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Abstract—Assume that the function values f(x) of an unknown regression function f : R → R can
be observed with some random error V . To estimate the zero ϑ of f , Robbins and Monro suggested
to run the recursion Xn+1 = Xn − a

nYn with Yn = f(Xn) − Vn. Under regularity assumptions,

the normalized Robbins–Monro process, given by (Xn+1 − ϑ)/
√

Var(Xn+1), is asymptotically
standard normal. In this paper Edgeworth expansions are presented which provide approximations
of the distribution function up to an error of order o(1/

√
n) or even o(1/n). As corollaries asymptotic

confidence intervals for the unknown parameter ϑ are obtained with coverage probability errors
of order O(1/n). Further results concern Cornish–Fisher expansions of the quantile function, an
Edgeworth correction of the distribution function and a stochastic expansion in terms of a bivariate
polynomial in 1/

√
n and a standard normal random variable. The proofs of this paper heavily rely

on recently published results on Edgeworth expansions for approximations of the Robbins–Monro
process.
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1. INTRODUCTION

This paper continues the investigation of Edgeworth expansions for the Robbins–Monro (R–M)
process as started in [7]. In that paper we obtained Edgeworth expansions for sequences approximating
the R–M process, which are easier to handle than the R–M process itself. Now we show that under
appropriate conditions both processes possess the same Edgeworth expansions. Furthermore, several
applications of these expansions are given.

To recall the definition of the R–M process assume that ϑ is the zero of an unknown regression
function f : R → R, whose values f(x) at x can be observed with some random error only. In 1951
Robbins and Monro [13] suggested estimation of ϑ by Xn generated by the iteration

Xn+1 = Xn − a

n
Yn.

Here Yn = f(Xn) − Vn is the noisy observation of f at Xn, Vn is the observation error, and a > 0 is
some fixed number. As a result they obtained Xn − ϑ → 0 in probability (n → ∞). Under the condition
af ′(ϑ) > 1/2 Sacks [15] showed asymptotic normality of the sequence ((Xn+1 − ϑ)/σn), where σ2

n :=
var(Xn+1)2 is of order 1/n asymptotically. Assuming af ′(ϑ) > 1 Renz [12] proved a limit theorem of
Berry–Esseen type, which implies

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) + O

(
1√
n

)
.
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ASYMPTOTIC EXPANSIONS 139

In this paper it will be shown that this result can be refined using the technique of Edgeworth
expansions. Provided that af ′(ϑ) > 1 or af ′(ϑ) > 3/2 it is possible to obtain

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x)φ(x) + o

(
1√
n

)

and

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x)φ(x) +
1
n

p2(x)φ(x) + o

(
1
n

)

respectively, with distribution function Φ and density φ of the standard normal distribution and some
polynomials p1, p2 (Theorems 3 and 4).

These Edgeworth expansions can be used as starting points for other interesting expansions such
as expansions of the coverage probability of confidence intervals (Corollaries 6 and 7), Cornish–
Fisher expansions for the quantile function (Proposition 8) or for the Edgeworth correction of the
distribution function of

√
n(Xn+1 − ϑ) (Proposition 10). Besides the distribution function, the R–M

process (Xn+1 − ϑ) itself can be expanded as a sum of powers of 1/
√

n and a normally distributed
random variable (Proposition 12).

Some Notation. For real numbers x and y their maximum is denoted by x∨ y. The standard deviation
of a random variable X is abbreviated by σ(X).

2. ASYMPTOTIC EXPANSIONS OF THE ROBBINS–MONRO PROCESS

We require the following two conditions.

Condition 1 (The Robbins–Monro process). The regression function f : R → R is measurable;
V, V1, V2, . . . is a sequence of i.i.d. real random variables satisfying EV = 0, EV 2 = σ2, EV 3 = ρ3,
EV 4 = μ4 and, for some m ≥ 6 (to be specified later on) E|V |m < ∞; X1 is a real random variable
(the starting value) with E|X1|m < ∞. For a given a > 0 the recursion

Xn+1 = Xn − a

n
(f(Xn) − Vn), n ∈ N,

defines the stochastic process (Xn).

