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Abstract—We study a non-linear semi-periodic boundary-value problem for a system of hyperbolic
equations with mixed derivative. At that, the semi-periodic boundary-value problem for a system
of hyperbolic equations is reduced to an equivalent problem, consisting of a family of periodic
boundary-value problems for ordinary differential equations and functional relation. When solving
a family of periodic boundary-value problems of ordinary differential equations we use the method
of parameterization. This approach allowed to establish sufficient conditions for the existence of
an isolated solution of non-linear semi-periodic boundary-value problem for a system of hyperbolic
equations.
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INTRODUCTION

The mathematical modeling of phenomena and processes, which repeat after a certain time period,
requires the investigation of periodic boundary-value problems of hyperbolic type. The systematic
study of periodic boundary-value problems for hyperbolic equations with mixed partial derivatives
began in 60ies in L. Cesari papers. O. Vejvoda, A. M. Samoilenko, B. 1. Ptashnik, A. Yu. Kolesov,
E. F. Mishchenko, N. Kh. Rozov, S. V. Zhestkov, Yu. A. Mitropol’skii, G. P. Khoma, M. I. Gromyak,
T. I. Kiguradze and others [1—8] engaged in further research of solvability questions for such boundary-
value problems. The application of different methods such as functional analysis methods, the method of
successive approximations, the variation method etc allows one to obtain different solvability conditions
of boundary-value problems for hyperbolic equations. In paper [9] by the method of introducing
functional parameters one investigated the nonlocal boundary value problem for system of hyperbolic
equations. One established sufficient conditions of the one-valued solvability in terms of coefficients and
proposed an algorithm of finding a solution, each step of which is composed of two points: 1) finding
introduced functional parameters, 2) finding solution to the Goursat problems on small domains. In
paper [10] with the help of parameterization method [11] one proposed a new constructive algorithm of
finding a solution to the quasi-linear semi-periodic boundary-value problem for a system of hyperbolic
equations with mixed derivative. In the present paper, based on proposed in [10] algorithm we establish
sufficient conditions of the algorithm convergence and the existence of an isolated solution to the
corresponding nonlinear boundary-value problem (1)—(3).

1. PROBLEM DEFINITION
On Q = [0,w] x [0,T] we consider the boundary-value problem
O*u ou n
U(O,t) = ¢(t), te [07T]7 (2)
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where the function f: 2 x R™ x R™ — R™ is continuous, the n-vector-function (¢) is continuously
differentiable on [0, T'] and satisfies the condition ¢(0) = ¥(T").
Afunctionu(z,t) € C(9, R"), which has partial derivatives 8“55;"5) e C(Q,R™), 82555;” e C(Q,R™),

is said to be a solution to problem (1)—(3), if it satisfies system (1) with all (z,¢) € Q and satisfies edge
conditions (2), (3).

Let us introduce a new unknown function v(z,t) = auéfc’t), and write problem (1)—(3) in the form
g: — [, tu(z,t),0), (2,t) € Q, (4)
v(z,0) =v(z,T), =z €]0,w], (5)
u(z,t) =(t) + /Or v(E t)dE, te€]0,T], zel0,w] (6)

Here the semi-periodic boundary-value problem for the system of hyperbolic equations is reduced
to the family of periodic boundary value problems for ordinary differential equations and the functional
correlation. A pair of functions (v(x,t), u(x,t)) belonging to C (€2, R™) is said to be a solution to problem
(4)—(6), ifv(z,t) € C(Q, R™) is a solution to problem (4), (5), where v(z, t) is connected with u(zx, t) by
functional correlation (6).

Problems (1)—(3) and (4)—(6) are equivalent in the sense that if the function u*(z,t) is a solution
to problem (1)—(3), then the pair (v*(aj, t) = 8“;(;':’” s ut(z, t)) is a solution to problem (4)—(6) and vice
versa, if a pair (v(x,t),u(x,t)) is a solution to problem (4)—(6), then u(x,t) is a solution to problem

(1)=(3).

2. SUFFICIENT CONDITIONS OF EXISTENCE OF AN ISOLATED SOLUTION TO
SEMI-PERIODIC BOUNDARY-VALUE PROBLEM

For the solution of problem (4)—(6) we apply the parameterization method [2]. By the step h > 0 :
Nh =T we decompose [0,T) = ]Lijl[(r —1)h,rh), N =1,2,... Here the domain € is decomposed

into N parts. We denote by vr(ag,t), ur(x,t) the narrowing of functions v(x,t), u(x,t) on Q, =
[0,w] x [(r = 1)h,rh),r = 1, N, respectively. Then problem (4)—(6) is equivalent to the boundary-value
problem

O = Fle bl t)), (1) € 9, 7

vi(z,0) — . li:IFn_O’UN(%t) =0, z¢€]l0,uw], (8)

. h%l_ovs(l‘vt) = Us+l(x>8h)7 x € [va]7 s=1,N -1, (9)

wet) =00 + [ w(end, (@) e r=1N, (10)
0

where (9) are conditions of gluing of functions v(z,¢) in inner lines of decomposition. A solution
to problem (7)—(10) is presented by systems v(z, [t]) = (vi(x,t), va(x,t),...,on(x, 1)), u(x,[t]) =

(ug(z,t), us(x,t),...,un(x,t))’, where functions v,(z,t), u.(z,t), r=1,N, are continuous and
bounded on €,, the function v,(x,t), r = 1, N, which has a continuous and bounded on €, partial
derivative 2U7{®t  satisfies system of differential equations (7) with all (z,t) € Q,., » =1, N, and

equalities (8), (9) takes place.
We denote by \.(z) the value of function v,(z,t) with ¢t = (r — 1)h, i.e., A\-(z) = v (z, (r — 1)h)
and make a substitution v,.(x,t) = v.(x,t) — A\.(x), r = 1, N. We obtain an equivalent boundary-value
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problem with unknown functions A, (x):
v,

