the same Edgeworth expansions. Furthermore, several
applications of these expansions are given.

To recall the definition of the R—M process assume that 1} is the zero of an unknown regression
function f: R — R, whose values f(x) at = can be observed with some random error only. In 1951
Robbins and Monro [13] suggested estimation of ¢ by X, generated by the iteration

a
Xpy1 =X, — Y,
+1 n

Here Y,, = f(X,) — V,, is the noisy observation of f at X,,, V,, is the observation error, and a > 0 is
some fixed number. As a result they obtained X,, — ¢ — 0 in probability (n — oo). Under the condition
af'(¥) > 1/2 Sacks [15] showed asymptotic normality of the sequence ((X,,+1 — 9)/0n), where 02 :=
var(X,41)? is of order 1/n asymptotically. Assuming af’(¥) > 1 Renz [12] proved a limit theorem of
Berry—Esseen type, which implies

P<X”Z1n_ Vo x> = ®(z) + 0(%).
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ASYMPTOTIC EXPANSIONS 139

In this paper it will be shown that this result can be refined using the technique of Edgeworth
expansions. Provided that af'(9) > 1 or af’(¥) > 3/2 it is possible to obtain

P<X”+O_1n_ v a:> — B(2) + \/1np1(a:)¢(a:) 4 0(\}71)

and

p(X"':n_ v x> — ®(z) + ;npl(xw(x) + ipz(m)ﬂm) * 0<711>

respectively, with distribution function ® and density ¢ of the standard normal distribution and some
polynomials p1, ps (Theorems 3 and 4).

These Edgeworth expansions can be used as starting points for other interesting expansions such
as expansions of the coverage probability of confidence intervals (Corollaries 6 and 7), Cornish—
Fisher expansions for the quantile function (Proposition 8) or for the Edgeworth correction of the
distribution function of /n(X,4+1 — ) (Proposition 10). Besides the distribution function, the R—M
process (X, 11 —¢) itself can be expanded as a sum of powers of 1/y/n and a normally distributed
random variable (Proposition 12).

Some Notation. For real numbers x and y their maximum is denoted by x V y. The standard deviation
of a random variable X is abbreviated by o(X).

2. ASYMPTOTIC EXPANSIONS OF THE ROBBINS—MONRO PROCESS

We require the following two conditions.

Condition 1 (The Robbins—Monro process). The regression function f: R — R is measurable;
V,Vi,Va,...is a sequenceof i.i.d. real random variables satisfying EV =0, EV? = o2, EV?3 = p3,
EV* = p* and, for some m > 6 (to be specified later on) E|V|™ < oo; X1 is a real random variable
(the starting value) with E|X1|™ < oo. For a given a > 0 the recursion

Xopr = Xo = | (F(Xa) = Vo). meN,
defines the stochastic process (X,).

Condition 2 (Quasi-linearity and local smoothness). The function f: R — R is quasi-linear
around ¥ in the sense that

3 V Kyl =9 < — 1) - < Kslx — 9.
9eER  0<Ki1<Kz<oco zER 1|$ |_sgn($ ) f(x)_ 2|$ |

Moreover, f is B-smooth at ¢ € Rin the sense that the B,th derivative of f is Hélder continuous of
order 8 — B, at ¥, where 3, := max{n € N: n < 8}. For brevity we will use A = f'(9), B = f"(19),
and C = f" (), whenever the relevant derivative exists.

Instead of asking for Holder continuity of the derivative £ at 9 it would be sufficient to require a

little bit less, namely, the existence of some constants ¢y, ..., cg, satislying
B+ 1 ‘
‘f(ac) = acil@ =) = O(lz — 9|P).
i=1

The graph of a quasi-linear function is enclosed between two straight lines intersecting at (z,y) = (9, 0)
and having positive slope. However, the following two theorems are even valid under the weaker
assumption of sub-linearity [4].
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140 DIPPON

Theorem 3. Assume that Conditions 1 and 2 hold with aA > 1,aK; > 1/2, 8 > 2and E|V|™ < oo
for some m > 6 with m > 2(2aA —1)/(aA —1). Then

P<Xn4;1n— v x> = ®(z) + \}npl(w)cb(x) t 0<¢1n>

uniformly in x € R, where 02 = var(X,11) and

1
pi(x) = — <k172 + 61{:371(3:2 — 1)>
with
2 _1)3/2 3 2
T a*Bo and k31:(2aA 1) p3_ a*Bo .
7 (@A —1)v/2aA -1 ’ 36A—2 03  /2aA —1(3aA —2)