Condition 2 (Quasi-linearity and local smoothness). The function f : R → R is quasi-linear
around ϑ in the sense that

∃
ϑ∈R

∃
0<K1<K2<∞

∀
x∈R

K1|x − ϑ| ≤ sgn(x − ϑ) · f(x) ≤ K2|x − ϑ|.

Moreover, f is β-smooth at ϑ ∈ R in the sense that the β∗th derivative of f is Hölder continuous of
order β − β∗ at ϑ, where β∗ := max{n ∈ N : n < β}. For brevity we will use A = f ′(ϑ), B = f ′′(ϑ),
and C = f ′′′(ϑ), whenever the relevant derivative exists.

Instead of asking for Hölder continuity of the derivative f (β∗) at ϑ it would be sufficient to require a
little bit less, namely, the existence of some constants c1, . . . , cβ∗ satisfying

∣∣
∣∣f(x) −

β∗∑

i=1

1
i!

ci (x − ϑ)i
∣∣
∣∣ = O

(
|x − ϑ|β

)
.

The graph of a quasi-linear function is enclosed between two straight lines intersecting at (x, y) = (ϑ, 0)
and having positive slope. However, the following two theorems are even valid under the weaker
assumption of sub-linearity [4].
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Theorem 3. Assume that Conditions 1 and 2 hold with aA > 1, aK1 > 1/2, β > 2 and E|V |m < ∞
for some m ≥ 6 with m > 2(2aA − 1)/(aA − 1). Then

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x)φ(x) + o

(
1√
n

)

uniformly in x ∈ R, where σ2
n = var(Xn+1) and

p1(x) = −
(

k1,2 +
1
6
k3,1(x2 − 1)

)

with

k1,2 = − a2Bσ

(aA − 1)
√

2aA − 1
and k3,1 =

(2aA − 1)3/2

3aA − 2
ρ3

σ3
− a2Bσ√

2aA − 1(3aA − 2)
.

Theorem 4. Assume that Conditions 1 and 2 hold with aA > 3/2, aK1 > 1/2, β > 3 and
E|V |m < ∞ for some m ≥ 12 with m > 3(2aA − 1)/(aA − 3/2). Then

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x)φ(x) +
1
n

p2(x)φ(x) + o

(
1
n

)
(1)

uniformly in x ∈ R, where

p2(x) = −x

(
1
2
k2
1,2 +

1
24

(k4,1 + 4k1,2k3,1)(x2 − 3) +
1
72

k2
3,1(x

4 − 10x2 + 15)
)

with p1, k1,2 and k3,1 as given in Theorem 3 and

k4,1 =
(2aA − 1)2

4aA − 3
μ4

σ4
− 3

4a2A2 − 1
4aA − 3

+
36a4B2σ2

(2aA − 1)(3aA − 2)(4aA − 3)

− 12a2(2aA − 1)B
(3aA − 2)(4aA − 3)

ρ3

σ2
− 4a3Cσ2

(2aA − 1)(4aA − 3)
.

Remark 5. (a) The regularity assumption on aA. Using step lengths an = a/n the condition
aA > 1/2 is necessary in order to obtain that the sequence (

√
n(Xn+1 − ϑ)) is asymptotically

N(0, a2σ2/(2aA − 1))-distributed. The only mimimum of the variance of the asymptotic distribution
is attained for aA = 1. Since in applications A = f ′(ϑ) is usually unknown, it was proposed to consider
adaptive procedures which estimate A alongside the iteration [16]. Another possibility to circumvent this
difficulty was suggested by Polyak [10] and Ruppert [14]. Instead of step lengths an = a/n they apply
more slowly decreasing step lengths such as an = a/nα with α ∈ (1/2, 1). Instead of taking (Xα

n ) as
an estimate of ϑ, for which nα/2(Xα

n+1 − ϑ) is asymptotically N(0, aσ2/(2A))-distributed, Polyak and
Ruppert considered the averaged process X

α
n := 1

n

∑n
i=1 Xα

i . According to Polyak and Juditsky [11],√
n(Xα

n+1 − ϑ) is asymptotically N(0, σ2/A2)-distributed for any a > 0 and A > 0. It is to be expected
that an Edgeworth expansion of the more complicated process

√
n(Xα

n+1 − ϑ) will be valid under the
mild assumptions a > 0 and A > 0 as well.

