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Abstract—A general form of the equation of a curvilinear three-web admitting a one-parameter
family of automorphisms (AW -webs) is found. It is proved that the trajectories of automorphisms
of an AW -web are geodesics of its Chern connection. All AW -webs are found for which one of
the covariant derivatives of curvature is zero.
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1. An arbitrary curvilinear three-web does not, generally speaking, admit automorphisms. A parallel
three-web admits a three-parameter group of automorphisms. Indeed, a parallel three-web is given by the

equation z = x + y. Its automorphisms have the form x = ax + b, y = ay + b,, and the corresponding
autotopies (4;, 4,, A;) of a three-web (that is, admissible transformations of the parameters of the families

forming the web) are x = aX + b, y = ay + by, 7 = aZ + b, + b,. It follows that any regular web (that is, a
web locally diffeomorphic to a parallel one) also admits a three-parameter group of automorphisms.
Therefore, webs that admit smaller families of automorphisms are of interest.

Three-webs with automorphisms have been studied by many authors, starting with Cartan [1]. We do
review this topic and just mention two of the latest works in this direction [2, 3].

The following statements were proven in [4].
Theorem 1. If a curvilinear three-web on the real plane admits a one-parameter family of automorphisms
(AW -webs), then in some local coordinates its equation can be reduced to the form
z=x+y+Mx-y). (1
Here, M(x — y) is an arbitrary smooth function of the variable x — y .

Theorem 2. [f a curvilinear three-web on the real plane admits a two-parameter family of automorphisms,
then it is regular.

The proofs in [4] were based on the simple fact that the absolute invariants of a web are constant along
the trajectories of automorphisms. In the current paper, we prove Theorem 1 in a different way, directly
integrating the corresponding system of differential equations, and also show that the trajectories of auto-
morphisms of an AW -web are geodesics of the Chern connection of a three-web. In addition, in this
paper we found all AW -webs for which one of the covariant derivatives (with respect to the canonical
Chern connection of this web) is equal to zero.

2. Let W be an arbitrary curvilinear three-web formed in a certain region D of the plane by lines
x = const, y = const, and f(x,y) = const, then the equation of this web has the form z = f(x, y). We put

o = fudx, © = fdy. )
By performing exterior differentiation of the forms ®, and ®,, we get
doy = fydy ndx =Ty A, do, = f,dx ndy =Tm, A, 3)
where

o
I,
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Putting ® = I'(w, + m,), we rewrite equalities (3) as
do, =0, A0, do,=m, A® “4)

Exterior differentiation of the form w leads to the equality

do = bo)y, A M, (5)
where
p=tx D
Lo 5

Equations (4) and (5) are called structure equations of a three-web I, and the function b is referred to as
the curvature of this web. The condition » = 0 characterizes the class of regular webs.

On the other hand, Egs. (4) and (5) are equations of some torsion-free affine connection, and the
forms of connection are given by
o 0
(0, 0,),

0 o)
This connection is called the Chern connection.
The geodesic lines of the Chern connection are given by the equations

do + 00 =00, do,+n,n=00n, (6)

where d is the ordinary differentiation and © is some 1-form depending on the choice of parameter on the
geodesic. Excluding © from Egs. (6), we arrive at the geodesic equation in another form:

0,dw, —wdo, = 0.

From here we get o, = Cw,, C = const, or

frdx = Cf,dy. (7)

At C = 0,o,—1 we get lines of the first, second, and third families of the web W . At C = 1 we obtain a
family of geodesic lines, which, together with the lines of the third family, harmonically divide (at each
point) a pair of lines of the first and second families. We can also say that the family C = 1 is associated
with the third family of web lines relative to the pair of the first two. Therefore, we call this family of lines
3-conjugate.

3. Automorphism of a three-web W is a local diffeomorphism of a domain D, which translates the lines
of the web W again into the line of this web. The proof of the following statement can be found in ([6],
Theorem 6.8). Local automorphisms of a three-web W are also automorphisms of the corresponding Chern
connection. Conversely, let ¢ be an automorphism of the Chern connection of some three-web W', defined in
the domain D, and there exists a point p in D such that the differential d(p|p translates tangents to lines of the

web W passing through the point p into tangents to the corresponding lines passing through the point ¢( p). Then
O is an automorphism of the three-web W .

(Recall that the automorphism of an affine connection I" defined on a manifold X is a diffeomorphism
of this manifold that preserves the law of parallel translation, that is, preserves the covariant differential
with respect to this connection.)

Proof of Theorem 1. Suppose that the three-web W admits a one-parameter family of automorphisms
defined by a vector field §(&,,&,). Then the quantities &;,&, satisfy the following equations from [5]:

d§+{m=CEw, d&,+&m==CEn,
or, by virtue of (2) and (3),

dE, +&, {_J’;‘y dx — %dy] =Efdx, dE,+&, (_J’;‘y dx — %dy] = &f,dy.