N St 0,54 M), (D) €9, ()
Up(z,(r—1)h) =0, z€0,w], r=1,N, (12)

Al(z) — An(x) — hilpn on(x,t) =0, z€[0,w], (13)

s () +t_l>1%1_ovs($ t) — Asy1(z) =0, ze[0w], s=1,N-—1, (14)
wlat) =00+ [ TEnd+ [A©d @oen. r=LN. (15)

Problems (11)—(15) and (7)—(10) are equivalent in the sense that if the system of pairs {v,(x,t),
up(x,t)}, r =1, N, is a solution to problem (7)—(10), then the system of triples {\,(z) = v.(z, (r —
Dh), v.(x,t) = v.(x,t) — v (x, (r — 1)h), up(z,t)}, r =1, N, is a solution to problem (11)—(15) and
vice versa, if {\.(x), v,(x,t),u,(x,t)}, r =1, N, is a solution to problem (11)—(15), then the system
{\(z) + (2, t),ur(x, )}, r = 1, N, is a solution to problem (7)—(10).

Problem (11), (12) with fixed A.(x), u,(x,t) is one-parameter family of the Cauchy problem for
systems of ordinary differential equations, where x € [0,w], and equivalent to the nonlinear integral
equation

t
Up(x,t) = /( o flx, myup(x, 1), 00 (2, 7) + Ap(2))dr. (16)

Instead of v,.(z, 7) we substitute the corresponding right-hand side of (16) and repeating this process v
times (v = 1,2, ... ) we obtain

t T1
’67”(x7t) = /(T_l)hf<m7T17uT(x7T1)7/(T_1)hf<x7T27uT(m7T2)7"'7
/TH [ 1, ue(2,7)), 0 (2, 7) 4+ Ap(2))dry +---+)\,«(:1:)>d7'2 +)\T(:1:)>d71. (17)
(

r—1)h
Hence, deﬁnmgt 111%1 . Uy (z,t), substituting them in (13), (14), we have a system of nonlinear equations

with respect to A\, (z):

Nh 1

Al(az)—)\N(aj)—/ f<ac,7’1,uN(:r,7'1),/ f<a:,7'2,uN(a:,7'2),...,
(N=1)h (N=1)h

Tyv—1
/ f(z, 7, un(z,7), 08 (2, 7) + An(2))dry + -+ - + )\N(ZL‘))dTQ + )\N(ZL‘))dTl =0,
(N=1)h

sh ial
)‘S(x)—'_/ f(x,Tl,'U,S(IE,Tl),/ f<x,7'2,u5(m,7'2),...,
(s—=1)h (s—=1)h

Tv—1
/ f(l',Ty,Us('iU,Ty),as(l',Ty) + )\s(l'))dTy +-+ )\s(l')> dT2 + )\s(il?))d’rl - )\3+1(33) = 0,
(s—1)h

x € [0,w], s =1, N — 1, which we write in form

QV,h(aj,u(:L‘v [])75(1‘7 [])7)‘($)) =0. (18)
Without decomposition (N = 1, h = T'), system of equations (18) has the form

T T Ty—1
/ f(l’,Tl,u(l‘,Tl),/ f<$>7—27u(3377_2)7---7/ f(xaTwu(:L‘le/)’a(l‘le/)
0 0 0
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+ Az))dr, + -+ + )x(a:)> dro + A(a:)) dri =0, z€]0,w].

For finding the system of three functions {\,(x), v, (x,t), u.(z,t)}, r = 1, N, we have a closed system
composed of Egs. (18), (17), and (15), defined by the function f, the decomposition step h > 0, and the
number of substitution v.

We choose h>0: Nh=T, N=1,2, ..., a vector-function \(*)(z) = ()\go) (m),)\go) (x), ...,)\53) (x)) €
C([0,w], RN™), and assume that problem (11)—(15) with \.(z) = go)($)’ r=1,N, has a solu-
tion u(o)(ac t)e C(Q,,R"), ¥ 7 (z,t) € C(Q,,R"), r =1,N. We denote the set of such A (z) e
C([0,w], R*N) by Go(f,=,h), and the corresponding to A(©)(z) system of solutions to problems
(1)=(15) by 7Oz [1)) = @ (@.6), 5 (2.1),.... T (.0),u® (2, [1]) = () (@, £), 03" (. 0). ..
ul (2, 1)),

Taking A0 (z) € Go(f, z, h), 8O (x, [t]), u®(z,[t]) and continuous on [0,w] functions p(x) > 0,
f(x) > 0, we construct sets

SO (@), p(x))={ M1 (@), Ao (@), ..., An (@) €C(0,], R*™) : [\ (@)= A (@) || <p(2), r =1, N},

S@O (z, [t]),0(x)) = {@(2,t), %o (2, 1), ..., On(2,1)),
Ur(2,t) € C(Q, R : ||0p (2, t) — 00 (2, 1)|| < O(x),r = 1,N},

S(U(O)($> [t]),w[p(:v) + H(ZL‘)D = {(ul(l‘vt)qu(m?t)’ s 7uN($>t))/7
up(z,t) € C(Q, RY) : lur(z,t) — u(z,1)|| < wlp(z) + 0(x)], (z,t) € Qp,r =1,N},

G (o). 6(x)) = {(z.t.0.0) : (2.1) € D, [lu— u® (@,0)]| < wlp(@) + 6(x)], (x.1) € Q. 7 = LN,
lu— lim (. 0)] < wlp(e) +6@)), t =T, o= A0(@) =50 (@ 0] < pla) +0(2),