(b) The influence of the starting random variable X1. It is worth to note that, according to [5], X1

contributes a term of order O(n−aA) to the asymptotic expansion of Xn. Hence, if aA ≤ 1, the expansion
in Theorem 3 cannot be valid.

(c) The moment assumption. In view of results in [2] and [12] it seems reasonable that the moment
assumptions imposed on the Vn’s in Theorems 3 and 4 can be weakened.

(d) Different normalization. Instead of σn =
√

var(Xn+1) one may choose another sequence of
normalizing factors τn of Xn+1 − ϑ. If we assume τn/σn = r1 + r2/n + o(n−1) with fixed real numbers
r1 and r2, expansion (1) turns out to be

P

(
Xn+1 − ϑ

τn
≤ x

)
= Φ(r1x) +

1√
n

p1(r1x)φ(r1x) +
1
n

(p2(r1x) + r2) φ(r1x) + o

(
1
n

)
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ASYMPTOTIC EXPANSIONS 141

uniformly in x ∈ R. As an example consider τn = 1/
√

n. One can show that

σn =
1√
n

M2 +
1

n3/2
(M2,2 − M2

1 ) + o(n−3/2)

with M2 = aσ/
√

2aA − 1 and the numbers M1 and M2,2 as given in [6]. Then r1 = (2aA− 1)/(aσ) and

r2 = −(M2,2 − M2
1 )/(2M3/2

2 ).

Assume a standard normal random variable N . The α-quantiles zα and xα related to the distributions
of N and |N | are given by P (N ≤ zα) = α and P (|N | ≤ xα) = α, respectively (α ∈ (0, 1)). Now
Theorems 3 and 4 can be used to derive expansions for the coverage probabilities of one- and two-sided
confidence intervals for ϑ, which are defined by

I1,n(α) := (Xn+1 − σnzα, ∞),
I2,n(α) := (Xn+1 − σnxα, Xn+1 + σnxα).

Since p1(x) and φ(x) are even functions, the term related to 1/
√

n disappears in the expansion
concerning the symmetric interval I2,n(α). Observe that σn is often unknown in practice and must be
estimated. In this case the following result has to be refined.

Corollary 6. Under the assumptions of Theorem 3 it holds uniformly in α ∈ (0, 1)

P (ϑ ∈ I1,n(α)) = α − 1√
n

(
k1,2 +

1
6
k3,1(z2

α − 1)
)

φ(zα) + o

(
1√
n

)
,

P (ϑ ∈ I2,n(α)) = α + o

(
1√
n

)
.

Corollary 7. Under the assumptions of Theorem 4 it holds uniformly in α ∈ (0, 1)

P (ϑ ∈ I1,n(α)) = α +
1√
n

p1(zα)φ(zα) +
1
n

p2(zα)φ(zα) + o

(
1
n

)
,

P (ϑ ∈ I2,n(α)) = α +
2
n

p2(xα)φ(xα) + o

(
1
n

)
.

Consider some asymptotically standard normal statistic (Xn+1 − ϑ)/σn and its quantile function
Qn : [0, 1] → R defined by

Qn(α) = inf
{

x ∈ R : P

(
Xn+1 − ϑ

σn
≤ x

)
≥ α

}
.

Following Cornish and Fisher this quantile function can be expanded formally in powers of 1/
√

n by

Qn(α) = Φ−1(α) +
1√
n

q1(Φ−1(α)) +
1
n

q2(Φ−1(α)) + . . .

Applying the Edgeworth expansion of (Xn+1 − ϑ)/σn one can show formally [9] that

q1(x) = −p1(x) = k1,2 +
1
6
k3,1(x2 − 1)

with polynomial p1 and constants k1,2, k3,1 as introduced above.

Proposition 8. Assume that the (arbitrary) process (Xn) permits the Edgeworth expansion

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x)φ(x) + δn (2)

uniformly in x ∈ R with δn = o(1/
√

n). Then for all ε ∈ (0, 1
2 ) it holds

Qn(α) = Φ−1(α) − 1√
n

q1(Φ−1(α)) + O

(
|δn| +

1
n

)
(3)

uniformly in α ∈ (ε, 1 − ε).
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Remark 9. (a) Under the assumptions of Theorems 3 or 4 the remainder term in (3) is of order o(1/
√

n)
or O(1/n), respectively.

