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Abstract—Using the method of spectral analysis, for the mixed type equation uz, + (sgny)uy,y =0
in a rectangular domain we establish a criterion of uniqueness of its solution satisfying periodicity
conditions by the variable x, a nonlocal condition, and a boundary condition. The solution is
constructed as the sum of a series in eigenfunctions for the corresponding one-dimensional spectral
problem. At the investigation of convergence of the series, the problem of small denominators
occurs. Under certain restrictions on the parameters of the problem and the functions, included
in the boundary conditions, we prove uniform convergence of the constructed series and stability of
the solution under perturbations of these functions.
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1. STATEMENT OF THE PROBLEM AND MAIN RESULTS
Let I, v, and § be given positive numbers. We consider the non-homogeneous mixed type equation
Lu = ugy + (sgny)uyy = F(z,y) (1)
in the rectangular domain D = {(z,y) |0 <z <, —a <y < 8}

Dezin [1, 2] noted that the method of solvable extensions for differential operators can be adopted to
the Lavrent’ev—Bitsadze operator L, under conditions of periodicity by z:

u(0,y) = ull,y), us(0,y) = uz(l,y), —a<y<p, (2)
and under the gluing conditions
w(z,04+0) = u(x,0 —0) = u(z,0), uy(z,0+0)=uy(x,0—-0)=uy(xz,0), 0<z<Il (3)
In addition, we set the following condition by y:
u(z,5) =0, 0 <z <, (4)
uy(z, —a) — Au(z,0) =0, 0 <z </, (9)
with a real parameter A; in[1] we assumel =27, =1, and § = 1.

Problem (1)—(5) was investigated by Nakhusheva ([3]; [4], pp. 143—153) for the case a =1,
F(z,y) = f(z,y)H(y), H(y) being the Heaviside function, and A > 0. It was proved that for A < 0
the homogeneous problem ( f(x,y) = 0) has non-trivial solutions.

In the paper we assume, for simplicity, that F(x,y) =0, i.e., we consider the homogeneous
Lavrent’ev—Bitsadze equation

Ugz + (Sgn y)uyy =0, (6)
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NONLOCAL DEZIN’S PROBLEM FOR LAVRENT'EV-BITSADZE EQUATION 53

and we set non-homogeneous conditions by y:
u(z, ) = ¢(x), 0 <z <I, (7)
uy(z, —a) — Au(z,0) = ¥(x), 0 <o <L (8)
We will investigate solvability of problem (2), (3), (6)—(8) depending on the given parameters [, a, 3, A,
and the functions ¢(x), ¥ (z). We find solution
u(z,y) € CH(D)NC*Dy U D) (9)

where Dy = DN{y >0}, D_=Dn{y <0}.
We should note that in [5, 6] by methods of spectral analysis there were investigated the Dirichlet
problem and the problem with periodicity conditions (2) for the degenerated mixed type equation

K(y)ugs + Uyy — bQK(y)u =0
with K (y) = (sgny)|y|™, n = const > 0, b = const > 0. Here we apply the method for investigation of

the given Dezin’s problem.

We will find a criterion of uniqueness of solution to problem (2), (6)—(9). The solution is constructed
as the sum of a series in eigenfunctions for the corresponding one-dimensional spectral problem. In
reasoning of convergence of the series, the problem of small denominators occurs for the ratio of the
sides lengths o/l of D_. Under some conditions on «/I, A, 3, and functions ¢(z), () we show that the
sum u(z,y) of the series satisfies (9). We also prove stability of the solution with respect to perturbation
of the given functions ¢(x) and ¥ (z).

We should note that the first nonlocal problems for mixed type equations was investigated in [7—9].