(@,t) € Y, r =1, N, o= A0 @) = lim 2 (2, 8)[| < p(a) + 0(z), t = T}.

t—T-0
We denote by Un(f, L1(x), La(x), @, h) the family (A© (), 0 (x, [t]), u'® (z, [1]), p(x), 0(x)). with
which the function f(z,t,u,v) in G(p(z ) 6(x)) has continuous partial derivatives f/(x,t,u,v),
fi(x, t,u,v) and || f) (2, t,u v)|| < Li(z), || fl(z,t,u,v)|| < Lo(z), where Ly (x), La(x) are continuous
on [0, w] functlons

By the system {\.(x), v (z,t), u,(z,t)}, r = 1, N, we compose the triple {\(z), v(z, [t]), u(z, [t])},
where A@) = (0 (2), s A (@), 5@, [1]) = (@1 (@, 8), oy o 1) (@, 1) = (1), o v (1))
Assuming the existence of A0 (x) € Go(f,z, h), we take the triple {A\ () (z), 2©) (x, [t]), u(o (z,[t])} as
an initial approximation of problem (11)—(15), and construct successive approximations by the followmg
algorithm.

Step 1. A) Assuming that u,(z,t) = u (x,t), » =1, N, we find the first approximations by A, (x),

¥r(z,1), solving problem (11)—(14). Taking N30 (2) = XO(2), 58V (z,¢) = 3t (2, 1), we find the
system of pairs {A,El)(x), ~(1)(a: t)} as a limit of sequence {A(l’m) (x), tbm) (z,t)}, »=1, N, which
is defined by the following method.
Step 1.1. a) Substituting '27,(}’0) (z,t), »=1,N, in (18) from the system of functional equations
Quon(,u® (2, [1]), 719 (2, []), A(z)) = 0 we define A"V (z), =1, N. b) Sunstituting 5" (z, ),
5«1’1)(90) instead of v,.(z,t), A\.(z), respectively, in the right-hand side of (17), we find ot 1)(ac,t),
r=1N.
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Step 1.2. a) Substituting 5,(«1’1)(90,15), r=1,N, in (18) from the system of functional equations
Qua(z,u® (z, []), 70D (2, []), A(x)) = 0 we define A" (z), r = 1, N. b) Substituting in the right-
hand side of (17) instead of v,(x,t), A\-(z), respectively, Eﬁl’l)(x,t), )\7(01’2)(33), we find '17,(n1’2)(x,t),
r=1N.

On the (1, m)th step we obtain the system of pairs {)V(«l’m) (z), aebm) (x,t)}, r =1, N. We assume
that the solution to problem (11)—(14) (a sequence of systems of pairs {A,El’m) (z), ebm (x,t)}) is
defined and with m — oo it converges to {Afal)(:r), 57(})(90, t)},r=1,N.

B) Functions ufal)(x,t), r=1,N, are defined from correlation (15), where \.(x) = )\5«1)(:1:),
(2, t) =0 (2,),r = 1, N.

Step 2. A) Assuming that w,(x,t) = ugl)(x,t), r =1, N, we find the second approximations by
Ar(2), 3 (, 1) solving problem (11)—(14). Taking A9 (z) = AW (2), 52 (2,t) = otV (2, 1), we find
the system of pairs {\? (z), 5% (z,)} as the limit of sequence {A\*™ (), o™ (z,4)}, r = 1, N,
defined as follows.

Step 2.1. a) Substituting '27,(«2’0) (z,t), »=1,N, in (18) from the system of functional equations

Qua(z,uD(z,[]), 529 (2, []), Mx)) = 0 we define A*Y(z), r =1,N. b) Substituting instead of
Up(z,t), Ar(x), respectively, '17,(n2’0)(x,t), )\,(ﬂQ’l)(ac) in the right-hand side of (17), we find '17,(n2’1)(x,t),
r=1,N.

Step 2.2. a) Substituting Eﬁz’l)(m,t), r=1,N, in (18) from the system of functional equations

Quon(z,u® (2, 1), 7V (z,[1]), AM(z)) = 0 we define A*?(z), r =1,N. b) Substituting instead of
Up(x,t), A\r(x), respectively, 57{2’1)(33,15), A$2’2)(x) in the right-hand side of (17), we find 57{2’2)(33,15),
r=1,N.

On the (2, m)th step we obtain the system of pairs {)\fnz’m) (z), oe&m) (x,t)}, r =1, N. We assume
that the solution to problem (11)—(14) (the sequence of systems of pairs {AS?””’ (z), 2 (z,t)}) is
defined and with m — oo it converges to {A,(n2) (x), o (z,t)},r=1,N.

B) Functions u? (z,t), r=1,N, are defined from correlation (15), where \.(z) = AR (z),
(2, t) = 02 (2,),r = 1, N.

Continuing the process, on the kth step we obtain the system of triples {)\7@ (z), k) (z,1), e (x,t)},
r=1,N.

The following theorem establishes sufficient conditions of the feasibility, the algorithm convergence,
and the existence of solution to the multi-characteristic boundary-value problem with functional
parameters (11)—(15).

Theorem 1. Let there exist h>0: Nh=T (N =1,2,...), v € N, (A0 (z),5() (, [t]), u0(z, [t]),
p(x),0(x)) € Up(f, L1(x), La(x), z, h), with which the Jacobi matrix 8Q”’h(z’“(z’g;’v(x’['])’)‘(x)) is in-
vertible for all (z,\(z), v(x,[]),u(z,[]), where z € [0,w], (A(z),v(x,[t]),u(z, [t])) € SN (z),
p(x)) x S@O) (z,[t]),0(x)) x S(u® (z,[t]),w[p(x) + 0(x)]) and the Jollowing inequalities are ful-
flled:

H [8Qu,h(xvu(xv[gz\va(xv['])7)‘(7;)7)] _1H S 71/(337 h))

gy (x,h) = PG [1 (@ h) o (Ll(ﬁ)h)j] <p<l,
‘]:

V!

