ISSN 1066-369X, Russian Mathematics, 2018, Vol. 62, No. 3, pp. 6-17. © Allerton Press, Inc., 2018.
Original Russian Text (© A.A. Bobodzhanov, V.F. Safonov, 2018, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2018, No. 3, pp. 9-22.

A Generalization of the Regularization Method to the Singularly
Perturbed Integro-Diiferential Equations With Partial Derivatives

A. A. Bobodzhanov” and V. F. Safonov™

National Research University “MPEI”
ul. Krasnokazarmennaya 14, Moscow, 111250 Russia
Received December 15, 2016

Abstract—We generalize the Lomov’s regularization method to partial integro-differential equa-
tions. It turns out that the procedure for regularization and the construction of a regularized
asymptotic solution essentially depend on the type of the integral operator. The most difficult is
the case, when the upper limit of the integral is not a variable of differentiation. In this paper,
we consider its scalar option. For the integral operator with the upper limit coinciding with the
variable of differentiation, we investigate the vector case. In both cases, we develop an algorithm for
constructing a regularized asymptotic solution and carry out its full substantiation. Based on the
analysis of the principal term of the asymptotic solution, we study the limit in solution of the original
problem (with the small parameter tending to zero) and solve the so-called initialization problem
about allocation of a class of input data, in which the passage to the limit takes place on the whole
considered period of time, including the area of boundary layer.
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The Lomov regularization method ([1], pp. 126—129) was mainly applied for ordinary singularly dis-
turbed integro-differential equations (see the detailed bibliography in [2, 3]). The systematic elaboration
of this method for systems of integro-differential equations with partial derivatives has not been carried
out earlier. In the present paper, such an attempt is made for the first time. The type of the integral
operator plays an important role in the propagation of the regularization method to partial differential
equations. It is necessary to distinguish two fundamentally different cases:

say(gtx,s) :A(t,x)y(t,x,s)+/OtK(t,;p,s)y(s,m,s)ds+h(t,;p), 0
y(0,2,¢) =4° (x), (t,x)€[0,T]x [0,X],
say (gtx,E) :A(t,x)y(t,ﬂc,s)+/OIK(t,a:,s)y(s,:n,5) ds + h(t,z), ©

y(0,z,¢) =y° (z), (t,z)€[0,T] % [0,X].

First we consider the first case. In the second case, there arises the problem of describing the space of
solutions of iterative problems and the conditions for their solvability in the indicated space. The second
part of our work is devoted to solving this problem. We now turn to the presentation of the results for
problem (1).

1. Regularization of problem (1). Without loss of generality, we can assume that 7' = X = 1 and,
since the dependence of the matrix A on x does not have a significant effect on the algorithm developed
below, we consider the case A = A (t). Assume that
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A GENERALIZATION OF THE REGULARIZATION METHOD 7
1) functions A (t) € C*([0,1],C™), h (t,z) € C*°(]0,1] x [0,1], C"), the kernel
K(tz,s)eC® (0<t<l, 0<s<t<l, C”);

2) the spectrum o (A (t)) = {A; ()} of the matrix A () satisfies the following requirements:
a) A (t) # N (t),i#7,4,5 =1,n,Vt € [0,1],
b)Re\; () <0,X;(t) #0 Vte[0,1].
We introduce the regularizing variables
t
nel [ neas="1 =1 o
T=(T1,..., ), Y () = (Y1 (t),...,¢n (1)),

and for the function y (¢, z, 7, €) we formulate the problem

O o N : .
58§+;Aj(t)az—/1(t)y_/o K(t’w’s)y<87$v¢§9)m€>d$
ht,e), §0,2,0,6) =¢° (). (4)

Therefore, in problem (1) the spectrum of matrix A(t) can contain purely imagine values \;(t) =
+iw;(t), wj(t) > 0, which were not possible in earlier considered papers (for example, [4], where the
ordinary nonlinear integro-differential equation of the Volterra type was investigated).