2. UNIQUENESS OF SOLUTION

Separating the variables u(z,y) = X (z)Y (y) in (1), we obtain the following spectral problem for
X(x):

X"(2)+AX(z) =0, 0 <z <1, (10)
X(0) = X(1), X'(0)=X"(1). (11)
Problem (10), (11) has a countable set of eigenvalues Ay = p2 = (27;’“)2, k€ Ng=NU{0}, N, all

of them are simple and the corresponding system of eigenfunctions is Xj(z) = {\}z’ \/? COS [iT,

\/? sin ukx}. The system is orthonormal and complete in Lo[0, {], therefore, it is a orthonormal basis in

the space.
Let there exist a solution to problem (2), (6)—(9). According to [5, 6], we introduce the functions
I 2 [
wi) = b [t var ww = [ upcosmads (12)
Vi Jo L Jo
) !
0
and show that they satisfy differential equations
uji(y) — (sgny)piue(y) =0, y € (=a,0) U(0,0), (14)
ug(y) =0, y € (-a,0) U (0,3), (15)
v;c/(y) - (Sgny)ﬂivk(y) = 07 yE (_a70) U (O,B),k eN. (16)
Then we find the general solution to (14)
I e)u'ky _|_ d e_ﬂky7 > O’
ur(y) = e i (17)
ay cos pry + by sin gy, y <O0.
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Here ag, by, cx, and dj are arbitrary constants. We choose the constants so that the conjugation
conditions

k(04 0) = uk(0 — 0), ux(0+0) =uy(0—0) (18)
hold. Since (17) satisfy (18), we find

c :ak—l-bk d:ak—bk
k 9 , Wk 9 .

Then, taking into account the found values of ¢ and dj, we see that (17) has the form

uly) = 4 cosh pgy + bk.smh prys Yy > 0; (19)
ay cos pigy + by sin pyy, y <O.
To find ay and by, we use (7), (8), and (12). We have
2 [ 2 [
= \/l / u(z, ) cos ppx der = \/l / () cos prr dr = @y, (20)
0 0
uf,(—a) — Aug(0 \/ / uy(x — Au(z,0)] cos pgx de = \/ / P(z) cos ppx dr = . (21)

Now, based on (19)—(21), we obtain the system
ay, cosh pug3 + by sinh pg 3 = @y,

< . A > U (22)
ag| sin ppa — 4+ bpcospura = "".
22 22
[f the determinant of (22)
A(k) = cos ppa cosh pg 3 — sinh pg 3 sin ppo + :\ sinh pg3 # 0 (23)
k
forall k € N, then the system has a unique solution
1 sinh ukﬂ]
ay = COS [0 — , 24
N [@k ke — g i (24)
1 A . cosh ,ukﬂ]
b = —sinppa | + . 25
N [@k <Nk [k > (s L (25)
We should note that, in addition to k, A(k) depends on the parameters «, (3, [, and .
Substituting (24) and (25) into (22), we find the final form of the functions
Pk AZ((O")” — ¥k Sinhﬁﬁg_y), y>0;
ue(¥) =4 Bea, T (26)
Pk Ak + Yg Alk) y <0,
where
Ag(a,y) = cos ppa cosh gy — sin ppa sinh pgy + :\ sinh gy, (27)
k
A
By (a, y) = cos p(a +y) + 1 SO HRY (28)
Ck(y, B) = cosh pxBsin pgy — sinh pux 3 cos pgy. (29)

By the same way, beginning from (15), based on the conjugation conditions and the boundary conditions
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NONLOCAL DEZIN’S PROBLEM FOR LAVRENT' EV—BITSADZE EQUATION 55
(7), (8), we find

14+ Ay y— 0
= —a<y<op.
uo(y) ¢01+>\ﬁ+¢01+>\ﬁ’ asy<p (30)
l
Here 1 + A3 # 0, o9 = \}lfgo(:r) dx, g = \/lfap (We deduce (30) and show that 1 + A3 # 0,
0

using (26)—(29) and (23) for the case k = 0.)
Repeating the arguments, similar to those used in constructing (26), based on the general solution
of (16) we find

(31)

~ Ag(ay) _ 7 sinhpg(B-y) .
Pk - wk y Y > 07
up(y) = { A(k’) A(’f)

~ B - C

where

2 (! ~ 2 [
P = \/l / p(z)sin ppx do, Py = \/l / Y(z) sin pyz dz.
0 0

Now we can prove the uniqueness theorem for solutions to problem (2), (6)—(9). Let p(z) = 0, ¢¥(x) =0

and (23) hold for all k € Ng. Then ¢, = ¥ = @ = Jk = 0forall k € Ng and ¢y = 19 = 0. From (26),
(30), (31),(12), and (13) it follows that

l 1 1
/ u(z,y)dr =0, / u(z,y) cos upx dx = 0, / u(z,y)sinugrder =0, k=1,2,...
0 0 0