(b) The expansion (3) cannot hold uniformly on the interval [0, 1]. If, for example, q1(Φ−1(α)) → ∞
for α → ∞, then the left-hand side of (3) would converge to ∞, the right-hand side however would
converge to −∞.

An Edgeworth expansion can be used to correct the distribution function of an asymptotically
standard normal statistic (Xn+1 − ϑ)/σn in order to obtain higher rates of convergence in the central
limit theorem. The following theorem can be proved similarly to the last theorem by using Taylor
expansions in the Edgeworth expansion.

Proposition 10. Assume that an (arbitrary) process (Xn) possesses the Edgeworth expansion

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x)φ(x) + δn

uniformly in x ∈ R. Then for any bounded interval I ⊂ R

P

(
Xn+1 − ϑ

σn
≤ x − 1√

n
p1(x)

)
= Φ(x) + O

(
|δn| +

1
n

)
(4)

uniformly in x ∈ I.

Remark 11. (a) Remark 9(a) applies here as well.
(b) Since the parameters occurring in σn and p1 are usually unknown, statement (4) with parameters

σn and p1 replaced by appropriate estimators is desirable. This problem was treated by Hall [8] for a
statistic of type f

(
1
n

∑n
i=1 Vi

)
with a sufficiently smooth function f .

A stochastic expansion of a statistic in the sense of [1] or [3] is a bivariate polynomial in 1/
√

n and a
standard normal random variable N .

Proposition 12. (a) For an (arbitrary) process (Xn) assume the validity of the Edgeworth
expansion

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x) + o

(
1√
n

)
(5)

uniformly in x ∈ R. Then the distribution function of (Xn+1 − ϑ)/σn can be approximated by the
distribution function of

N +
1√
n

(
c1N

2 + c2

)
(6)

up to an error of order o(1/
√

n) uniformly in x ∈ R.
(b) For an (arbitrary) process (Xn) assume the validity of the Edgeworth expansion

P

(
Xn+1 − ϑ

σn
≤ x

)
= Φ(x) +

1√
n

p1(x) +
1
n

p2(x) + o

(
1
n

)
(7)

uniformly in x ∈ R. Then the distribution function of (Xn+1 − ϑ)/σn can be approximated by the
distribution function of

N +
1√
n

(
c1N

2 + c2

)
+

1
n

c3N
3 (8)

up to an error of order o(1/n) uniformly in x ∈ R.
In both cases the coefficients c1, c2, c3 are given by c1 = k3,1/6, c2 = k1,2 − k3,1/6 and c3 =

k4,1/24 − k2
3,1/18.

Theorems 3 and 4 give conditions which imply the validity of assumptions (5) and (7), respectively.
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3. PROOFS

Instead of computing and proving the validity of Edgeworth expansions for the R–M process itself,
we approximate the R–M process by sums of multilinear forms in the observation errors, which are
simpler to treat. The validity of Edgeworth expansions for these approximands is proved in [7].

To derive central limit theorems for stochastic approximation procedures Walk [17] rewrote the
recursion in a non-recursive representation consisting of a weighted sum defined in terms of the
observation errors and a remainder term of negligible size. To obtain higher order approximations of
the distribution function, the R–M process will be approximated more accurately involving additional
quadratic and cubic terms in the observation errors. These additional terms reflect the non-linear
behavior of the regression function. Furthermore, the weights in the linear form have to be refined due to
the non-linearity of the recursion.

Thereto we assume that the R–M process (Xn+1 − ϑ) can be approximated reasonable well by sums

Sn := L◦
n + Qn or Tn := Ln + Qn + Cn

of linear, quadratic (and cubic) forms in the observations errors V1, . . . , Vn as given in [7]. More precisely,
we require the following two conditions, which hold under the assumptions of Theorems 3 and 4,
respectively, as ensured by Theorem 1 in [5] (there with p = 1).

Condition 13 (2nd order representation). The R–M process can be represented by

Xn+1 − ϑ = L◦
n + Qn + Δn

with

∃
ε>0

∀
ε′>0

P
(
|
√

nΔn| ≥ ε′n− 1
2
−ε

)
= o

(
1√
n

)
.