The connection of problem (4) with initial problem (1) is the following: If y =y (t,z,7,¢) is a
solution to problem (4), then its narrowing y (¢, z,¢) = 17(75,3:, wit)) on regularizing functions (3) will
be, evidently, the solution to initial problem (1). However, one cannot treat problem (4) as completely
regularized, because in it the integral operator

ng/OtK(t,a:,s)37<s,:r,¢£S)>ds

is not regularized. For its regularization it is necessary to introduce ([1], P. 62) the space M., which is
asymptotically invariant with respect to the operator J. It is constructed as follows. One introduces the
class U of anticipated solutions to iterative problems (see below):

U= {y cy(tx, ) = Zyj (t,x)e™ +yo(t,x), y;(t,x) e C*([0,1] x [0,1],C"), j = O,n},
j=1
and then one takes a narrowing of this class with 7 = ¢ (¢) /e. It is a space M.. To substantiate this fact,

it is necessary to show that the image Jy (¢, z, 7) of the integral operator J on the element y (¢, z, 7) of
the space U can be presented in the form of power series

o0 n ¥ (t)
S oS e el ) )
k=0 j=1

which converges asymptotically with ¢ — +0 (uniformly with respect to (¢,2) €[0,1] x [0,1]). Let us
consider this question. We have

Pj(s

y(t,z,T) Z/Kta:sy]sx)eeds—i—/Ktms)yo(sx)dx

Let us integrate by parts:

/ K (t,z,8)y; (s x)es/o d@ds_g/ K (t,, sisy)g (s, !E)ds(e;j‘;,\j(e)de)
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8 BOBODZHANOYV, SAFONOV

_ €|:K(t7x78) Yj (Sﬂx)eifos Aj(0)do s=t _ /t 9 (K(t,x,s) Yj (57:17)) Y d6d8:|
s=0 Jo Os Aj(s)
- s[ (19 (K (t,2,8)y; (s,2)))_, = Jo 2 O% _ (19 (K (t,2,5) y; (s, x)))szo}

/ 883 ( O(K (t,x,s)y; (s, m))) R deds

where I9 (K (t,, ) y; (s,7)) = K(t’x)zjzgg(s’x),j = 1, n. Continuing this process, we obtain the series

/K (t,z,s)y; ( sx)eefo)‘(eded

M8

DR RN (18 (K (2, 8)y; (s,2)) ) .,
=1

x e — (I (K (t,2,5)y; (s,2)) ) o], (5)

e
Il
o

in which operators I;? have the form

I]Q (K (t,x,s) Yj (s,2))

Il
/"\ ~

It (K (t,z,s)y; (s,2)) =

j IV (K (t,z,s) yi (s,2)),..., (6)

I (K (t,x,8)y; (s, ) =

] 7t (K (t,x,s)y;(s,x)), m>1.

The asymptotic convergence of series (5) can be proved by the same way as the analogous assertion
in [2] (Chap. 8).

2. Construction of a regularized asymptotic solution to problem (1). Let y(z,¢,7,¢) be
an arbitrary function, which is continuous with respect to (¢,z,7) € [0,1] x [0,1] x {7 : Re7; <0,
j = 1,n} and has the asymptotic decomposition

y(t,z,T,€) ZE y (6, 7)), yk (t,x,7) €U, (7)

converging as ¢ — +0 (uniformly with respect to (¢, z,7) € [0,1] x [0,1] x {7 : Re7;<0, j = 1,n}). Let
us introduce operators R,,, : U — U, acting on each element y (¢, z, 7) of the space U by the rule

Roy <t,m>zRo<Zyj (t.2) €7 + o <t,x>) = /0 K (t,,5)yo (s,) ds,

j=1

iy (2,t,7) = (1) D [(1F (K (2, 8) 11 (5,2)) ) €™
j=1

—(I]"-f (K (t,x,s)y1 (s, 7)) )s:O]’ (8)

where operators I]’? have the form (6), kK > 0. Operators R,, are said to be operators of order (by ¢),

because being applied to the function y (¢, z,7) they generate members of order €. An extended
operator for the integral operator J can be naturally defined as follows.

Definition. A formal extension of the operator J is an operator J, which acts on each function
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A GENERALIZATION OF THE REGULARIZATION METHOD 9
Y (t,z,1,¢) of form (7) by the rule

Jj = j<§:€kyk (t,a:,r)> ‘ﬁfig<i3r_kyk (t,a:,7’)>.
k=0

r=0 k=0
Now we can write the completely regularized (with respect to the initial problem (1)) the problem

67'] ()g—ngh(t,w), (9)
y(()’x?o’g) :yo (:L‘)7

where y (t,z, 7, ) is series (7). Substituting this series into (9) and equating coefficients at the same
powers of ¢, we obtain the following iterative problems:

Loy (t,x,1,¢) —z-: +Z)\

& 0
=1
Sy == g 0,2,0) = 0; 9
yl__at + 1y07y1(7:1:7 )_ ) (1)
Oyp—
jyk:_ yaktl_‘_Rlyk—l"i""_‘_RkyO) yk(O,a:,O):O, k‘Zl (Qk)

Each of iterative problems (9 ) has the form
y(t,z,7) A ( y— Roy = t,x,7),
Z A(t) oy = H (t,,7) (10)
(Oaxa 0) = Yx (.’L’) ’

where H (t,z,7) = Z i (t,x)e™ + Hy (t,z) € U, ys (x) € C* |0, 1] are known functions, and
]:

Roy (x,t,7) = R0<Zyj (t,x)e™ 4+ yo (t,ZE)) = /0 K (t,z,s)yo (s,x)ds

J=1

is an operator. Let us try to solve problem (10). Substituting the element y = > y; (t,2) €™ + yo (¢, x)
i=1
of the space U into (10), we have

Z)\ Yy (t,x) TJ—ZA yj (t,x) e — A(t)yo (t, )

/K (t,z,8)yo (s,2) dS—ZH (t,x)e™ + Hy (t,z).
7j=1

Equating here separately the free members and coefficients with different exponents, we obtain the
systems of equations

N ()T = A(D)]y; (¢, 2) = Hj (t,2), j=1,n,

t 11
yo(t,a;):/O (A (O K (2, 5)) o (s,2) ds — A~ (£) Ho (¢, ). (1h)
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10 BOBODZHANOYV, SAFONOV

For resolving the first n systems of Egs. (11) in the space C*° ([0, 1] x [0,1],C"™), it is necessary and
sufficient that [2]

(Hj(t,z),x;(t) =0, j=1,n, ¥Y(z,t) €[0,1] x [0,1],

where x; (t) — A; (t) is the proper vector of the matrix A*(¢), (, ) is the scalar product in the
space C™. The last equation in (11) is the Volterra equation of the second kind with the smooth kernel
G (t,z,s)=— A71(t) K (t,,s) (the variable x plays the role of a parameter), therefore it has a unique
solution in the class C*° ([0, 1] x [0,1],C™). If in the space U we introduce the scalar (with each
(t,z) € [0,1] x [0, 1]) product

W(te,7),2 (6w, ) =Dy (ta) e +yo (6,2), 3 2 (t2) e + 20 (t,2) )

=1 =1
def -
= (g (), 2 ()
j=0

and denote by ¢; () — A; (t) the proper vectors of matrix A (¢), where (¢; (t), xi(t) = d;i, then from the
previous reasoning the next theorem follows.

Theorem 1. Let in system (10) the right-hand side H (t,x,7) € U and conditions 1) and 2) be
fulfilled. Then for the resolvability of system (10) in the space U it is necessary and sufficient that

(H (t,z,7),x; (1) e”) =0, j=1n, V(t,z)€[0,1] x[0,1]. (12)

Providing this condition, system (10) in the space U has the solution

t,x st .
L

= s=1,s#j

/%’ (t,x,8) A~ (s) Hy (s,x2)ds — A~ (t) Hy (t,x), (13)

where % (t,x, s) is the resolvent of the kernel G (t,z,s) = —A~L (t) K (t,z,5), o (t,z) are arbitrary
functions of the class C* ([0,1] x [0,1],C!), j = 0,n.

Proof. We subdue the solution to (13) to the initial condition y (0, z,0) = y. (x):

3 ey (0,2) ¢, (0 Z( > B ) =)+ 47 0 o (0.0
j=1 A °

= s=1,s#j

By scalar multiplying this equality by xx (0) and taking into account the bi-orthonormality condition of
systems of proper vectors {¢; (¢)} and {Xk (t)} we obtain equalities

(0, +Zl #Z | D) bk = (0 )+ A H(0.2), 36 0),

hence we find values

(0, 2) = (y« (x) + AT H(0,2), xx(0)) + >
=1, j#k
However, the functions o (¢,2) were not completely found. An additional requirement on the

solution to problem (10) is necessary. Such a requirement is dictated by iterative problems (9 ), from
which one can see that the natural additional constraint is the condition

, k=1,n. (14)

(=t Ry + Phar) g (067) =0, j=Ln, V(o) 0.1 x 0,1, (15)

RUSSIAN MATHEMATICS Vol.62 No.3 2018



A GENERALIZATION OF THE REGULARIZATION METHOD 11

where P (t,x,7) = Y Pj(t,x)e™ + Py (t,x) € U is a known function. Let us show that under condi-

tion (15) problem (10) has a unique solution in the space U.

