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Abstract—We study the Dirichlet problem for a multidimensional Sobolev-type differential equation
with variable coefficients. The considered equation is reduced to a parabolic integrodifferential equa-
tion with a small parameter. To solve the obtained problem approximately, we construct a locally one-
dimensional difference scheme. Using the method of energy inequalities, we obtain an a priori esti-
mate of the solution of the locally one-dimensional difference scheme, which implies its stability and
convergence. For a two-dimensional problem, an algorithm for the numerical solution of the posed
problem is constructed and numerical experiments are carried out on test examples. This illustrates the
theoretical results obtained in this work.
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INTRODUCTION
High-order differential equations with the first time-derivative of the kind

where A(u) and B(u) are elliptic operators, are called Sobolev-type equations (see [1]).
Various boundary value problems for Sobolev-type equations arise in the investigation of many natural

processes and phenomena, e.g., in the modeling of the f luid f low in fractured-porous media (see [2, 3]),
two-phase f low in porous media with a dynamical capillary pressure (see [4]), moisture f low (see [5, 6]),
motions of undersurface free-boundary water in multilayer media (see [7, 8]), heat-conductivity in two-
temperature systems (see [9]), and flow of non-Newtonian fluids (see [10]).

The present paper is devoted to the constructing of a locally one-dimensional (economic) difference
scheme for an approximate solution of the Dirichlet problem for Sobolev-type partial differential equa-
tions in the multidimensional case. The main idea is to reduce the transition from one layer to another to
the sequential solving of a number of one-dimensional problems with respect to each coordinate direc-
tion. For each intermediate problem, we construct an unconditionally stable scheme such that the number
of operations required to solve it is proportional to the number of mesh knots at each time layer. The main
difficulty is caused by the necessity to split not only the principal operator of the problem, but the operator
at the time-derivative as well. Therefore, the considered multidimensional differential equation is reduced
to a parabolic integrodifferential equation with a small parameter. To solve the obtained problem approx-
imately, we construct a locally one-dimensional scheme. An a priori estimate for solutions of the locally
one-dimensional difference scheme is obtained by means of the method of energy inequalities. This
implies its stability and convergence. For the two-dimensional problem, we construct an algorithm to
solve it approximately and conduct numerical experiments on test examples. These experiments illustrate
theoretical results obtained in this paper.

Papers [11–14] are devoted to the constructing of locally one-dimensional schemes for the numerical
solving of various boundary value problems for second-order partial differential equations.

In [15–20], various boundary value problems for Sobolev-type equations are investigated in the one-
dimensional case: in [15–18], the order of the time-derivative is integer; in [19, 20], it is fractional.
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THE TOTAL APPROXIMATION METHOD FOR THE DIRICHLET PROBLEM 13
1. PROBLEM SETTING AND A PRIORI ESTIMATE: DIFFERENTIAL FORM

In the closed domain  =  × [0 ≤ t ≤ 1] such that its base is a p-dimensional square  = {x = (x1, x2,
…, xα – 1, xα, xα + 1, …, xp) : 0 ≤ xα ≤ 1, α = 1, 2, …, p} with boundary Γ, , consider the problem

(1)

(2)

(3)

where

c0, c1, and c2 are positive constants, α = 1, 2,…, p, and μ = const > 0.
In the sequel, it is assumed that coefficients of Eq. (1) satisfy the corresponding assumptions guaran-

teeing the desired smoothness of the solution u(x, t) in the cylinder .

Transform Eq. (1). Multiplying both parts by  and integrating the obtained expression from τ from

0 to t, we obtain that

(4)

where (x, t) = f(x, τ)dτ – .

In the same domain, instead of Eq. (4), consider the following equation with the small parameter ε:

(5)

where ε = const > 0.
Since the initial-value conditions for Eqs. (4) and (5) coincide for t = 0, it follows that no singularities

of boundary-layer type arise for the derivative  in a neighborhood of the point t = 0 (see [21, 22]).

Let us show that there exists a norm such that uε → u as ε → 0. Introduce the notation  = uε – u and
substitute uε =  + u in Eq. (5). We obtain the problem

(6)

(7)

(8)

where (x, t) = –ε .

To obtain an a priori estimate, use the method of energy inequalities.