Completeness of the system {\/l, \/ COS kT, \/% sin upa } in Lo[0, 1] implies that u(z,y) =0 a. e. on

[0,1] for every y € [—a, (3]. Since u(z, y) is continuous in D, we have u(z,y) = 0in D.
Let for some «, 3, [, A, and k = p € Ny condition (23) be violated, i.e., Ays(p) =0. Then the
homogeneous problem (2), (6)—(9) with ¢(z) = ¥ (x) = 0 has non-trivial solutions

up(z,y) = up(y) (A1 + Az cos ppx + Az sin p,x) , (32)
sinh pp (B-y) .
sin}f,upﬂ ’ ) Yy > 07 pe N,
uply) = { HoeostlecturAsinigy, y<0, pen; (33)

uo(y) = aoly — B), ap = const £0, —a <y <G, p=0.

Here A1, Ao, and Ajg are arbitrary constants.

Now a natural question arises about existence of roots of the equation A(k) = 0. We represent A(p)
it in the form

A(p) = +/cosh 2u,3sin(0, — 2mpa) + /j\ sinh p,3 = 0 (34)
P

where

cosh p, 3 .«
o =

V/cosh 24, 8” I

We see from this that (34) has a countable set of zeroes

_1)n Asinh 0
G= OV pesin SRS G (35)
27p Ip \/cosh zﬂpﬂ 2mp 2mp

0, = arcsin

if the condition

5\| sinh ,upﬁ/\/sinhz pp3 + cosh? pp3 <1 (36)
P
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holds. When g, > |A[, i.e., p > |A|l/27, inequality (36) is valid. Therefore, the uniqueness criterion is
proved.

Theorem 1. /] there exists a solution to problem (2), (6)—(9), then it is unique if and only if (23)
holds for all k € Ny.

3. CONSTRUCTION OF SOLUTION TO THE PROBLEM
Under fulfillment of (23), we find the solution to problem (2), (6)—(9) formally as the sum of the series

1 2 IX
u(z,y) = Y uo(y) + \/l Z ug(y) cos prx + v (y) sin pgx. (37)
k=1

Here the coefficients of uy(y), ur(y), and v (y) are defined by (30), (26), and (31). Since A(k) is in
denominators of expressions giving the coefficients of (37) and, as we demonstrated above, A(k), as
a functions of a, has a countable set of zeroes (35), we see that for a close to a root of (34), the
value A(k) can be sufficiently small. Therefore, the problem of small denominators arises (see, e.g.,
[5, 6, 10]. Consequently, to prove the existence of solution to the problem we need to show that there
exist positive o, 3, [, and X such that for these values of the parameter A(k) is separated from zero for
sufficiently large k with an appropriate asymptotics.

Lemma 1. If @ = a/l is natural and \ > —2x /I, then there exists a positive Cy, depending on A
and l, such that for all k € N

A(k) > e PCy > 0. (38)
Proof. Let & = p € N. Then in view of (34)
A(k) = cosh ux( + lj\k sinh pu 3. (39)
For A > 0 it follows
A(k) > cosh g > ;e”kﬁ.

If A < 0, then from (39) we have

TN 1Al
Alk 0%, _ > oHkB _ )
(k) > e <2 zuk> = ¢ <2 An

Lemma 2. /[f a=p/q¢N, p,geN, (¢q,4) =1, (p,q) =1, then there exist positive Cy and ko
(ko € N), which, generally speaking, depend on «, 1, and A\, such that for all k > kg

|A(K)| > CoeB > 0. (40)

This implies (38).