£
T .C 1 1 5
eo(@)er (@) + cola) + Lea(@) La(a) /0 ()er " /O eo(En)er(€n) + eol6r) + 1
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X (&1, W)1Quyn (€1, u @ (€1, [1), 70 (&1, [), N0 (&1)) || € de
+ [co(@)er (@) + 1y (@, )| Qup(z, u® (2, [1), 7 (x, [1), AO (2))]] < p(z), (19)

I3
T .C 1 1 5
o) + Lea(a) La(x) /0 ()er " /O eolEn)er(€n) + eol6) + 1

X ’YV(517 h)”Qu,h(fla (0) (617 [])7 50 (61 H) (0) (61))“d€1d€
+ co () (2, W) [|Qun (2, ul (2, [1), 5 (2, [1]), AO (2)) || < B(x), (20)
where

(@) = o(w)er () + 200(a) + 2er (@) La(@), colw) = L3 FOY

1—qu(x,h) ot J!

er(@) =y, ) P ) = my 3 M,

| |
V! !
Jj=0 J

then the sequence of functtons A®) (), 7F) (z, [t]), ) (2, [t]), k=1,2,..., defined by the al-
gorithm is contained in S(\O (z), p(x)) x SO (z,[t]),0(x)) x S(u® (z, []) wlp(x) 4+ 0(x)]), con-

verges to (\*(z),v*(x, [t]), u*(x, [t])), which is a solunon to problem (11) (15), and estimates are
true:

a) max |A5(z) = A (@) + max  sup [T (@, t) — o (x, 1)
r=1,N r=L1,N te[(r—1)h,rh)

< c(a)er [ en©016)+ en(©) + 1l WIQuals O (6, 1) 7O DAV €

+eo(@)er () + co(@) + U (@, ) |1Qun (2, u (2, [1), 5 (2, [1), A0 (),

(0)

b) max  sup [lui(z,t) —up (z,t)]
r=1,N te[(r—1)h,rh)
< [ max [N(€) = AO@©)|de + [ max  sup o€, 1) — O (€, 1) de.
0 r=LN 0 r=1,Nte[(r—1)h,rh)

In addition, any solution (\(x),v(x, [t]), u(z, [t])) to problem (11)—(15) in S(AO) (z), p(x))S (T x
(z,[t]),0(x)) x S(u®(z,[t]),w[p(x) + 6(x)]) is isolated.

Proof. In view of theorem | from [12](P.91) with u, (2, t) = u'” (2,t),r = 1, N, problem (11)—(15) has
an isolated solution (AM (z),2M (x,1)) € SN (2), p(z)) x S@© (x, [t]), 6(z)) and the estimates hold

max s [i0@8) - 30@ol <. L max s[5 (1) — 500 (@0,
r=1,N t€[(r—1)h,rh) 1= qu(x,h) r=1N te[(r—1)h,rh)
max MO (2) — AO @) < LM W@l a5 @, 0 — 509 @, 0

r=1,N v! 1- QV(‘T h‘) r=L,N te[(r—1)h,rh)
+ ’YV(II:? h‘)”Qu,h(‘Ta U(O) (.T, [])7 UA{O) (.T, [])7 )‘(0) (IL’))H
(1,1)

Since functions vy 7 (x,t), v b0 (z,t),r =1, N, are defined from correlations
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t T1

ﬁy(ﬂl’l)(m,t) :/ f<$,7'1,u7(n0)($,7'1)7/ f<x77'2vuv(~0)(33,7'2),---7
(r=1)h (r=1)h

Tv—1
/ f(ac, Ty, ufao) (x, 1), '177{1’0) (z, 1) + Afal’l)(x))dﬂ, + et Agl’l)(x)> dro + Agl’l)(x)>d71,
(r—1)h

t T1

/277(”170)(33,15) :/ f<$,71,u£0)($,T1),/ f<x’7—27u7(“0)($77—2)""’
(r=1)h (r=1)h

Tv—1
/ f(ac, Ty, uﬁo) (x, 1), '177{1’0) (z, 1) + )\,(nl’o) (a;))dT,, 4+ 4+ )\5,1,0) (m)> dro + )\,(nl’o) (a:))dﬁ,
(r—1)h

r = 1, N, we have that the estimate is true
h)’

max [|ALY (2) = A0 ().

" (L
mas s #0050 n) < 3 DO
jZl j 7‘=1,N

r=1,N te[(r—1)h,rh)
Taking into account the inequality

max [|AMY (2) = A (@) < g (2, 1) [|Qu (2, u® (, [1), 5O (2, [1), A (@)
r=1,N

we have

max  sup o) (2, ) — 50 (, 1)
r=1,N te[(r—1)h,rh)

< CO("E)’YV(‘TJ h)HQV’h(.T,’U,(O) (‘T7 [])7,6(0) (‘T7 [])7 )‘(0) (‘T))” < 9(1’),

TIE%HAQ)(OC) A @)| < [eo(@)er (@) + U (@, )| Qun(x, u® (2, [1), 07 (2, [1), A (@) < ().