Theorem 2. Let conditions 1), 2) be [ulfilled and the right-hand side of H=H (t,z,7) =

> Hj(t,x)e™ €U satisfy the condition of orthogonality of (12). Then problem (10) under
j=1
additional condition (15) is uniquely resolvable in the space U.

Proof. Inorderto use condition (15), we calculate the expression — ‘g?j + Riy+ P (t,z, 7). By denoting
Hjs(t,x) = (Nj(t) = As() ™ (H (8, 2), x5 (1)),
(z,1) /9? (t,x,s) A~ (s) Hy (s,x)ds — A~' (t) Hy (t,z),

we have

dy - da, n_S~ v (OH;
_at +R1y+Q(t77—) — —Z < 8t 90] +04]90]> — 8#] 5=1< at Ps

+Hjs¢s>e7—j _ 8y0(t,x) + zn: |: (t7t) (t) ( ) T _ K(t,O)gO](O)

+ [liit;) Z: Hjs(t, z)ps(t)e™ — [iiib(;) 2, M0 (0)}

§=0
+> Pyt x)e + Poft, x).
j=1
Here we used (see (8)) the expression

. (1) K (L. 0y
yj (t,x) e +yo (t, ) > < y] )ej— (,0)%(0,@)7
Jj=1 j=1 )‘](0)

n

Rly—R1<

n

yi(t,x) = aj(t, x)p;(t) + Z Hjs(t,z)ps(t), 7=1,n.
s#j,s=1

Now conditions (15) can be written in the form

n

(0 -3 Hula ) (3 o)
b3 D (00,35 0) + (B, 2),x(0) = 0

whay ()
or
&O‘j _ <K(t’t)90j(t)
ot A;(t)

where by I; (¢, z) we denoted the known function in the previous equality, independent of o;. Combining

- Sbj(t),Xj(t)) a; + lj(t,ﬂc), j=1n,

RUSSIAN MATHEMATICS Vol.62 No.3 2018



12 BOBODZHANOYV, SAFONOV

these equations and initial conditions (14), we find

ot t "s
a;(t,z) = eJo pi(0)d0 <aj (0, z) —I—/O e Jo pj(a)dalj(s,a:)ds>,

pi(t) = AT K ()0 (1) — ¢5(t), x; (1), J =1
Therefore solution (13) to problem (10) is uniquely defined in the space U.

(16)

Applying Theorems 1 and 2 to iterative problems (9%), we construct a series (7) with coefficients

from the class U. Let y.n (t,z) be a narrowing of the Nth partial sum of this series with 7 = wit) :

YeN = Z ek (t x, vt )> Asin[2](Chap. 8), it is not difficult to prove the following theorem.
k=0

Theorem 3. Let conditions 1),2)be fulfilled. Then with € (0,eq], where g > 0is sufficiently small,
problem (1) has a unique solution y (t,z,¢) in the class C* ([0,1] x [0,1],C"™). Here the vector-
function y.n (t, x) satisfies the estimate

ly (t,2,€) = yen (8, )l co,yx o,y < Cne™ T N=0,1,2,...,

where the constant Cy > 0is independent of € € (0, eg).

3. Solution to the first iterative problem. Since in system (9¢) the vector-function H(¢,z,7) =
h(t,x) is independent of 7, conditions (12) are automatically fulfilled for it. Therefore in the space U the
system (9¢) has a solution, which can be written in the form (see (13))

o(t,z,7) Zoz (t,x)pj(t)e™ —I—y((]o)(t,a:), (17)

where " (£, z) = —A"1()h(t, x) — f,@(t, ) A1 (s)h(s,x)ds, and o\ (t,z) € C>([0,1] x [0,1],CY),
0

j = 1,n, are arbitrary functions. For calculating these functions we write the right-hand side of the
following iterative system (9;):

n 90l (t,x) 9O
H(t,:E,T)EZ ]Ot ©j (t)—l—oz§-0) (t,z) ¢ (t)| e — Y% 87(5 z)
j=1
~ (Kt D9(t) () _K(£,0)9;(0) () >
+ o (t,x)e™ — a;’(0,x) ).
2( MU Ao O
Subordinating H (¢, z, 7) to the condition of orthogonality (12), we have
(0)

Ja

- (8, x5 (1)l L+ K& De; (1), x5(1) 0

Aj(t) J

%

=0, j=1,n. (18)

S

We find initial conditions for the functions a(-o) (t, ) from the equality yo (0, z, 0)=9° (z):

Za (0,2) ¢ (0) —A~E(0)h(0, 2)= @Za (0,2) 0;(0) = 4° (z) + A~L(0)(0, z).