Proof. Leta =p/q € Qwherep,q € N, (p,q) =1, (¢,4) =1, and Z ¢ N. In the case, let we divide 2kp
by ¢ with remainder. We have 2kp = sq + r where s,7 € Ngand 0 < r < ¢. Then

A(k) = \/cosh 2 5(—1)5 sin <7;r — 9k> + /j\ sinh 0. (41)
k

The case r = 0 is reduced to the situation & € N considered above.
LetO<r <gq Thenl <r<gqg-1,q>2. Since 8y — 7 as k — +oo, we have 0}, = | + ¢, where
er — 0as k — 4o0. Taking this into account, there exists a natural k; such that for all & > k;

sin (WT — 9k>‘ = [sin <7TT T z—:k> L sin <7TT — W)‘ =C; > 0. (42)
q qg 4 q

4
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Then, taking into account estimate (42), we have from (41)

(1) sin (m’ B 9k> N X sinh 3
q g v/cosh 21,3
eukﬁ
>
v (

. [Tr Al 1 etk B Al
Sm<q ‘@>"Z&m>2 «2(0“‘JJ%> (+3)
for £ > k1. From this we see that there exists k9 € N such that forall & > ko
| Al - |A|l < C1
™2k w2y T 2
Then (43) implies the desired estimate (40) for all k£ > kg = max{ky, ko2 }.

A(K)] = v/cosh 28

Lemma 3. /f ais an irrational algebraic number of degree 2, then there exist positive constants
Bo, Ao, and Cy, such that for all 5 > [y, |\| < Ao, and k € N

INCIE (44)

Proof. Beforehand, we will estimate the values of
Aq(k) = sin(2kra — 0) = (—1)"sin [k (2a — n/k) — 0], n € N. (45)
For every k € N we can find n € N such that
n 1 ~
‘al — k‘ < g 1= 2a, (46)

holds [11]. From the Liouville theorem ([12], P. 60) it follows that for every irrational algebraic number
ay of degree 2 there exists § > 0 such that for every integer p, ¢ (¢ > 0)

1 —p/al > 6/¢>. (47)
Let n € N be such that (46) holds. Then the inequality
|7k (o1 — n/k)| < w/2, (48)

equivalent to (46), is valid. We will take into consideration that 8, — 7/4 as k — oco. Using decreasing

coshz  and increasing of arcsin u, we deduce that

fu=
olu V/cosh 2z

T[4 <O <6 <m/2. (49)
Applying (48) and (49), we have
0 < |mk(ay —n/k) — 0| < wklon —n/k|+ 0 < 7/2+ 6, <.
We see that one of the following two cases is possible:
0 <|mk (a1 —n/k)— 0| <7/2, (50)
/2 < |7k (aq —n/k) — O] <7/2+ 6;. (51)
If (51) holds, then we obtain
A1 (k)| = ‘sin [k (a1 —n/k) — Hk”
> sin (1/2 4 61) = cos 6 = (sinh u13)/v/cosh 213 = Cy > Co/k. (52)
[ (50) is valid, then, taking into account the well-known inequality
sinx > 23:, 0<z < _,
T 2
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we have

(k)| = [sin [k (o1 =) — ]| > fr e (o =) = 6 (53)

Now we will estimate the expression in the right-hand side of (53). We have

4 1
|7Tka1—7m—l9k|:‘ﬂkal—ﬂn—W—Gk—l—ﬂ‘:7rk:a1—7r n ‘—‘Hk—ﬂ‘. (54)
4 4 4
Taking into consideration (46), we estimate the first summand in the right-hand side of (54):
dn +1 ™
Tkl —m Ak ' > L6k (55)

Using the equality
arcsin x — arcsiny = arcsin (m\/l —y? - y\/l —2?), if z-y>0,

we estimate the second summand:

‘9 7T‘ . cosh p 3 . ‘ . < 1 cosh 3 — sinh,ukﬁ> ‘
— — |arcsin — arcsin — |arcsin
Py V/cosh 2.3 V2 V2 Vcosh 2p. 8
1 s
— i 56
A /1 4 e tis ~ 2e2ms” (00
since

| arcsin x| < 72T|:L“|, 0<|z| <1

Now from (55) and (56) we deduce that
2 (7w T ) 1 1) 1 1/06 l Cs
Al > (16k: - 2e2ukﬁ> T8k b T8k 28 k <8 - 47r5> = O

where C3 = (708 — 21)/8n3 > 0 for 5 > [y = 2l /70.
Let us return to the estimate

e A
e\/2 ‘Al(k) + s sinh,ukﬁ/\/cosh 2uElB

Using (52) and (57), we obtain the desired estimate (44):

ol |)\| 1> etk <C’4 |)\|l > e”kﬁ< |)\|l> etk
A > A (k)| — > - = Ca— - G
3691 (12000 500> (5 ) = s (O ams) = 1 €0

where Cy = (C’4 - 22\';2) \}2 > 0for |A] < Ag = 0422“/2 and Cy = min{Cy, C3}.

