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Abstract—We consider a nonlocal problem for a degenerate equation in a domain bounded by
characteristics of this equation. The boundary-value conditions of the problem include linear
combination of operators of fractional integro-differentiation in the Riemann—Liouville sense. The
uniqueness of solution of the problem under consideration is proved by means of the modified Tricomi
method, and existence is reduced to solvability of either singular integral equation with the Cauchy
kernel or Fredholm integral equation of second kind.
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1. Statement of the problem. We consider the equation
Y| Uy — Uz + asign y|y\m_1uy =0, (1)
where oo = const, 0 < m < 1, in a finite domain €2 bounded by characteristics

2 —m 2 -—m
AC :x — y22 =0, BC:x+ ’
m — 2

2 2—m 2 2—m
AD :x — — = BD : — =1
N vt oY)

of Eq.(1). Let Q; =QnN(y>0),Q2 =02N(y <0),beaninterval 0 < x < 1 of axisy = 0.

Problem. Find the solution
u(x,y) _ ul(x,y), (:1:7y) € Ql;
U’Q(‘T?y)a (:1:7y) € 927
to Eq. (1)in the class C(Q2) N CH(Q UT) N CY(Q U T) N C?(Qy U Q) satisfying conditions
ai() Doy (x)uwi [0 ()] + bi(w) Dy wi(w)u; O] ()
+ ci(z)ui(z,0) + di(z)u;y(2,0) = filz), i=1,2, (2)
and conjugation condition

lim_y%uy(z,y) = lm (=y)u,(z,y), (3)
y——+0 y——0
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where ©)(z), ©%(z) are points of intersection of characteristics of Eq. (1) emerging from the point
(x,0) € I with characteristics AC, AD, BC, and BD, respectively; a;(z), bi(x), ¢i(z), di(x), fi(x),
di(x), and w; (z) are given continuous functions, and

a; (x) + 7 (x) + ¢} (z) + d (x) # 0, (4)
where a;(z), bi(), ¢;(x), d;(x), fi(r) € C*I)NC3(I),i=1,2, Dg;,and Dﬁi are operators of fractional

integro-differentiation in the sense of Riemann—Liouville ([1] pp. 42, 44).

The formulated above problem belongs to the class of boundary-value problems with displacements
(2], P-29).

The boundary-value problems with displacements for degenerate hyperbolic and mixed-type equa-
tions including Riemann—Liouville and Saigo operators of fractional integro-differentiation are investi-
gated by the authors in [3—5]. The present paper is continuation of these studies.

Uniqueness of solution to the problem. Let 7(z) = u(z,0), v1(x) = limo(—y)auy, vo(x) =

y——

lim U
y—+0 Yy

Using the known solutions to the Cauchy problem ([6], pp. 57—58) for Eq. (1) in domains €5 and £,
and satisfying boundary-value conditions (2) we obtain

[pai(z)(1 — 2)° + pbi (z)2” + 2°(1 — 2)°dy ()] vi (z) = 2°(1 — 2)° f1(2)

T ey (0) D (@) — TP b, ()DL P 0) — er(@)aP (1 — 2)r(a), (5)

L(B) I'(B3)
where
. T(2-29) 2—m\'%
" a-ara-p ( 4 ) ‘
Analogously,
[paz(z)(1 — z)° + pba(z)z” — 2°(1 — 2)Pds(2)]va(z) = —2° (1 — 2)° fo()
r'(28) - r(2s )
tp(g) (L= ) w0y, Pr@) + o @ ha(@) Dy Pr(@) + ea(a)a’ (1 —2)r(x) (6)
for
Gi=1-03, p[= (2 m)’ () =wi(z)=1, 1=1,2 (7)
But if

Bi=B, Gi(x) =2 wix)=(1-x)*,
then in domains ;, i = 1,2, we have

T(25) — )" Pa;(z F(Qﬁ)azl_ﬂ-a: ci(2)z" P - 2)' 7P| r(z
P (1 Paile) 4 pig ) + el - ) 7

—,u[(l — m)l_ﬁai(m)Dgf_lui(m) + xl_ﬁbi(az)Dif_lyi(x)]
— (1 —2)' P Pdi(a)i(x) + 2P (1 — ) P fi(). (8)

Let conditions (7) hold and

M;(x) = pai(z)(1 — 2)° + pbi(x)2® + (=1)"12P(1 — 2)Pds(x) £#0, i=1,2. (9)
We rewrite (5) and (6) as
vi(x) = Ai(2) Do, 7 (2) + Bi(w)Dy; ™ + Cila)r(2) + Fi(w), i=1,2, (10)
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where

r'(26) (1 —z)%a;(x) '(28) 2°b;(x)