TQ G G
G G= ∪ Γ

∂ ∂= + μ + ∈
∂ ∂

( , ), ( , ) ,T
u Lu Lu f x t x t Q
t t

Γ = ≤ ≤| 0, 0 ,u t T

= ∈0( ,0) ( ), ,u x u x x G

α α α α
α= α α

 ∂ ∂= = − ∂ ∂ 


1
, ( , ) ( , ) ( , ),

p
uLu L u L u k x t q x t u x t

x x

3,1 2,1
0 10 ( , ), ( , ) , ( , ) ( ), ( , ), ( , ) ( ),T Tc k x t q x t c k x t C Q q x t f x t C Qα α α α< ≤ ≤ ∈ ∈

TQ

μ

μ

1
1 t

e

1( )

2
0

1 1( , ) ( , ) 0,
t t

Lu e u x d u f x t
− −τ

μ+ τ τ − + =
μμ  �

�f
− −τ

μ

μ 
1( )

0

1 tt
e

−
μ  − μ 

1

0 0
1( ) ( )

t

e Lu x u x

1( )

2
0

1 1 ( , ), ( , ) ,
t t

t Tu Lu e u d u f x t x t Q
− −τ

ε ε ε εμε = + τ − + ∈
μμ  �

ε
tu

�z
�z

− −τ
με = + τ − + ∈

μμ � � � �

11 ( )

2
0

1 1 ( , ), ( , ) ,
t

t Tz Lz e zd z f x t x t Q

Γ = ≤ ≤�| 0, 0 ,z t T

= ∈ = + Γ�( ,0) 0, , ,z x z G G G

f ∂
∂
u
t

RUSSIAN MATHEMATICS  Vol. 66  No. 4  2022



14 BESHTOKOV
Scalarly multiply Eq. (6) by  and obtain the energy identity

(9)

Use the scalar product and norm

By virtue of the Cauchy ε-inequality and Cauchy–Bunyakovsky inequality (see [23, p. 142]), simple
transformations of (9) yield the inequality

(10)

Assign ε1 = . Then inequality (10) implies that

(11)

Integrate (11) with respect to ξ from 0 to t. This yields inequality

(12)

In (12), estimate the first term of the right-hand part:

for μ ≥ , we obtain 

(13)

where M depends only on the input data of problems (6)–(8).

From a priori estimate (13), it follows that uε tend to u as ε → 0 in the norm ||  = ε||  + ||  +

|| , where ||  = dτ. Therefore, for small values of ε, the solution of problem (5), (2), (3) is
treated as an approximate solution of the Dirichlet problem (1)–(3) for a multidimensional Sobolev-type
differential equation with variable coefficients.

2. LOCALLY ONE-DIMENSIONAL SCHEME

On the segment [0, T], introduce the uniform mesh  = {tj = jτ, j = 0, 1, …, j0} with step τ = T/j0. Each

interval (tj, tj + 1) decompose into p parts by points  = tj + τ , α = 1, 2, …, p and denote by Δα = ( , ].
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THE TOTAL APPROXIMATION METHOD FOR THE DIRICHLET PROBLEM 15
Select a spatial mesh uniform with respect to each direction Oxα with step hα = , α = 1, 2, …, p,

= {  = iαhα : iα = 1, …, Nα – 1, α = 1, 2, …, p}.
Represent Eq. (1) in the form

(14)

or, which is the same,

On each semi-interval Δα, α = 1, 2, …, p, sequentially solve problems

(15)

assuming that

(see [24, p. 522]).
Approximating each Eq. (15) of number α by a two-layer scheme on the semi-interval Δα, we obtain

the following chain of p-one-dimensional difference equations

(16)

(17)

where

 = tj + 1/2, and γh, α is the set of knots boundary with respect to the direction xα.

3. APPROXIMATION ERRORS OF LOCALLY ONE-DIMENSIONAL SCHEMES

The accuracy of a solution of the locally one-dimensional scheme is the difference  =  – ,

where  is the solution of problem (5), (2), (3). Substituting  =  +  in the difference prob-

lem (16), (17), we obtain the following problem for the error :
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16 BESHTOKOV
Considering (14), represent the error by the sum  =  +  (see [24, p. 524]), where  =

( u  O(1),  = O(  + τ). Then

4. LOCALLY ONE-DIMENSIONAL SCHEME: STABILITY

Scalarly multiply Eq. (16) by y(α) = :

(18)

where

and

By virtue of the first difference Green formula, the Cauchy–Bunyakovsky inequality, and the ε-
inequality (see [24, p. 110]) transform each term of identity (18):

(19)

(20)

Sum with respect to iβ ≠ iα, β = 1, 2, …, p and substitute (19)–(20) in identity (18).
We obtain 
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THE TOTAL APPROXIMATION METHOD FOR THE DIRICHLET PROBLEM 17
First, sum (21) with respect to α from 1 to p:

Then sum the result with respect to j ' from 0 to j:

Estimate the first term at the right-hand as follows:

This yields that

(22)

Assigning μ ≥ , we deduce the following a priori estimate from (22):

(23)

where M = const > 0 depends nor on hα neither on τ.
Thus, the following assertion is valid.
Theorem 1. The locally one-dimensional scheme (16), (17) is stable with respect to the right-hand side and

initial values, and, therefore, the solution of the difference problem (16), (17) obeys estimate (23).