Multiplying this equality by x(0), we obtain
oy (0,2) = (1 (&) + A7 (0)1(0,2), x(0) =(4° (2) . xx(0))

RUSSIAN MATHEMATICS Vol.62 No.3 2018



A GENERALIZATION OF THE REGULARIZATION METHOD 13

+ (7(0,2), A7 (0)xx(0)) = (4 (=), xx(0)) + Al (h(0,2),xx(0), &k =1,n. (19)

k(0)
System (18) is homogeneous, therefore, taking into account initial conditions (19), it has a solution
v h(0, x .
a§'0) (tv :L‘) = e.lo P (6)d9 <y0 (l‘) + ;(0)) ) X](0)> y J = 17 n, (20)
j

where p;(t) is the function, written in formula (16). Therefore, solution (17) to problem (9¢) is uniquely
found in the space U. This solution is used further for the investigation of the limit proceeding in
system (1) (as e — 40).

4. Limit transition in problem (1). Problem of initialization and its solution. Let
Re\;(t) < 0,7 =1,n, Vt € [0,1]. Then by Theorem 3 we have

ly(t, 2, e) = yeo(t: 2)llc0,1x[0,17) < o€

| (Z a(t, 2) e JoAado y(()o) (, x)) < cpe.
C([0,1]x[0,1])
So, with any § € (0, 1] we obtain
CoE 2 H t,x,¢€) Za et o Xi(®d0 _ (0)(15 x)
C([0,1]x[0,1])
H (t,z,¢€) Zoz et JoXi(@)do _ (0)(t x)
C([0,1]x]0,1])
© ) 2j(6)do
> |yt z,e) — vy (&) sy 0.1  Jo2s(0) ;
C([6,1]x10,1])
hence we deduce
Iyt z.€) = 5" (& @) lle(is.yxpo ) < e
ZO‘ b Jo 2 (0)do
C([5,1]x[0,1])
P

<cos+Z|la (t,2)o; Ol logsxpape” ©

where s; = tg[aon%]( Re Aj(t)) > 0. Therefore,
ly(t,z,e) — y(()O)(ta$)||C([671}><[071]) — 0, ¢ — +0. (21)

Theorem 4. If conditions 1) and 2) are [ulfilled, and Re \;(t) <0, j =1,n, Vt € [0,1], then the
limit transition (21) takes place, where y = y(t, z,¢) is the exact solution to problem (1), and the

function y((]o) (t,z) is a solution to the integral system

t
—A(t )y(()o) (t,z) :/0 K(t,x,s)yéo)(s,x)ds + h(t,x).

This system is degenerate with respect to the initial system (1).

However, in our case purely imagine proper values \; () are allowed, therefore the limit transition in
the metric of space C ([0, 1] x [0, 1]) becomes impossible. In this connection, the following initializa-
tion problem arises: What should be the initial data of problem (1) so that the uniform limit transition

RUSSIAN MATHEMATICS Vol.62 No.3 2018



14 BOBODZHANOYV, SAFONOV

y(t,z,e) — y((]o) (t,z) (as e — +0) was possible on the set [0, 1] x [0, 1], including the boundary layer
zone with respect to ¢? Initial data of problem (1), which satisfy this requirement, form the class of
initialization.

Let, for example, proper values \A; () be such that

3)ReXj, (t) =Re)j, (1) =---=Re);, () =0,Re; (1) <0,5=1,n,j # js, s =1,k (k <n).
" i‘/t' Ndo )
In this case in the sum 7 a7 (t, 2)p;(t)e © + 1y, (t,z) addends with numbers j = j5, s = 1, k,
=1

rapidly oscillate and prevent the existence of a limit transition y (¢, z,¢) — yéo) (t,z) on the set [0, 1] x

[0, 1], therefore it is necessary to delete them, i.e., to set ag.g) (t,z) =0 (s =1,k, (t,z) € [0,1] x [0,1]).
Since (see (20))

h(0, z)

ago)(tjx) = efotp]-(@)de <y0 (.’L’) + )\(’0 7X](0)> ) ] = 17n7
J

we have
h(0, )
0)

Ajs
Hence, the class of initialization ¥ = {h (¢,z),4° () , A (x) } is independent of the kernel K (¢, z, s) and
has the form

Oég(s)) (t,IE) =0« <y0 (.’E) + 7X]s(0) = 07 s = 17k7 T e [07 1] :

h(0, z)

s={0an ) (@ + G

The following theorem was proved.