Theorem 4. Assume that Conditions 1 and 2 hold with aA>3/2, oKy >1/2, [ >3 and
E|V|™ < oo for somem > 12 with m > 3(2aA —1)/(aA — 3/2). Then

(M7 <o) — e+ ) m(@ota) + Lot +o ) (1)
uniformly in x € R, where

1

1 1
pa(x) = —x<2kiz + 24(143471 + 4k oks 1) (2® — 3) + 7

k3 (z* — 102% + 15)>

with pi, k12 and ks as given in Theorem 3 and

P (2aA —1)% pt B 4a?A? — 1 n 36a* B20?
YT 4aA -3 ot 4aA—3 " (2aA —1)(3aA — 2)(4aA — 3)
12a?(2aA —1)B  p? 4a3Co?

(3aA — 2)(4aA — 3) 02 (2aA —1)(4aA —3)’

Remark 5. (a) The regularity assumption on aA. Using step lengths a, = a/n the condition
aA > 1/2 is necessary in order to obtain that the sequence (y/n(X,y+1 — ¢)) is asymptotically
N(0,a?0%/(2aA — 1))-distributed. The only mimimum of the variance of the asymptotic distribution
is attained for aA = 1. Since in applications A = f’(¢#) is usually unknown, it was proposed to consider
adaptive procedures which estimate A alongside the iteration [16]. Another possibility to circumvent this
difficulty was suggested by Polyak [10] and Ruppert [14]. Instead of step lengths a,, = a/n they apply
more slowly decreasing step lengths such as a, = a/n® with a € (1/2,1). Instead of taking (X}) as
an estimate of ¥, for which nC“/Q(XfL‘Jrl — 1) is asymptotically N(0,ac?/(24))-distributed, Polyak and
Ruppert considered the averaged process X := i >om, X, According to Polyak and Juditsky [11],
V(X1 — V) is asymptotically N (0,02 /A?)-distributed for any a > 0 and A > 0. It is to be expected
that an Edgeworth expansion of the more complicated process \/n(XzH — ) will be valid under the
mild assumptions @ > 0 and A > 0 as well.

(b) Theinfluence of the starting random variable X;. It is worth to note that, according to [5], X

contributes a term of order O(n~%4) to the asymptotic expansion of X,,. Hence, if aA < 1, the expansion
in Theorem 3 cannot be valid.

(¢) The moment assumption. In view of results in[2] and [12] it seems reasonable that the moment
assumptions imposed on the V,,’s in Theorems 3 and 4 can be weakened.
(d) Different normalization. Instead of o, = \/var(X,+1) one may choose another sequence of

normalizing factors 7, of X,, 11 — 9. If we assume 7, /0, = r1 + ro/n + o(n~1) with fixed real numbers
r1 and r9, expansion (1) turns out to be

P<Xn+1 - < $> = ®(rz) + \/1np1(7“1a:)¢(7“1:13) + 711 (p2(r1z) + 72) d(r1z) + 0( 1>

Tn n
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ASYMPTOTIC EXPANSIONS 141

uniformly in z € R. As an example consider 7,, = 1/4/n. One can show that

1
o = nM2 + (My g — M2) + o(n=3/2)

V n3/2
with My = ac/v/2aA — 1 and the numbers M; and My 5 as given in [6]. Then r; = (2aA — 1)/(ac) and
ro = —(Maz — MP)/(2M;").

Assume a standard normal random variable N. The a-quantiles z, and x,, related to the distributions
of N and |N| are given by P(N < z,) =« and P(|N| < z,) = «, respectively (a € (0,1)). Now
Theorems 3 and 4 can be used to derive expansions for the coverage probabilities of one- and two-sided
confidence intervals for 19, which are defined by

Il,n(a) = (Xn—i-l — OnZa; OO);
Iy p(a) == (Xpt1 — onZa, Xnt1 + onZa).

Since pi(x) and ¢(x) are even functions, the term related to 1/+/n disappears in the expansion
concerning the symmetric interval I, («). Observe that o), is often unknown in practice and must be
estimated. In this case the following result has to be refined.

Corollary 6. Under the assumptions of Theorem 3 it holds uniformly in o € (0,1)

P eI (a) =a— ;n (kl,g + ékg,l(zi - 1)> $(20) + 0 <\/1n> ,
P9 € I(0)) = a+ o (;n> .