Then

AW(z) = max AV (@) = AV (@)] + max  sup 7V (2, 1) =70 (2, )]

T
r=1,N r=1,N te[(r—1)h,rh)

< leo(@)er (@) + o) + 1y (2, W) |Qup (2, u® (x, [1), 37 (, [1), AO ()],

max s ol @)~ 00 @) < [ AD(Ede,
r=1,N te[(r—1)h,rh) 0
Hence we see that u(V(z, [t]) € S(u®(z, [t]),w[p(z) + O(x)]). We assume that the triple is defined
A0 (@), 3 (@), " (@,0) € SOO (@), ple)) x SE) (@, [1]), 0(@))S (O (a, 1)), wlp(a) +
0(x)]), we find the kth approximation by A.(x), v,-(z,t) solving problem (11)—(14). Conditions of this
theorem provide the fulfillment of conditions of theorem 1 from [12], if we take Aﬁ«k_l)(x), ﬁﬁk_l)(x, t)
as \F0) (z), 30 (x,t), respectively. Then due to theorem 1 from [12] there exists an isolated solution
A®) (), 7F) (2, [1])) € SAED (z), pt=D(x)) x S@F=D(x, [t]), 0% (x)) and estimates hold true

max  sup |0 (z,t) — 3V (2, 1)
r=1,N te[(r—1)h,rh)

~(k,1) _ ~(k,0)
< max sup Uy T, t Uy z,t)|,
1 —qu(@, h) r=1,N te[(r—1)hrh) | (=1) (=0l

max [\ (z) = AV ()
r=1,N
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< L@ wl@h) e s Y (@ t) - 3O ()|

v! 1- qv(aja h) r=L1,N te[(r—1)h,rh)
+ 71/(337 h)||Ql/,h(x> u(k_l) (1‘, H)’ 506_1) (1‘, H)’ A(k_l) (33))“
(k,1

Since the functions v, )(:1:, t), otk0) (x,t),r =1, N, are defined from correlations

t T1
oY (1) :/ f<$,7'1,u7(~k_1)($,7'1)7/ f<x’7-27u7(”k_1)(33,7'2),---,
—1)h (r—=1h

(r r—1

Tv—1
/ f(x, Ty, ugk_l)(x, Ty), 5£k,0) (z, 1) + )\qu’l)(a:))dﬂ, +... 4+ )\qu’l)(x)> dro + Agk’l)(x),>d71,
(r=1)h

t T1
57(”k70)($7t) = / f(aj‘,Tl,’LL&k_m(l‘,Tl),/ f<$77_2’u7(”k_2)($77_2)) B
—Dh )h

(r (r—1

Tv—1
/ f(x, Ty, ufnk_z) (z, 7)), ﬁﬁk’o) (z, 1) + )\7(nk’0)(513))d7',/ +... 4+ )\,(nk’o) (a:)) dro + A,Ek’o) (a:)) dri,
(r—1)h

r = 1, N, we have that estimates are true

max  sup [0l (1) = 50 (2, 1)
r=1,N te[(r—1)h,rh)

d J
(Ll@)h) Lo(z)h max sup w2, t) — ufF D (@, 1)

T

<

per r=1,N t[(r—1)h,rh)
v j v J x
£ 30 PO e ) 80y < 3 O g [ G g
J: r=1,N J: 0

j=1 7=0

+Y (Ll(ﬁ)h)] Yo (@, )| Qu (2, u* D (, []), 55D (2, []), A& () .
=1 '

Therefore, we obtain

max  sup |5 (2,t) — 3V (@, 1)
r=1,N te[(r—1)h,rh)

< ea(x) La() /Ow AEDE)E + co(@)y (2, )| Quop (2, u® ™ (@, [1), 547D (2, [1), A ()]

Using Q4 (2, u*=2) (z, []), 5%V (z, []), \E=1 (x)) = 0, we establish the inequality
71/(5177 h) ||Ql/,h(33> u(k_l) (:Ev H)v 5(k_1) (1‘, H)’ A(k_l) (33)) ||

v J
<o) Y o max sup D (1) — D (a0

j=0 J! r=1,N te[(r—1)h,rh)

< cp(a)Lo(w) max  sup  Jul D (@, t) — w2, 1) < C2($)L2(ﬂf)/ A (g)d,
r=1,N te[(r—1)h,rh) 0

max [\ (2) = AV ()] < co@)ea() La(x) /w AFD(e)de
r=1,N 0

+ [co(@)er (@) + U (@, 1) | Quop (D (2, [1), 0470 (2, [1), A6 (),
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max  sup [Jul®)(z,¢) — ulV (2, 1))
r=1,N te[(r—1)h,rh)
< [ max AP = AF(©lde + [ max  sup [ (€, ¢) — 0D (g, 1)]lde.
0 r=LN 0 r=1,Nte[(r—1)h,rh)
We take

60 (@) = es() La(a / ABN(E)dE + o) (2, )| Quon(w,u™ (2, [1), 0P (2, [1), AW (@),

pM (@) = co(x)ea(z) Loz /A(k

+ [co(@)er (@) + U (@, W) |Qun(w, ™ (2, [1), 0™ (2, [1), A®) ()],
(0)

and show that S(\®(2), p®)(2)) C SAO (@), pla)), SED (x, [1]), 0P (2)) € ST (z, 1)), 0(x)).
Using theorem 1 from [12], with u(z, [t]) = u(®) (z, [t]) we obtain that problem (11)—(14) has an isolated
)

solution (A (z), 5¢+D (2 [t])) € S(AF) (2 ,p(k (z)) x S@*) (x,[t]), 0% (z)) and estimates hold
true

max  sup |0 (2,8) — 3 (2, 1)
r=1,N te[(r—1)h,rh)

< ca(x) La(z) /w A®(&)de + co(x)y (@, 1) |Qun(w, ™ (2, [1), 50 (2, [ 1), AW (@), (21)