Condition 14 (3rd order representation). The R–M process can be represented by

Xn+1 − ϑ = Ln + Qn + Cn + Δn

with

∃
ε>0

∀
ε′>0

P
(
|
√

nΔn| ≥ ε′n−1−ε
)

= o

(
1
n

)
.

It is of central importance that (Sn) and (Tn) have valid Edgeworth expansions as it is stated in
Theorems 2 and 3 of [7].

Proof of Theorem 4. Remember that σn = σ(Xn+1). Due to Condition 14 we have for ε > 0 sufficiently
small

P

(∣∣
∣∣
Δn

σn

∣∣
∣∣ ≥ n−1−ε

)
= o

(
1
n

)
.

Together with the so-called delta method [9] this relation can be used to conclude that

P

(
Xn+1 − ϑ

σn
≤ x

)
= P

(
Tn

σn
+

Δn

σn
≤ x

)

≤ P

(
Tn

σn
≤ x + n−1−ε

)
+ P

(∣∣
∣∣
Δn

σn

∣∣
∣∣ > n−1−ε

)
= P

(
Tn

σn
≤ x

)
+ o

(
1
n

)

and, because of

P

(
Tn

σn
≤ x − n−1−ε

)
≤ P

(
Tn

σn
≤ x − Δn

σn
and

∣
∣
∣∣
Δn

σn

∣
∣
∣∣ ≤ n−1−ε

)
+ P

(∣
∣
∣∣
Δn

σn

∣
∣
∣∣ > n−1−ε

)

≤ P

(
Tn

σn
+

Δn

σn
≤ x

)
+ P

(∣
∣
∣∣
Δn

σn

∣
∣
∣∣ > n−1−ε

)
,
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that

P

(
Xn+1 − ϑ

σn
≤ x

)
≥ P

(
Tn

σn
≤ x − n−1−ε

)
− P

(∣∣
∣∣
Δn

σn

∣∣
∣∣ > n−1−ε

)

= P

(
Tn

σ(Tn)
≤ x

)
+ o

(
1
n

)
.

To check that

P

(
Tn

σn
≤ x ± n−1−ε

)
= P

(
Tn

σ(Tn)
≤ x

)
+ o(1/n)

one can use σn − σ(Tn) = o(n−3/2), which can be concluded from Theorem 1 in [5], together with a
Taylor expansion of the Edgeworth terms in Theorem 3 of [7]. Finally, another application of Theorem 3
in [7] proves the theorem.

Proof of Theorem 3. This proof is achieved in the same manner but relying on Condition 13 and
Theorem 2 of [7].

Proof of Proposition 8. Let zα := Φ−1(α) be the α-quantile of the N(0, 1)-distribution and assume
that

qα,n = zα − 1√
n

p1(zα) + rn(zα)

is the α-quantile of the distribution of (Xn − ϑ)/σn. It is sufficient to show that rn(zα) = O
(
|δn| + 1

n

)
.

For that purpose we plug qα,n in (2) and perform a Taylor expansion

α = Φ
(

zα − 1√
n

p1(zα) + rn(zα)
)

+
1√
n

p1

(
zα − 1√

n
p1(zα) + rn(zα)

)
φ

(
zα − 1√

n
p1(zα) + rn(zα)

)
+ δn

= Φ
(

zα − 1√
n

p1(zα)
)

+ rn(zα)φ
(
ξ(n, zα)

)

+
1√
n

{
p1

(
zα − 1√

n
p1(zα)

)
+ rn(zα)p′1

(
ζ(n, zα)

)}
φ

(
zα − 1√

n
p1(zα) + rn(zα)

)
+ δn. (9)

For ln(zα) := φ(ξ(n, zα)) it holds

inf
{

ln(zα) : α ∈ (ε, 1 − ε), n ∈ N

}
=: l > 0. (10)

Furthermore we have sup
{
|p′1(ζ(n, zα))| : α ∈ (ε, 1 − ε), n ∈ N

}
< ∞. Carrying out another Taylor

expansion we can continue equation (9) with

= Φ(zα) − 1√
n

p1(zα)φ(zα) +
1
n

p2
1(zα)φ′(η(n, zα)) + rn(zα)ln(zα)