Corollary 7. Under the assumptions of Theorem 4 it holds uniformly in o € (0,1)

P € Bl =at ) m)ola) + LaCa)otza) +of | )

P e lrn(a) =a+ Zpg(ma)¢(ma) + 0(2).

Consider some asymptotically standard normal statistic (X,,+1 —¢)/o, and its quantile function

Qn: [0,1] — R defined by
Qn(a) = inf {ac € R: P<XnJrl - < ZL‘> > a}.

On

Following Cornish and Fisher this quantile function can be expanded formally in powers of 1/+/n by

Qn(a) =0 Ha) + \/1n a1 (® Ha)) + :1 g(® Ha)) + ...

Applying the Edgeworth expansion of (X,,41 — ) /o, one can show formally [9] that
1
q1(z) = —p1(x) = k12 + 6143371(332 —1)
with polynomial p; and constants £ o, k31 as introduced above.

Proposition 8. Assume that the (arbitrary) process (X,,) permits the Edgeworth expansion

P(X"J;}n_ v < m) =®(z) + \/1n p1(z)d(x) + 6, (2)
uniformly in x € Rwith 8, = o(1//n). Then for all £ € (0, ;) it holds
Q) =27 @)~ @ @) +0(lal+ ) ) 3)

uniformly in o € (g,1 — ¢).
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142 DIPPON

Remark9. (a) Under the assumptions of Theorems 3 or 4 the remainder term in (3) is of order o(1/+/n)
or O(1/n), respectively.
(b) The expansion (3) cannot hold uniformly on the interval [0, 1]. If, for example, g1 (®~*(a)) — oo

for v — o0, then the left-hand side of (3) would converge to oo, the right-hand side however would
converge to —oo.

An Edgeworth expansion can be used to correct the distribution function of an asymptotically
standard normal statistic (X,,11 — 1) /0y, in order to obtain higher rates of convergence in the central
limit theorem. The following theorem can be proved similarly to the last theorem by using Taylor
expansions in the Edgeworth expansion.

Proposition 10. Assume that an (arbitrary) process (X,,) possesses the Edgeworth expansion

P<X"Jr1 -V < a:> = ®(z) + L p1(z)o(x) + Oy

On vn
uniformly in x € R. Then for any bounded interval I C R
X1 — 0 1 1
< zx-— =
P< . <z \/npl(a;)> O(x) + O<\5n\ + n> (4)

uniformly in x € 1.

Remark 11. (a) Remark 9(a) applies here as well.
(b) Since the parameters occurring in o,, and p; are usually unknown, statement (4 ) with parameters
on and p; replaced by appropriate estimators is desirable. This problem was treated by Hall [8] for a

statistic of type f(ib Sy VZ) with a sufficiently smooth function f.

A stochastic expansion of a statistic in the sense of [1] or[3] is a bivariate polynomial in 1/4/n and a
standard normal random variable N.

Proposition 12. (a) For an (arbitrary) process (X,,) assume the validity of the Edgeworth
expansion

P<X”+Jln_ v x> — B(z) + \}npl(x) +o<\/1n> 5)

uniformly in x € R. Then the distribution function of (Xn+1 — 9)/oy, can be approximated by the
distribution function of

N + \/1n <C1N2 + C2> (6)

up to an error of order o(1/y/n) uniformly in x € R.
(b) For an (arbitrary) process (X,) assume the validity of the Edgeworth expansion

P T <o) —0@ )+ @) o ) ) )

uniformly in x € R. Then the distribution function of (X,4+1 — 9)/oy, can be approximated by the
distribution function of

1 1
N + (C1N2 +c2) + c3N? (8)
vn n

up to an error of order o(1/n) uniformly in x € R.
In both cases the coefficients ci, c, c3 are given by c; =k31/6, co = k12 —k31/6 and c3 =
ka1/24 — k3, /18.

Theorems 3 and 4 give conditions which imply the validity of assumptions (5) and (7), respectively.
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ASYMPTOTIC EXPANSIONS 143
3. PROOFS

Instead of computing and proving the validity of Edgeworth expansions for the R—M process itself,
we approximate the R—M process by sums of multilinear forms in the observation errors, which are
simpler to treat. The validity of Edgeworth expansions for these approximands is proved in [7].