5. LOCALLY ONE-DIMENSIONAL SCHEME: CONVERGENCE
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18 BESHTOKOV
(24)

and

From (24), it follows that εηj + 1 = εη(p) = εηj + τ(  +  + … + ) = εηj = … = εη0 = 0. Then ηα =
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(27)

where  =  is the Caputo fractional derivative of order δ, 0 < δ < 1.

Then, multiplying both sides of (27) by  and acting by the fractional integration operator

 = , we obtain (after simple transformations) 

(28)

where

while  =  is the fractional Riemann–Liouville operator of order δ, 0 < δ < 1.

In the sequel, the following equation with a small parameter is considered instead of Eq. (28):

6. NUMERICAL RESOLVING: ALGORITHM

To solve the differential problem (1)–(3) numerically, we use the following computational relations
(0 ≤ xα ≤ 1, α = 1, 2, p = 2):

and

Consider the mesh  = iαhα, α = 1, 2, tj = jτ, where iα = 0, 1, …, Nα, hα = 1/Nα, j = 0, 1, …, m, τ =

T/m. Introduce one fractional step  = tj + 0.5τ. Denote the difference function by  =  = y(i1h1,

i2h2, (j + 0.5α)τ), α = 1, 2.
Use the locally one-dimensional scheme
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(30)

(31)

The computational relations for the solving of problem (29)–(31) are as follows.

At the first stage, we find the solution . To this, we solve the following problem for each value i2 =

:

(32)

where

and

To compute the sweep right-hand side , one has to use on the th layer the values of the

desired function  from all preceding (lower) layers. The reason is the term .

This substantially increases the amount of computations even if the mesh partition is small. To avoid this,
we propose a recurrent relation for the fast computing in the multidimensional case. This relation provides
a possibility to keep the value of the specified sum at the previous layer; regarding the amount of opera-
tions, this is not worse than the two-layer scheme.

Once u(x, τ)dτ is approximated by the sum , the fast-com-

puting recurrent relation for p = 2 takes the following form at the th layer:
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At the second stage, we find the solution  as follows. As in the first case, for each value of i1 =
, we solve the problem

(33)

On the (j + 1)th layer, the fast-computing recurrent relation is as follows:

Problems (32) and (33) are solved by the sweeping method (see [24]).

7. TEST PROBLEM AND NUMERICAL RESULTS
The coefficients of the equation of the original differential problem (1)–(3) are selected to ensure the

function u(x, t) = etsin(x1)sin(x2) to be the exact solution for p = 2.
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Table 1. Variations of errors and convergence orders in the norms ||⋅  and |[⋅]|0, τ = h2, μ = 0.01, 0.1, 1, 10, 100

μ h CO in CO in ||⋅||0

0.01 1/16 0.250145310 0.107135926
1/32 44.433332627 –7.4727 0.562873801 –2.3934
1/64 2621.538460058 –5.8826 26.142795852 –5.5375
1/128 9778.462858191 –1.8992 156.781044210 –2.5843

0.1 1/16 0.107713533 0.043677506
1/32 0.099128894 0.1198 0.041012842 0.0908
1/64 0.082095413 0.2720 0.036565200 0.1656
1/128 0.060532319 0.4396 0.032440707 0.1727

1 1/16 0.077789885 0.029929599
1/32 0.070467707 0.1426 0.025367800 0.2386
1/64 0.058965274 0.2571 0.019421653 0.3853
1/128 0.044636825 0.4016 0.013344342 0.5414

10 1/16 0.077424177 0.029691895
1/32 0.070035823 0.1447 0.025146056 0.2397
1/64 0.058719742 0.2542 0.019215040 0.3881
1/128 0.044556322 0.3982 0.013158437 0.5462

100 1/16 0.077543902 0.029704129
1/32 0.070140075 0.1448 0.025153794 0.2399
1/64 0.058803337 0.2543 0.019218674 0.3883
1/128 0.044615784 0.3983 0.013159517 0.5464

τ( )||
hC w

τ( )|| ||
hC wz

τ
⋅ ( )|| ||

hC w < < 00
max || ||j

j m
z
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 In Table 1, under the decreasing of the mesh size, we provide the greatest value of the error (z = y – u)
and the convergence order in the norms |[⋅]|0 and ||⋅ , where ||y  =  provided that τ = h2.

The error decreases according to the approximation order. The convergence order (CO): CO = ,

where zi is the error corresponding to hi.
If we assign τ = h2, then the convergence rate is equal to O(h).
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