0

max [\ (@) = A (@) < co(@)ea () Lo(x) /w AP (&)de
r=1,N 0

+ [co(@)er (@) + Uy (@, 1) | Qun(x, u® (2, []), 5™ (2, []1), AP (@))]|. (22)

Then we can write inequalities (21), (22) in the form

max  sup [0 (@, 8) — 3 (@, 8)|| < [co(x) + ea(a)Lo(x /A (€)d¢, (23)
r=1,N te[(r—1)h,rh)

max ||\ (z) = A (@) < [eo(@)er () + co(w) + ez (z) Lo(z / A®(¢ (24)
r=1,N

By summing the left-hand and right-hand sides of inequalities (23), (24), respectively, we obtain

AR () = max [AFD (2) - AP (@) + max  sup [0+ (1) — 50 (@, )|
r=1,N r=1,N te[(r—1)h,rh)

< feo(@)er () + 2c0(x) + 2)ea () Lo () / " A® ()de. (25)

0

From inequality (25) it follows that A*+D(z) < ¢(z) [ AF)(€)d€. Then
0

A(k+1)(:17)

T k  prx
c??(/o C<§>d€> /0 [0 (€)1 (€) + co(€) + Ly (& M Qun (€, u® (&, [1), 7 (&, [1), X (€)1,

<

max  sup  [u(z, ) — ul® ()] < / NGRS
r=1,N te[(r—1)h,rh) 0
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max sup ||17£k+1)($ t) — o0 )(a: il
r=1,N te[(r—1)h,rh)

< [eo(x) + 1ea () / 2(/ (&) d&) D(€)dg

x k—
e 5O
+ max te[(rs—lil))h,rh)uvr (2,t) — 0 (z,1)|| < [co(z) + ea(z)L / ZO < / (& d£1>

3
X /0 [co(€1)er (&) + co(€r) + 1y (&1, M| Qun (61, w @ (€1, [1), 3O (&1, []), A (&1)) ]| dér d€
+ o)y (2, )| Qup (2, u (2, [1), 70 (2, [1),AO (2))]| < 0(2),

max A (@) = AP (2)]]

T

r=1,N
k—1
¢ ¢ co(x T zc 1 c ’ e
< [l)er(w) + eo(@) + ea(a) Lale) | <s>j:0ﬂ</0 (@) A (©y
z kol ¢ i
+Tlﬁ:ai)]if||A£1)(x) —2A9@)|| < [co(z)er(z) + co() + 1]62(96)L2(96)/0 C(E)JZ:O ;! </0 c(£1)d£1>

3
X /0 [co(€1)er (&) + co(€r) + 1y (&1, M| Qun (€1, w @ (€1, [), 3O (1, []), A (&1)) ]| dér d€
+ [eo(z)er (z) + 1y (2, 2) | Qup (z,u O (2, [1), 50 (2, [1), AO (2)) || < p(2),

max [AMD(2) = AD(z)| + max  sup 0D (2, 1) — 51 (x, )|
r=1,N r=1,N te[(r—1)h,rh)
k T J rx
< AF (@) + AB )+ AD (@) < 30 < / c(g)d§> / AW (e)dg + AD ()
= 0 0
k x
<ew) ( ) ) + o) + (& )

< Qun (& u @ (€, [), 50 (€, [1), A9 ())]]d¢
+ eo(@)er () + col@) + U (2, )| Qup (0@ (2, [1), 5O (2, [1), A ()],

max  sup [jul"*D(z,) — (@, )]
r=1,N te[(r—1)h,rh)
< [ omax [AFVE) = AD(©lde + [ max  sup [V 6) — o0 (¢, 1)l de.
0 r=LN 0 r=LNte[(r—1)h,rh)

With & — oo we obtain conditions (23), (24) and estimates a), b) of Theorem 1.

Let us show theisolation of solution. Let a triple of functions (A*(x), v*(z, [t]), u*(z, [t])) be a solution
to problem (11)~(15), belonging to S(\* (), p(x)) x S (a, [£]), 6(2)) x S(u*(z, []),wlp(x) + 6()]).
Then there exists a continuous on [0, w] function 6(z) > 0 such that

IN*(@) = 2O (@) + 6(z) < pla), (|77 (2, [t]) = 8 (&, [)] + 6(z) < 6(=),
l* (. [8]) = @ (2, [ + 6(x) < wlp(x) + 6(x)],
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Az) € S(A (x),6(x)), v(=,[t]) € SO (x,[t]),6(x)), ulz,[t]) € S (x,[t]),d(x)).

In view of inequalities

M) = AQN < JA@) = A @) + IV (@) = AD) < 6(2) + A (@) = 2O < pla),

oz, []) = 7O @, (DI < |9, []) = 7 (@, [D] + 17, []) - 7O @, [l
<oz )+||U( []) = 0O, [D] < 6(x),

lu(z, [1) = u O, (DI < lulz, []) = a @, (DI + o (@, []) = o, )]

< 8(x) + [[u*(z, []) — Oz, [P < wlp(x) +0(x)],

we have

Az) € SO (@), p(x)), 0(x, [t]) € S@ (=, [1]), 0(x)), u(z, [t]) € S(ul?(x, [t]),w[p(x) + O(x)]),
ie, S\(x),d(x)) € SN, p(x)), S@(x,[t),d(x)) C S@O(x, [t)),0(x)), S(u*(,[t]),d(x)) C
S(u® (z, [t]), wp(x) + 0(x)]). We take a number e > 0 such that

wizh)  (La(z)h)” z”: (Li@h)? _  (La(@)h)”

Jh) < 1, .
£ (@, h) 1 —ev(z,h) V! J! !