RUSSIAN MATHEMATICS Vol. 68 No. 6 2024
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Hence,

aél .f;(y a&] f;(y

- = —+ y = I
meuley, S

a§2 f;fy a§2 f;cy

2 =E,IR CRE W
enle Gonhy

We put §, = of,, &, = Bf,. Substituting into the previous equations, we get

O€y=0, Bx:o’ axfx"'(xfxx:afx%"'&fxa Bysz-l-BfJ)y:ny%"'&fy-

y
This implies o0 = o(x), B = B(y) and
Hf +Bf), = f.(of + B, (3)
Lemma. By variable replacements x = x(X), y = y(J) the functions o(x) and (y) can be reduced to unity.
Proof. Let us denote f(x(%), ¥(7)) = f(X,7), then

P pd i odv
Jx fxd)z,fy fydf)-

We put dx/dx = ox), dy/dy = B(y) and substitute it into (8). After transformations we arrive at the equa-
tion
Tl + 1)z = Felfe + f5)s. ©)
Let us continue the proof, assuming that the indicated change of variables has been made and omit the
tilde over the variables. After some calculations, we reduce Eq. (9) to the form

PRR
He KD,

%w(x—y), (10)

where @(x — y) is a smooth function of the variable x — y. Let us further put f(x,y) = g(u,v),u = x + y,
v = x — y, then Eq. (10) becomes

which leads to

&t 8 = (8~ &),
or g, = g,v(v). We have
dg = g, du+ g,dv = g,(du+v(v)dv) = g, du+ Mv)).
As a result, the web equation z = f(x,y) takes the form z = g(u + Mv)) = f(x+y + Mx — p). After
admissible parameter replacement f~'(z) — z we arrive at Eq. (1).
|

Because oo = 3 = I, itistrue that & = (§,,&,) = (f, f,)- Automorphisms of the AW -web have the form
X — x+a,y — y+a. The trajectories of the automorphisms are the lines x — y = const.

Theorem 3. Trajectories of automorphisms of the AW -web are geodesic and coincide with its 3 -conjugate
Jfamily only if the three-web is regular.

Proof. From Eq. (1) we find f, =1+ A'(x - y), f, =1-LA'(x — y), so the geodesic equation (7) for a
three-web AW becomes
A+A)dx—-CA-A)dy =0,

where prime means the derivative with respect to the variable v = x — y. On the trajectory of automor-
phisms x — y = const we have A'(x — y) = const. We can choose the constant C so that the geodesic equa-
tion takes the form dx — dy = 0 or x — y = const. The first part of Theorem 3 is proven.
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The equation of the 3-conjugate family for the AW -web transforms to
1+ A)dx —(1—-A)dy =0.
This equation coincides with the equation for the trajectories of automorphism dx — dy = 0 only in case
A'=0 or A = const. But then Eq. (1) defines a regular three-web.

|

4. Let us find the covariant derivatives of the curvature of web (1), denoting it, as above, by AW . First,
we calculate the curvature . We have

A" 1, 1T+A"Y
=1+\, f,=1-M\, f,=-A", T'= =={In—|.
hotr s o 1=y 2[n1—7»']

Further,

1+ A
r,=-T,=%In—=|
2 1=

1-A

We find the covariant derivatives of the curvature » from the formula

b= [ml al 7‘:](1 - (11)

db - 2bw = b, + b,w,,
which is a differential continuation of the structure equation (5). We have

db = bodx + b,dy = b'dx — b'dy = b'(ﬂ - %J 2bw = 26T (0, + ).

x y
Consequently,
1 1 1 1 , 1 1 1
PR VS LAY Y & % A S S AN PPt (12)
7. T+ - 7, - -

5. Let us find three-webs AW for which b, = 0. According to ([7], p. 69) this condition distinguishes

three-webs B, formed by a family of parallel lines and integral curves of two Riccati equations of a special
form. Let us show that such a class exists, and the solution can be found in quadratures. Note that, to
describe this class, we cannot use the results from [7], because the moving frame there was normalized by
the condition that one of the covariant derivatives of the curvature is equal to unity, while in this article
the normalization is different—the trajectories of automorphisms are written in the form x — y = const.

As can be seen from (12), the condition 5, = 0 leads to the equation
bl Al Al LAl
) 1nﬂ zojézi,
I+ I-A b 1-N\
or (Inb) = (In(l = A")%)". Hence,

h=—% _ o =const.