Lemmad4. Let the assumptions of Lemma 1 be valid. Then for every k € Nand y € [—a, 3]
ur ()| < Mi (Jor] + [0nl) s Tui ()] < Mok (Jor] + [9]) . Jug ()] < Msk? (Jor] + [e])
Jo(y)| < M (18l + 19]) . [oh ()] < Mok (136] + 9] ) . [0 ()] < Mak? (18] + 9] )

here and below M; are positive constants.

By (38), the above estimates follow immediately from (26)—(29) and (31).

By Lemma 4, the terms of series (37), their first order derivatives in D and second order ones in D
and D_ are majorized, by modulus, by the terms of the number series

|AK)| =

+oo
M YR (el + ol + 16l + [l (58)

k=1
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NONLOCAL DEZIN’S PROBLEM FOR LAVRENT EV-BITSADZE EQUATION 59
From the theory of Fourier series it is known that if p(z), 1 (z) € C3[0,1] and ) (0) = @ (1), ) (0) =
P (1), 7= 0,1,2, then (58) is majorized by the convergent number series

+oo

M3~ (1621 + k) + 160+ 15) (59)
k=1
where
,(C \// x) sin pgx dx, zpk \//w x) sin pgx dz,
~(3 \/ / x) cos pux dx, zpk \/ /zp x) cos ux dx,
and

+o0o +oo
SR <P @13, S PP < 1w @)13,,
k=1

k=1
+o00 @) +oo ~3)
SIEIP <@ @7, D11 < 19 (@)]17,
k=1 k=1
Consequently, the sum of (37) satisfies (9).

[f the assumptions of Lemma 3 hold, then (37) and the series of its terms’ derivatives up to the second
order are majorized by the terms of the series

“+oo
Ms 37K (Il + osel + 18l + 14l (60)

k=1
For convergence of (60) it suffices to claim that ¢(x),¥(z) € C*[0,1] and ™ (0) = @ (1), ¥ (0) =
»O(1),i=0,3.
Now let the assumptions of Lemma 2 be valid. Then, by (40), series (37) and the series of their terms’
derivatives up to the second order are majorized by

“+oo

My S (1@ @1+ 132+ 1) (61)

k=ko+1

If for the numbers «, specified in Lemma 2, A(k) # 0 for all k = 1, kg, then, by the Weierstrass
theorem, convergence of (61) implies that the sum of (37) satisfy (9) and (6).

If for the numbers &, specified in Lemma 2, A(k) = 0 for some k = ki, k2, ..., k, < ko, 1 <k <
ko < -+ < kp, k;, then problem (2), (3), (6)—(9) is solvable if and only if

Pr ik €OS ppax — Yy sinh py 3 = 0, (62)
Gtk cos e — Py sinh B = 0, k= ky, k..., k.
Then the solution is defined as
) = o) + D06 # Kb ) 008 + ) sin el + ST (63)
k=1
in the latter sum m takes the values k1, ko, ..., kp, and

Up(z,y) = up(y) cos ppx + Vp(y) sin ppa (64)
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where
sinh sinh —
~ ¥p sinh ZZ% + Cp slrﬁf;(tﬁﬁy) ’ y > 0;
up(y) = sin 1y AT 1ip (y+a)+ A sin ppy ) (65)
wp [p COS LlpCy Wp COS ppx v Y < 0’
~ sinh sinh -
~ ¥p sinh Z;,g + Cp mrﬁf,&iﬁy) ) y>0;
vp(y) - sin pipy p €OS pip (y+a)+A sin ppy (66)
djpu COS [pQr + C Mp COS [pCr v Y < 0’

and Cp, is an arbitrary constant.

We should note that (64)—(66) are written, taking into account the non-zero solutions (32) and (33)
of the homogeneous problem.