j=1
From the uniform continuity of f/(z,t,u,v) in GY(p(z),0(x)) and the structure of the Jaco-
bian matrix 7@ @UEDIEIDAD) e yniform continuity in S(A*(x),8(x)) x S@* (x, [t]), 6(x)) x

S(u*(x, [t]), (z)) follows. Therefore there exists a continuous on [0,w] function d(z) € (0,8(z)], with
which

PN AN <€

for all @ € [0,], (A(x), iz, 1), u(x, 1)) € SO (2),3(x)) x SE (., 1), 5(a)) x S(u*(z, 1), 5(a)).
We note that if {\*(z), v*(x, [t]), u*(x, [t])} is a solution to problem (11)—(15), then

Qv,h(x7u>k(x7 [])717*(‘%7 [])7)‘*( )) 0

H 8Qv,h(‘r7u(w7 [])75(‘% [])7 )‘(‘T)) _ aQV,h(‘T7U*(‘T7 [])75*(‘% [])7 )‘*(‘T))

with any v € N.
Let (M), (z, [t]{, a(x, [t]))) € S(A\*(2),0(z)) x S@*(z,[t]),8(x)) x S(u*(z,[t]),d(x)) be another

solution to problem (11)—(15

(
" Since Qu p(z, u*(z, []), 0" (z,[]), \*(z)) = 0 and Q, n(z, u(x, []), v(x, []), X)) = 0, from inequal-
ities

(x,[]), 0% («, [ *(z))]
)\*(ZL‘) _ )\*(l') _ [aQV,h(myu ( 7[]6);\ ( 7[])7)\ ( )):| Qy,h(l‘au*(x, H),i*(ﬂj’, H),)\*(l')),
*(z, [1), 0% (x, []), A ()] " = ~
Az) = Mz) — [OQ”’h("E’“( ’Ha)i (. L)X ))} Quale. iz, [1),0(, [1), A(x))

it follows that

(e D). 0% (2. [- (o -1
N (@) = Xz) = N(2) — Aa) - [%m,u( ’Ha)i (2, 1), A ))}
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Applying the Lagrange formula of finite increments ([13], P. 375) to the difference @, s (z,u*(x,[]),
5*(:177 H)v A* (LU)) - Qu,h(wv u*(ac, H)’ v* (1‘, H)’ )\(ZU)), we obtain

IX*(z) — Ma)]|
WO 0, @ 1), 7 (@ [N (@) — Quales e, [1), 5, [1), M)

I 57u($> h)
< (2, h) max {(Ll(x)h) max sup  ||or(z,t) — B Up(z, )|
1 —ev(z,h) r=1,n V! r=1,N te[(r—1)h,rh)
+Z (x)h max sup  Juy(x,t) — up(z, t)||} (26)
r=1,N te[(r—1)h,rh)
Since
max sup  ||vi(x,t) — 2, Uz, t)|| < (Ll(x')h) max sup  ||or(z,t) — b7 O (2, 1)l
r=1 NtE[(r—l)h rh) v r=1,N te[(r—1)h,rh)
L1 “( L1 . N
+Z X [IAr(@ z)| +Z (x)h max —sup g (z,t) —ur(z, 1),

r=1,N te[(r—1)h,rh)
(27)

after substitution of (27) in the right-hand side of (26), we get

max sup  ||vi(x,t) — D Up(z,t)]
r=1,N te[(r—1)h,rh)

< gy(z, h,e) max sup  ||vy(z,t) — (a: t)|| +dv(x, h,e) max sup  ||v5(x,t) — b7 O (2, 1),
r=1,N te[(r—1)h,rh) r=1,N te[(r—1)h,rh)

where g, (¢, h,2) = (" 14 2l 57 (RG],

dy(a:,h,s)zi(Ll@h)jm(x)h[u V(@ ) )z”:(LlQ:)h)"}
j=1

| _ |
= ! 1—ey(x,h 4!
Therefore,
~ =~ d,(z, h =R
max sup |5 (z,t) — Up(z, t)|| < (@, h.€) max sup |lur(x,t) — up(x,t)|, (28)
r=1,N te[(r—1)h,rh) 1= qu(z,h,€) r=1,N te[(r—1)h,rh)

Yo(z,h)  (Li(x)h)”  d,(x, h,e)
1 —ey,(x,h) V! 1 —qy(z, h,e)

"\ (Li(z)h)
—i—Z( l(ﬁ) ) Lg(a:)h} max sup |lur(x,t) — up(x,t)|, (29)
. J: r=1,N te[(r—1)h,rh)

max [A2(z) — K (2)] < [

r=1,

A*(z) = max ||Xi(2) = Ar(@)]| + max  sup [T (x,t) — Oz, )]
r=1,N r=1,N te[(r—1)h,rh)

Yo(z,h)  (Li(x)h)"] dy(x,h,e)
= <[1+ 1 — ey, (z,h) V! } 1 —qy(z,h,e)