A =F e w0 P =T re) e

2P(1 — 2)8¢;(z)
MZ({L’) ’

1
For Fj(x) = 0 we consider the integral I = [ 7(x)v;(z)dz and obtain
0

v = [ awre [ [ T8, ]

— /01 Bi(z)7(x) [di /; ‘ I(;))Cllizﬂ} dz +T(23) /01 i) (2)da

2P(1 —2)8 fi(x)

Ci(z) =F Mi(z)

Fi(r) =

By means of the notation

_sin(27B) d [T T(t)dt __sin(27B) d L r(t)at
ni = " N

T dx x —t)1=20" m2(2) = T dx t—x)i-28

and inversion formula for the Abel integral equation we obtain

. ! (Ve (vde [ THE)dE
L& = sin(27rﬂ)/o Adn(@)d /0 (x —&)*

™ 1 Lo 1
* inongy |, B@m@as | (gfif;mm) [ s

Then we apply the well-known formula for gamma-function

o I
/0 th 1 cos(kt)dt = k(:/:) Ccos (M;) , k>0, 0<p<l

We put k = |z — €|, p = 23, and obtain
1 1

= * 28-1 B
|z —¢28  T(28) cos(wﬂ)/o t cos(t|z — &[)dt.

Then
71TF2(26) sin(273) cos(nwB)I; = /01 Aj(x)m (z)dx /Ox T1(€)d¢ /000 201 cos[t(x — &)]dt+
1 1 [e)
i(x)m(x)dr T 2ﬂ_lcos —x
+ [ Bamas [ n©ds [ cosfie - aa

1
+ 71TF2(26) sin(27/3) cos(wﬂ)/o Cy(x)7%(x)dx.

We replace the order of integration, integrate by parts, and by means of equalities B;(0) = 0, 4;(1) =0
conclude that

iﬁ(zg) sin(2r8) cos(rB) I

_ _; /0 251, /0 A @) < /0 ) cos(tg)d§>2+ < /0 ) sin(tg)d§>2] de
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+ ; /000 £26-1 g4 /01 Bl(z) </: T9(&) cos(t&)d£>2 + </xl T9(&) sin(t&)d{) 2] dx

1
+ 71TF2(26) sin(2703) cos(wﬂ)/o C;(x)7%(x)dx.

The conditions A (x) < 0, B} (x) > 0, C1(z) > 0ensure fulfillment of I7 > 0, and conditions A% (z) > 0,
Bl(xz) <0, Cay(x) < 0imply I3 < 0. Since condition (3) is valid, it follows

1
I; :/ T(z)vi(x)de =0, 1=1,2.
0

Consequently,

/OOO 201t (/Om 71(¢) cos(tﬁ)d£>2 =0, /OOO 2814 (/Om 1(§) sin(tg)dg>2 = 0.

Since t26—1 > 0, we have

/ " (€) cos(tE)de = 0, / * (€ sin(t€)de = 0
0 0

foranyt € [0, 00), particularly, fort = 2wk, k = 0,1, 2, ... Forthese values of ¢ functions sin(¢§), cos(t)¢
form complete orthogonal system of functions on L?. Hence, 71(¢) = 0 almost everywhere. But by
assumption 7y (§) is continuous. Then 71(§) = 0 everywhere, and, consequently, 7(x) = 0. Relation
(10) implies that v;(xz) = 0 and u;(x,y) = 0 (i = 1, 2) as the solution to the Cauchy problem with null
data.

The same conclusions are valid for
2

/OOO £28-1 4 </m1 (&) cos(ifé)cl&)2 =0, /OOO 2614 (/: 5(€) sin(tg)d5> —0.

Remark. The equality [} C;(z)7%(z)dz = 0 means that 7(z) = 0.

Now let the following conditions be valid

Bi=B, &) =21 wizx)=(1-2)"",

_ I'(26)

N;(z) = ) (1 —2)Pa;(x) + 24 Pbs(@)] + 24P (1 — o) Pey(z) #0, i=1,2. (11)
We rewrite (8) as
7(z) = Ai(2) D3P () + Bi(x) D2 vi(x) + Ci(a)vi(z) + Fi(x), i=1,2, (12)
where
A = 710 —;3(:)%(96)7 Bi(x) = uw;\;ﬁ(zi)(ﬁ
Cilar) = (=)' Pt () Filx) = et 01— )P fi(x)

As in the first case, under conditions A}(z) <0, Bj(z) >0, Ci(z) > 0; Ay(z) >0, By(z) <0,
Co(z) < 0 we can conclude that v(z) = 0 and 7(z) = 0. Consequently, the solution is unique.