To derive central limit theorems for stochastic approximation procedures Walk [17] rewrote the
recursion in a non-recursive representation consisting of a weighted sum defined in terms of the
observation errors and a remainder term of negligible size. To obtain higher order approximations of
the distribution function, the R—M process will be approximated more accurately involving additional
quadratic and cubic terms in the observation errors. These additional terms reflect the non-linear
behavior of the regression function. Furthermore, the weights in the linear form have to be refined due to
the non-linearity of the recursion.

Thereto we assume that the R—M process (X,,+1 — ¥) can be approximated reasonable well by sums
Sp =Ly +Qn or T, =L,+Q,+C,

of linear, quadratic (and cubic) forms in the observations errors Vi, ..., V,, as given in[7]. More precisely,
we require the following two conditions, which hold under the assumptions of Theorems 3 and 4,
respectively, as ensured by Theorem 1 in [5] (there with p = 1).

Condition 13 (2nd order representation). The R—M process can be represented by
Xn+1 _0:L%+QH+AH
with

1
> / _1_6 = .
530 a’zO P(|\/nAn|_€n ’ ) O<\/n>

Condition 14 (3rd order representation). The R—M process can be represented by
Xn—i—l_ﬂ:Ln“‘Qn“‘On"i'An
with

3 v P<|\/nAn|2s/n_1_€):0<1>.

e>0 ¢/>0 n

[t is of central importance that (.5,,) and (7},) have valid Edgeworth expansions as it is stated in
Theorems 2 and 3 of [7].

Proof of Theorem 4. Remember that o,, = 0(X,,+1). Due to Condition 14 we have fore > 0 sufficiently

small
n

Together with the so-called delta method [9] this relation can be used to conclude that

On On On

An

On
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144 DIPPON
that

To check that
P<Tn Sa:j:n_l_5> :P< In §x> +o(1/n)
On o(T,)

one can use o, — o(T},) = o(n~%/?), which can be concluded from Theorem 1 in [5], together with a
Taylor expansion of the Edgeworth terms in Theorem 3 of [7]. Finally, another application of Theorem 3
in[7] proves the theorem.

Proof of Theorem 3. This proof is achieved in the same manner but relying on Condition 13 and
Theorem 2 of [7].

Proof of Proposition 8. Let z, :== ®1(a) be the a-quantile of the N(0,1)-distribution and assume
that

1
dan = Za — \/npl (za) + mn(2a)

is the a-quantile of the distribution of (X, — ) /0. It is sufficient to show that r,(z4) = O(|6,| + 1} ).
For that purpose we plug g, in (2) and perform a Taylor expansion

a= <I><za - \/1 P1(2a) + rn(za)>

- \/1np1 <za \} 1(2a) + rn(za)>¢<za - \}npl(za) + T’n(za)> 45,
af- >+Wa )
' x/ln {pl <Z“ W pl(za)) +n(za)ph (G Za))}¢<za - \}npl(za) +7“n(za)> +60. (9)

For l,,(za) := ¢(&(n, z4)) it holds
inf{ln(za):aE(s,l—s),nEN} =:1>0. (10)

Furthermore we have sup {|p}({(n, z4))|: @ € (¢,1 —¢€), n € N} < oco. Carrying out another Taylor
expansion we can continue equation (9) with

=00 = pr()d(ze) + | PR (10 20)) + i) ()
t oot oot za) 4 )0 o= e +raCia)) 6,

1
vn
and, observing sup{|p?(za)#'(1(n, 24))|: a € (g,1 —¢), n € N} < oo and sup{|p1(za) Pi(p(n,24))]:

€(g,1—¢),neN} < oo,

= B(z,) — \jnpl(za)(;b(za) + o<i> + 1 (2a)ln(2a)
+ \/1n {pl(za)<¢<za - \}npl(za)> +rn(za)¢’(7(n,za))> + O<\/1n> +r”(Z°‘)O(1)}
+ oy,
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ASYMPTOTIC EXPANSIONS 145

and, since sup {|¢’(T(n, z2a))|:a€(e,1—¢),ne N} < oo and qzb(za - \/lnpl(za)) = P(zq) + O(\/ln),
we finally arrive at

or

—a+t o(i) +rn(za)<ln(za) 4 o<;n>> 44,

O(l)+ 6y, 1

N o(inl+ )

because of (10).

Proof of Proposition 12. 1t is sufficient to compute Edgeworth expansions of (6) and (8) and then to
compare the respective expansions with (5) or (7).
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