> (Ll(;!)h)] Lz(m)h> max  sup |lui(z,t) — (2, 1) (30)
=0

r=1,N te[(r—1)h,rh)
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Using functional correlation (15) and inequality (30), we obtain

v

wr < [, ED BT ek S I L [

1_5’7u($7h) vl 1_QV($7h75) §=0
Hence it follows that w'(z,t) = u,(z,t), r =1, N. Due to (28), (29), equalities take place \f(x) =
A (), 05 (2, t) = 0p(x,t), r =1, N. O
We define functions
)\,(nk)(a:) + v,gk)(x,t) with (z,t) € Q,, r=1,N,
BCHERNG (k)
AN () +, h{anOvN (x,t) with t = Nh,

u® (x,t) = (t) + / T (e de, k=12,
0

denote by Sy (u(?)(z, [t]), p(z), 8(z)) the set of piecewise-continuously differentiable with respect to ,
functions u : Q — R™, satisfying inequalities
[u(z, t) = u®@ (2, 0)| < wlp(z) +0(2)], |u(z,T) —u®(@,T)| <wlp(z) + ()],
luz (2, ) = ul (2, 0)]| < p(a) +0(x),  |uz(z,T) - u(wo (@, Tl < p(x) + 0(x),
e, t) — u® (2, D)]| < wlp(@) + @), Jur(z, T) — u (2, 7] < wlp(x) + ().
Due to the equivalence of problems (1)—(3) and (11)—(15), the next theorem follows from Theorem 1.
Theorem 2. If conditions of Theorem 1 are julfilled, then the sequence of functions {u\®) (z,t)},

k=1,2,...,is contained in S;(u (z, [t]), p(z),0(z)), converges to u*(x,t), which is a solution to
problem (1)—(3) in Sy (u(® (x, [t]), p(x),8(x)), and the inequality is fulfilled

> 3

o) = w0 < [ ele Z ; ( /0 <§1>d51) / eolEr)er (1)

—k—1
+ co(€1) + 1w (&1, )chy,h@h u® (&, [, 79 1), A0 €) drde, (2,1) € Q.
In addition, any solution to problem (1)—(3) in Sy (u(% (z, [t]), p(x), 8(x)) is isolated.
Example. Let us consider on [0, 0.5] x [0, 0.5] the semi-periodic boundary-value problem
9%uy 1 0uy

oeor ~ 2 0n 1Y) (31)

0? 0 Juq
mgi - ;(5;1 - 1> a“ +ui(z,t) + fo(z,b), (32)
ui(x,0) = u1(x,0.5), wug(x,0) = uz(z,0.5), (33)
Ui (O,t) = O, UQ(O,t) = 0, (34)

fi(x,t) = 0.2m cos 2nt — 0.1¢(t — 0.5),

1
fa(x,t) =04t — 0.1 — 3(0.1 sin 27t — 1)0.1sin 27t — 0.1z sin 27¢.

We introduce a new unknown function v;(x,t) = a"g,(x A= 1,2, and write problem (31)—(34) in the
form
6211
ot

1 0 1
= ot A, 0= - Dt uad) + fal),

2}1(3},0) = U1($70'5)7 ’Ug(l‘,O) = U2($70'5)7
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up(z,t) = /Ox vi(z,8)de, wus(z,t) = /Ox va(x, §)dE.

Taking h = 0.5, v =1, we denote \;(x)=v;(z,0), i =1,2. We replace v;(x,t) = vi(z,t) — Xi(z),
i=1,2,t €0, 0.5], and obtain the problem with a parameter

) O = oot dal@) + 1),
(981;2 _ :1))(’51 + (@) = 1) (@ 4 M) + (@, t) + falx, t),
T(2,0) =0, Ta(z,0) =0,
wet) = [ Gt M), un(rt) = / "B, 1) + M), (35)
t_}(l)r)g_o vy(x,t) =0, 111r151_0 va(z,t) = 0. (36)

For definition of the triple (A(z) = (A1 (), A2(2)), V(z, t) = (01(x, [t]), V2 (2, [t]))’, w(z, t) = (ui(x, [t]),
uz(x,[t]))’) we have the system of equations with respect to the introduced functional parameter

Az) € C([0,0], R?)
Quo5(z,ulz, [1]),v(z, []), A=) =0, (37)
where
Qu0,5(z, u(z, [-]), 0(z, []), A(x))
) /00'5 (;52(95,7) + ixz(x) 4 fl(m,7)> dr
/00'5 @ (@12 7) + (@) — 1) @) + (@) + () + fola, 7)> dr

the system of integral equations

v1(x,t) = /Ot <;'272(m,7') + ;)\g(m) + fl(m,7’)> dr,

I

Uo(x,t) = /0 <; (01 (2, 7) + M(z) — 1) (01(2,7) + Mi(2)) + w2, t) + f2(m,7’)> dr

and functional correlations (35). The application of parameterization method begins from the choice
of an initial approximation by the functional parameter A(9)(z). We find an initial approximation by

the functional parameter MO )( ) = (A(O)( ), A(O)( ) € C([0,w], R?) from Eq. (37) with v1(z,t) = 0,
Bo(z,t) = 0, uy(z,t) f)\ €)de, ua(z,t) f>\(0 &)de.  Then |AV(2)] <0.023, MV (2)] <

0.00836,  max 7 (a:,t)” <0.0071085,  max 55 (2, £)|| < 0.0117142, o 10l (2, 1) <
(S € S

:0,5] 0, 0,
0.0150543, mas 1) (2, 1)[| < 0.0100371, | Qo5 (. u(z, []), 5z, []), A(x))|| < 0.0117142; L (x, ) =
E 7 9
5 La(x,t) = 1. We verify the fulfillment of conditions of Theorem 1:
) ||[@ros e EDAEDAET T < ) (2,0.5) = 3,
2)qi(z,05) = (1+3) = <1,
3)2.285 - y1(x,0.5)||Q1.0.5(z, u® (z, [-]), 5O (, []), O (2))| < 0.160602 < 0.2,
4)1.7213 - y1 (2, 0.5)[|Q1.0.5 (z, u® (z, [1), 7O (2, []), A (x))|| < 0.1209819 < 0.2.

Then the sequence of functions u® (z, [t]), k = 1,2, ..., defined by the algorithm is contained in the set
S(u®(z,[t]),0.2) and converges to an isolated solutlon to the considered problem in S(u® (z, [t]), 0.2).
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