21-1)
If oo = 0, then » = 0, and we get a regular web. Let further o # 0. Comparing the last equality with (11),

we arrive at the relation
1+A '
o TR mM ’
21-A 1-A

or

" 1 !
t'"==0e, 13
5 (13)
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where
1+ A
=1In . 14
Y (14)
In (13) we put
') =0w) = 1"(v)=0'@)x'(v)) =0'1)o.
As a result, (13) takes the form 20d© = oi'dr. Therefore, ® = ae’ + B, P = const, and
®:g=\/oce’+ :>V='[L.
dv Joe' +B
Replacement o’ + B= u’ reduces the integral to the form
du
v=2 . (15)
.[ u-p
Case 1.B =& # 0, then
1, WNoae +8 -8 v _
v ==<In|-—=——=—=——=, Y=const.
O Woe' +8 +8 9

After simple transformations, o, > 0 get for

2
P48 O

e =————,
o (e6v+y _ 1)2
foroo <0

r 482 e6V+Y
€ =T T e o
o (e -1

As we can see, these cases are identical, so we consider only the first option below. It follows from (14) that

7\{! — et _1
e +1

Substituting here the previous expression for e, we find
€ — sinh’ (M)

2
A = A (16)
8+sinh2(M) o
2

Next, we put &/%Y = X and in the right-hand side of (16) we express sinh? X through tanh X'. As a

result, we get

_e—(e+Dtanh’ X
g—(e—1tanh’ X’

}\/v

2 2
X:IS_(8+Dtanh2de:ZIS_(8+Dtanh2XdX.
€—(e—Dtanh” X d'e—(e-1Dtanh” X

After standard replacement tanh X = z we arrive at the integral

2re-(+D7° dg 4e 1 20 dt
A=< = e 17
Sje—(e—l)zﬁ—f 5(8—1)~[L_z2 T2 )

e—1
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82
Subcase la. Ll = nz, andm # 0, because € = 8’ /a. # 0. Then we have
8 —
4nJ~ dz J‘dX_ 2nntanhX_n—2X+C
0 (|tanhX +m 0 :
) tanh8 vy n
= 5—2+ -v+C.
5 tanh v Y+n
2
Subcase 1b. At Ll = —n2 from (17) we obtain
8 —
=4 %—2]‘(!)( = M orctan AL X 2y C
O m -z o n b
tanh B +y
= Marctan 2 _ _y4C
n
Case 2.3 = —8> # 0. Then it follows from (15) that
v = Zarctang —I,
b o &
which leads to
2
o =9 cos (5V_+Y)
o 2
2
Putting —— vHy_ = X and = & _ =1, we have
2 o
tan X + 1= L
Jﬂﬂﬂmﬂxx————;%-
tan’ X +T]
n

Subcase 2a. (m +1)/n = K #E0=>
A= tan’ X +2+ K
tan’ X —
We put tan X = z, then
k=j£+2+K2h=gjf+2+ﬁdX=g 42+ _dz

RN RN 8 2o 2+l
However,
22+ _ 2 1
@ -k +D) -k Al
Hence,
A=2 (22 S— jdzg(llnz%'j—X)+C
O\ —x 7+l d\x |z+
) tan6 +Y—K 2V + ) tan6V+y—K
= Zin|—<2 2TV 0 =21n 62+ —v+C
o tanv Y+1< 5 2 tan V2 Y+
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Subcase 2b. M+ 1)/M =« #0=

7\‘.:tan2X+2—K2:zz+2—1<2

tan’ X + z2+1<2 ’
which results in
- z+2Kd 2z+2K szgz—zxzzdz_
2+ K 8 A+ 5 7 +x 7 +1
However,
2H2- _ 2 1
@+DE+) F+ P+
Therefore,
A =2 (22 5= 21 )dz:iarctang—z)(+c1
0\ +x 7z +1 oK K O
(21)
4 tanw
= —arctan 2 -v+C.
oK K
Subcase 2c. k. = 0. Then
2
A _tan )2(+2
tan” X
and
A =§(—X—2cotX)+C1 - —V—%CO‘[M+C 22)
Case 3.3 = 0. From (15) we find
2 _ 2
vV=—=4+Y=7F + A = const.
4 v N YooY
This leads to
S 4 pof—l_d4-av-y
27 2°
oV —7) e +1 4+0(v—7)
Integration yields
foro >0
4 Jo
A =—-v+—arctan| —(u —-7v) |+ C; 23
7o (2( Y)) (23)
foro <0
PR B B Ul e P (24)
4 RN

We have proved the following theorem.

Theorem 4. There are seven types of curvilinear three-webs admitting a one-parameter family of infinites-
imal automorphisms for which one of the covariant derivatives of the curvature is equal to zero. These are three-
webs defined by equations of the form (1), where the function \ is calculated by formulas (18)—(24).
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