There is valid
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Theorem. Problem (1)—(4) cannot have more than one solution in the domain <, if either
Bi=1—=0, dr)=wi(z)=1, i=1,2,
and conditions (9) and inequalities
— 2\Bq, ! By, ! B(1 — )¢,
ez [ s T =
are fulfilled, or
Bi =08, 6ix) =221 wix)=1-2)"1, i=1,2,
and conditions (11) and inequalities
— )1 -Bg. ! 1-Bp,. !
Flf%@f&w}zg [wmqu =0

217 P (1 — ) Bdy ()
Ni(x)

217 P(1 — ) Pdy ()

<0,
B Ny(z)

>0

are fulfilled.

47

3. Existence of solution. Let 5; =1 — f3, §;(z) = w;(z) = 1. The equality v;(z) = v»(z) enables

us to deduce from relation (10) the following equation:

[A1(x) — Az (2)|Dg, 7 (x) + [Bi(z) — Bo()| Dy 7 (@) + [C(z) — Ca(2)7(z) = Fa(z) — Fi(x).

Let Ay (z) — A2(x) # 0. Then we rewrite the latter equation in the form
Dy, *’7(x) + P(e) Dy r(a) + Q(o)r(w) = F (=),
where

_ Bi(x) — By(x) Q) = Ci(z) — Ca(x)
Aj(x) — As(z)’ Aj(z) — As(z)’

We apply operator Dgf_l to both sides of (13), and obtain

Fy(z) — Fi(z)

P(z) Ar(z) — As()

Fy(z) =

7(x) + Dy P(z) DL 7 (2) + DY Q(a)r(x) = DY F (x).
Then we use results of the work [7] (pp. 97—103), and write Eq. (14) in the form

1 K(x 7 *
where A*(ZL‘) =1+ COt(27(ﬁ)P(l‘),

Ko - { [0 Kal@. ) = 0K (@.6) = sl )] (6~ ) Tor ¢ <
; O Ky (2,€) — Ka(x,6))(x — ) for &>,

3 T
Kl(m,ﬁ):/o Py (z,t)dt, Kg(m,§):/0 Py (z,t)dt,

d (¢ d [*
K. = o [ RBena Ki@o= o [ Pao

P(t)
(o = 0)20(¢ — )12

P(t)

Py (z,t) = (z — )28(¢ — t)1-28"

Pg(l‘, t) =

RUSSIAN MATHEMATICS Vol.61 No.7 2017

(13)



48 REPIN, KUMYKOVA

Qe e 1 E(ed
M asy e B0 =g lag [0 g

Then we deduce from properties of kernels K;(z,§), i = 1,5, that the kernel K (x, &) is twice continu-
ously differentiable in square 0 < &, z < 1for £ # x; Fy(x) € C(I) N C3(1).

Thus, Eq. (15) is singular integral equation of second kind for A*(x) # 0. The condition [A*(z)]? +
K?(x,z) # 0 guarantees the existence of regularizer that reduces Eq. (15) to a Fredholm integral
equation of second kind. Therefore, the uniqueness of desired solution implies existence of solution
to problem (1)—(4).

i B = 3, 8(x) = 2251 wi(x) = (1 — x)?P~1, then we obtain from equalities v (z) = vo(x) = v(x)
and (12) the relation

K5(ZL',£) =

K(z
= 1
/ |t—l‘|2ﬂ 1($)7 ( 6)
where

1 Ai(z)-Ax(z) )
K(a,#) = { T0-2) G- T2 5
’ 1 Bi(@)=Ba2(x) .
D(1-28) C1(x)—C2(z)’ ="

FQ(ZL‘) — Fl(l‘)
Ol(ZL‘) — 02(1‘)7

Thus, the question on existence of solution to the problem is equivalently reduced to a Fredholm
equation of second kind (16), and its unconditional solvability in the required class of functions follows
from the uniqueness of solution. The obtained v(z) determines 7(z) and solution to problem (1)—(4) in
domains €7 and €5 as solutions to the Cauchy problems.

F(z) = Ci(x) — Ca(z) # 0.
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