Therefore, the following statements are valid.

Theorem 2. If the assumptions of Lemma 1 hold, 1+ A3 # 0, ¢(z),(z) € C3[0,1], ¢V (0) =
e (1), @ (0) = (1), i = 0,1,2, then there exists a unique solution to problem (2), (6)—(9), and
this solution is given by (37).

Theorem 3. If the assumptions of Lemma 3 are valid, 1 + A3 # 0, o(x),%(z) € C0,1], ¢ (0) =
o (1), v (0) = (1), i = 0,3, then there exists a unique solution to problem (2), (6)—(9), and
this solution is given by (37).

Theorem 4. Let the assumptions of Lemma 2 be valid (therefore, (39) holds [or all k > ky),
L+ A8 # 0, p(2),9(x) € C2[0,1], V(0) = o1 (1), p(0) = v (1), i = 0,1,2. I] A(k) # 0 for all

k =1,k then there exists a unique solution to problem (2), (6)—(9), and this solution is given
by (37). If A(k) =0 for some k = ky,ka, ..., k, < ko, then problem (2), (6)—(9) is solvable if and
only if (62) are valid, and in the case this solution is given by (63).

4. STABILITY OF SOLUTION UNDER PERTURBATIONS OF ¢(z) AND 4(z)

Consider the well-known norms

1 1/2
ll o = lullze = ( / |u<x,y>|2da:) ,

HU({L’, y)”C(D) = mDaX "LL(.’E, y)|

Theorem 5. Let assumptions of either Theorem 2 or Theorem 3 be valid. Then for solution (37) to
problem (2), (6)—(9) we have the estimates

lu(@, )z, < Me (le@)llzap0 + 1@ La00) - (67)
lu(z, W) llopy < Mz (le@)llopg + @) e + 119 @) llepg + 19 (@) o) (68)
where Mg and My do not depend on p(z) and ¢ (x).

Proof. We will prove the theorem following paper [13]. Since the system Xj(z) is orthonormal in
L5[0,1], by Lemma 4, we obtain from (37) that

luz, 9)I7, = ud(y) + Z (uic(y) +vi(y)) < 2M7 (26 + 90)

“+oo

+2M7> " (loel® + il + 18kl + [0 )
k=1
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+00 +00
< M2 <90(2) PSR R+ S +wz>> < M2 (@), + [4@)3,)

k=1 k=1

Thus follows (67). Let (z,y) be an arbitrary point from D. By Lemma 4,

u(z, y)| < [uoly |+Mlzluk )+ [ox(y)])

“+o0
< M (Jol + [tbol) + M1~ (Iow] + 1] + 1Bkl + [¥n]). (69)
k=1
We have
1) ~(1) (1) (1)
Pr ~ P ﬂ)k ~ ﬂ)k
—_— - 3 pr— 3 = — 3 = 9 70
Pk w PR (08 i Uy, o (70)
where

t 1

— \/?/ ¢ (x) sin pgz dz, @l(:) — \/?/ o () cos upa de,
0 0
2 [l - 9

= \/l / QZ)/(ZL') Sin/ﬁkx dl’, 11)]531) — \/l / Qz)/(l') COS JUT de.
0 0

Taking into account (70), based on the Cauchy—Schwarz inequality we obtain from (69) that

u(z,y)| < Mi (ol + [o]) +M12 (1301 + 100 + 198) < My (ol + [2hol) +

k’l
L /82 1\ ) S0 S we) L (R e
(S8 U () (Se) " ()
k=1 k=1 k=1

- 400 1/2 +o00 _ 1/2
sm[n@(mnh+||w<:c>||L2+(Zuw |2+|sz,9>|2>> +(Z<w,§”|2+|¢,i”|2>) ]g

k=1 k=1

_ 1/2
3M2[||so<x>||L2+||w<a:>||L2+( |2+Z|sok g >) +

+oo _ 1/2
n (wé”ﬁ 3 (OPR + \w,i”\%) } <
k=1
< M (@l + 11922 + 1@z + 10 122).

l
where 900 \/ f o' (z)dr =0, 1[)((]1) = \/% [/ (x) dx = 0. Thus follows (68).
0
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