+
1√
n

{
p1(zα) +

1√
n

p1(zα)p′1(ρ(n, zα)) + rn(zα)O(1)
}

φ

(
zα − 1√

n
p1(zα) + rn(zα)

)
+ δn

and, observing sup{|p2
1(zα)φ′(η(n, zα))| : α ∈ (ε, 1 − ε), n ∈ N} < ∞ and sup{|p1(zα) p′1(ρ(n, zα))| :

α ∈ (ε, 1 − ε), n ∈ N} < ∞,

= Φ(zα) − 1√
n

p1(zα)φ(zα) + O

(
1
n

)
+ rn(zα)ln(zα)

+
1√
n

{
p1(zα)

(
φ

(
zα − 1√

n
p1(zα)

)
+ rn(zα)φ′(τ(n, zα)

))
+ O

(
1√
n

)
+ rn(zα)O(1)

}

+ δn
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and, since sup
{
|φ′(τ(n, zα))| : α ∈ (ε, 1 − ε), n ∈ N

}
< ∞ and φ

(
zα − 1√

n
p1(zα)

)
= φ(zα) + O

(
1√
n

)
,

we finally arrive at

= α + O

(
1
n

)
+ rn(zα)

(
ln(zα) + O

(
1√
n

))
+ δn

or

rn(zα) = −
O( 1

n) + δn

ln(zα) + O( 1√
n
)

= O

(
|δn| +

1
n

)

because of (10).

Proof of Proposition 12. It is sufficient to compute Edgeworth expansions of (6) and (8) and then to
compare the respective expansions with (5) or (7).

REFERENCES
1. O. E. Barndorff-Nielsen and D. R. Cox, Asymptotic Techniques for Use in Statistics (Chapman and Hall,

London, 1989).
2. R. N. Bhattacharya and J. K. Ghosh, “On the Validity of the Formal Edgeworth Expansion”, Ann. Statist.,

434–451 (1978).
3. D. R. Cox and N. Reid, “Approximations to Noncentral Distributions”, Canad. J. Statist. 15, 105–114

(1987).
4. J. Dippon, Asymptotische Entwicklungen des Robbins–Monro Prozesses, Habilitation Thesis (Univer-

sität Stuttgart, 1998).
5. J. Dippon, “Higher Order Representations of the Robbins–Monro Process”, J. Multiv. Anal. 90, 301–326

(2004).
6. J. Dippon, “Moments and Cumulants in Stochastic Approximation” (in press).
7. J. Dippon, “Edgeworth Expansions for Stochastic Approximation Theory”, Math. Methods Statist. 17, 44–

65 (2008).
8. P. Hall, “Inverting an Edgeworth Expansion”, Ann. Statist. 11, 569–576 (1983).
9. P. Hall, The Bootstrap and Edgeworth Expansion (Springer, New York, 1992).

10. B. T. Polyak, “New Method of Stochastic Approximation Type”, Automat. and Remote Control 51, 937–946
(1990).

11. B. T. Polyak and A. B. Juditsky, “Acceleration of Stochastic Approximation by Averaging”, SIAM J. Control
and Optimization 30, 838–855 (1992).

12. J. Renz, Konvergenzgeschwindigkeit und asymptotische Konfidenzintervalle in der stochastischen
Approximation, PhD thesis (Universität Stuttgart, 1991).

13. H. Robbins and S. Monro, “A Stochastic Approximation Method”, Ann. Math. Statist. 22, 400–407 (1951).
14. D. Ruppert, “Stochastic Approximation”, in Handbook of Sequential Analysis, Ed. by G. K. Ghosh and

P. K. Sen (Marcel Dekker, 1991), pp. 503–529.
15. J. Sacks, “Asymptotic Distribution of Stochastic Approximation Procedures”, Ann. Math. Statist. 29, 373–

405 (1958).
16. J. H. Venter, “An Extension of the Robbins–Monro Procedure”, Ann. Math. Statist., 181–190 (1967).
17. H. Walk, “An Invariance Principle for the Robbins–Monro Process in a Hilbert Space”, Z. Wahrschein-

lichkeitsth. verw. Gebiete 39, 135–150 (1977).

MATHEMATICAL METHODS OF STATISTICS Vol. 17 No. 2 2008



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