,st(0)> =0, s=1,k z¢ [0,1]}.

Theorem 5. Let for problem (1) conditions 1)=3) be fulfilled. Then for the passage to

the limit ||y(t,:17,5)—y(()0)(t,:1:)||C([0,1]X[0,1]) — 0 (e — +40), it is necessary and sufficient that
(h(t,2),3° (x). A(2)) € 2.

5. The case of integral operator with upper limit, independent of differentiation variable.

We now turn to the presentation of the results for the singularly perturbed integro-differential equation:
gé)y (gtx,s) =a(zx)y(t,ze) +/ K (t,2,8)y(s,z,¢)ds + h(t,z),
0

y(0,z,¢) =y° (z), (t,z)€[0,T] % [0,X].

Recall that earlier we considered the case, when these variables coincide. Such a seemingly small
modification of the problem leads to the fact that in the neighborhood of the point ¢ = 0 the boundary
layer will depend not only on ¢, but also on z. For the sake of simplicity we will consider the scalar
case. As earlier, without loss of generality, we can assume that 7= 1. We assume that the following
conditions are fulfilled:

1*) functions a (z) € C*°(]0,1],C), h (t,x) € C*([0,1] x [0, 1], C), the kernel
K (t,x,s) e C* ({0<t, <1, 0<s<z<1},C)
2*)Rea(z) <0,a(z) #0,Vz € [0,1].

As in the case of ordinary differential operator, we introduce the regularizing variable

L g @ _ v ()
r= /0 (2)ds = = .

9 9 9

(22)

Here elements of the space of solutions V' to the below arising iterative problems will depend on
a(z)z

the variable c = o () =e < as a parameter. This case is typical for singularly disturbed integro-
differential equations of the Fredholm type with one independent variable (for example, [2]). For the

RUSSIAN MATHEMATICS Vol.62 No.3 2018



A GENERALIZATION OF THE REGULARIZATION METHOD 15

extension y = y (¢, x,7,0,¢) of solution y (¢, z,¢) to problem (22) we obtain the partially regularized
problem

€§27+a(:r) ag—a($)§—/0mK(t,:E,8)ﬂ<8,ﬂj‘,w(i’x),J,é:) ds

=h(t,z), y(0,2,0,0,¢) :yo(m).

For the complete regularization it is necessary to introduce the space of solutions to iterative
problems:

V:{y(t,$,’7',0') Yy=u (t,x,a)eT—l—yo(t,:E,a)},

where coefficients y; (¢, z, o) are polynomials with respect to o
(t,z,0) Z ta:ak, N; <oo, 7=1,2,

with coefficients y(.k) (t,r) € C>([0,1] x [0,1]), k =0,N;, j = 1,2, and realize the regularization of

j
the integral
Jy (t,z,7,¢) = / K (t,z,s)y <s,a:, v (i’x),zs) ds.
0

As in the previous case, applying the integration by parts, we construct the problem

a0 —a@) - T =h(), §0,2,0,0,2) =3 (2). (23)

which is completely regularized with respect to the initial problem (22). Here operators of order have the
form

Roy (t,2.7,0) = Bo 1 (1:2,0) " +30 (1.0)) = [ K (t.0.5) o s.7.0)ds,
0

Rk+1y(ﬂj‘,t,7,0') = (_1)k [(IZ(K (t,$,8) 1 (873370-))5:95
X0 —= IZ(K (t,a:,s) Y1 (57%70))3:0)]’ k=0,

where
K (t,z,s)q(s,z,0)

0 xT,s S, Tr,0)) =
19 (K (t2,5) q (5,7.0) s

xT

IY (K (t,:L’,S)q(S,.T,O')) =

xT

and the extension J of integral operator is

jg = j( Z Ekyk (t7 Z,T, O') > £ Z " (Z Rr—kyk (ta z,T, U)) .
k=0 r=0

k=0
Substituting the series

y(t,z,T,¢€) ZE yg (t,x,7,0), yr (t,x,7,0) €V, (24)

in (23) and equating coefficients at the same powers €, we obtain the following iterative problems:

0
Ay = a(x) ayTO —a(x)yo — Royo = h(t, ), yo (t,2,7,0) li=rmo = ¥° () ;
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0
- o + RlyO;yl (07:1:7070-) = 0;

Ay = ot
_ Oyr—1 _
JZ{yk = — ot +R1yk_1+"'+Rky07 Yk (07:1:7070-) _07 k > 1. (25)
Each of the iterative problems (25) has the form

D(ny(t,ﬂf,T,O') ECL(ZL‘) gi -

(I(l’)y—RoyO :h(t,.ZIT,T,O'),
y(0,2,0,0) =y*(z,0),

where y* (z,0) € C*[0,1] x [0,1], h (¢t,x,7,0) € V are known functions,

(26)

Roy = Ro (01 (t.2.0) € 30 (t..0)) = [ K (t,5) o (5, 7) d.
0

Let h(t,x,7,0) = hy (t,z,0) € + ho (t,z,0). Defining the solution to problem (26) in the form of
the function

y(t7$77—7 U) =9 (t,.ﬁl?,O') e’ + %o (t7$>0-)7
we obtain equations
0- n (t7$70-) = hl (t,.ZU,O'),

—a (1‘) Yo (t7$>0-) - /OmK(t,$,8) Yo (8733)0-) ds = hO (t,.ﬁl?,O') : (27)

The first of these equations is resolvable if and only if
hi(t,x,0) =0<< h(t,z,7,0),e" >=0

(here we introduced the ordinary scalar product with each (¢, z, o) in V, see [2]). The second equation in

(27) with each fixed z€ [0, 1] is the Fredholm equation of the second kind. Let us consider the simplest
case

3*) with 2 € [0, 1] the unity is not a characteristic value of the kernel K(t(m )s) of integral operator.

This condition means that the homogeneous equation

—a(az)yo(t,aj,a)—/ K (t,z,s)yo (s,z,0)ds =0
0

has trivial solution yq (¢, ,0) = 0 only. In this case, heterogeneous equation (27) will have the unique
solution in the form

witao) =" 5 @ s
—a(z)
where Z (t, z, s) is the resolvent of kernel K(t(x;) and Eq. (26) in the space V has the family of solutions

y (t,x,7,0) = yo (t,x,0) +a (t,x) €™, where a (t,2) €C* ([0,1] x [0,1],C") is an arbitrary function.
The initial condition y (0, x,0,0) = y* (x, o) allows one to find the function

a(0,z) =y* (z,0) + ho ELO(’;E)’ ) + /Om% (0,z,s) ho Els(’j)’g)ds. (28)

For complete calculation of the function « (¢, z) it is necessary to define an additional condition. Taking
into account the structure of iterative problems (25), we conclude that a natural additional condition for
Eq. (26)is the requirement

< N ?)i + R, €T> =0V (t,z,0) €[0,1] x [0,1] x [0,1]. (29)
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Since in Ry (y) there is no exponent, subordinating the solutiony (¢, z, 7,0) =yo (t,x,0) + a (t,x) €™

to condition (29), we will have % =0, hence we deduce a (¢, z) = a (0, z), where a (0, z) is function

(28). Therefore, the solution to problem (27) with the additional condition (29) is uniquely defined in the
space V:

y(t,x,7,0) = <y*(m,0)—|—h EIO(:E 7 / Z(0,x s)h Els(x)g)ds>e

ho tma / 2 (t 3, 5) ho(s,x,a)ds'
—a(x)

By applying the obtained result to iterative problems (25), we construct series (24) an by the method
of differential inequalities (for example, [5]) we prove that the solution y (¢, z, €) to problem (22) uniquely
exists and forall N = 0,1, 2, ... the estimate holds

C([0,1]x[0,1]x[0,1])

H (t,z,¢) Zsyktws Ly (t,2))

where the constant Cy > 0 is independent of ¢ if € € (0, 9], €0 > 0 and is sufficiently small. The case,
when condition 3*) is not fulfilled, is more difficult to investigate. Here different cases are possible.
However, the case when the unity for all z € [0, 1] presents a characteristic value of rank r < oo of

the kernel (t éf) of the integral operator, can be completely studied with the help of the above stated
technique.
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