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1. INTRODUCTION

In[1], V. A. Arzumanyan proved that a bicyclic semigroup has, up to unitary equivalence, one finite-
dimensional irreducible representation and a series of one-dimensional unitary representations parame-
terized by a unit circle S*. A C*-algebra generated by an infinite-dimensional irreducible representation
generates the Toeplitz algebra. L. Coburn [2] showed that nonunitary isometric representations of a
semigroup of non-negative integers Z, generate C*-algebras that are canonically isomorphic to the
Toeplitz algebra. On the other hand, M. A. Aukhadiev and V. Tepoyan [3] obtained a semigroup
criterion under which each non-unitary isometric representation is extended to a representation of an
inverse semigroup generated by the given semigroup. From this criterion it follows that each isometric
representation of a semigroup Z is extended to a representation of bicyclic semigroup Z* . In this paper
we introduce a concept of index of an element of the semigroup Z7 and study subsemigroups Z7 ,,, and

7% (m), m € Z, generated by the elements whose indices have a common divisor m. We show that
non-unitary isometric representations of such semigroups generate subalgebras of the Toeplitz algebra
7., and 7 (m) consisting of the elements that are fixed relative to some finite group of automorphisms of
rank m. We give a complete description of irreducible representations of C*-algebra 7,.

2. BICYCLIC INVERSE SEMIGROUPS

A semigroup S is called inverse, if for any a € S there exists a unique inverse element a* € S such
that the equalities a*aa* = a* and aa*a = a hold. It follows from the definition that a** = a. An
element b of the semigroup S is called an idempotent, if ¥> = b. Idempotents of an inverse semigroup
form a commutative subsemigroup in .S, which coincides with the set Ps = {c € S : ¢ = ¢*}.

An inverse semigroup with a unit e is called a bicyclic semigroup, if it is generated by one element a
and the relation a*a = e. Note that an inverse semigroup generated by representations of a semigroup
of non-negative integers is a bicyclic semigroup. Keeping this in mind, we will further denote a bicyclic
semigroup by Z7 .

[t immediately follows from the equality a*a = e that each element of a bicyclic semigroup has the
form a™a*", where m and n are non-negative integers.
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THE STRUCTURE OF C*-SUBALGEBRAS OF THE TOEPLITZ ALGEBRA 11

Define an index of an element b = a™a*" from Z7_ as a number m — n and denote it as ind(b). Note
thatind(b - ¢) = ind(b) + ind(c) for any elements b, c € Z7..

Consider a homomorphism 7 : Z* — Z%, 7(b) = aba*, being an embedding of the semigroup Z*
into itself. By 7" let us denote an nth superposition of the mapping 7, i.e., 7(b) = a™ba*". Obviously,
T" 1 7% — 77 is also an embedding. Note that ind(7"(b)) = ind(b) for any n € Z and b € Z% . Fix
the integer m. Let Z7 ,,, = {b € Z% :ind(b) = k- m, k € Z}. Note that in case m = 1 the semigroup
7% =7%. Let Z%(m) be an inverse semigroup, generated by the element a™. Obviously, Z? ,, and
77 (m) are inverse subsemigroups of the bicyclic semigroup Z? . The semigroup Z* (m) is bicyclic as
well. Let us establish a connection between the semigroups Z7 ,, and Z (m).

Lemma 1. The semigroup 7, ,,, can be represented as

m—1

Z = | 725 (m)).

k=0

Proof. Let us show that for any element b € Z% ,, b€ 7H(Z% (m)) is true for some 0 <1 <m — 1.
Indeed, if b € Z% ,,, then b = a™ g+l where 0 <1 <m — 1, k,7 € Z,. Then

b=da™a*™ a* € ol (Z7 (m)).

-1
The inclusion ZL:JO T™(Z* (m)) C 7%, is obvious.

3. TOEPLITZ ALGEBRA'S SUBSLAGEBRAS, FIXED RELATIVE TO FINITE GROUP OF
AUTOMORPHISMS
Consider a Hilbert space [?(Z. ) with a natural orthonormal basis { ex } ez, . Let T be a shit operator
on [%(Z.), i.e., acting on the basis in the following way:

Tep = egy1-

Obviously, T*T = I, where T™* is the adjoint operator to the operator T', I is the identity operator and
TT* = P is the projector on 12(Z \ {0}). Thus, a semigroup generated by the operators T" and T*,
forms an inverse bicyclic semigroup. Each element of this semigroup has a form 77"T*™ , n,m € Z,. We
will further call these elements monomials [4], and the number n — m an index of the monomial T"T™*™
and denote ind(7"T*™). Finite linear combinations of monomials form an involutive subalgebra of the
algebra B(I?(Z,.)) of all linear bounded operators of the Hilbert space 2(Z, ). A uniform closure of this
subalgebra in B(I?(Z,.)) is called the Toeplitz algebra and is denoted as 7.

Let C(SY;T) = C(S') ® T be a C*-algebra of all continuous mappings from a unit circle S* to the
algebra 7 with the norm

1Al = Sup |AE?)], A € C(SYT).

Let Ag, € C(S*;T), Ag,(e?) = A(e!(?*%)) be a shift operator on e, Since ||Ag, || = ||Al|, the shift
operator Ay generates a representation

o: S — Aut(C(SY; 7)), 0(e)(A) = Ay.
Each element A from C(S'; T) can be represented as a formal series
A(e?) ~ k_aio Ayt
where
1

:27'('

27
Ay / o (e®)(A)e— 0 do.
0
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12 LIPACHEVA, OVSEPYAN

By 7 let us denote a C*-subalgebra of the algebra C'(S') @ 7T, generated by the monomials 777%™,
T"T*m () = kTnT*m . m e Z,, where k =n—m. It is obvious that the algebra T is also
invariant with respect to the shifts by the elements of the group S, i.e., o(¢?)(A) € 7T for any A from
7. In [5, 6] it is shown that the mapping A A A= ﬁ(l), generates an isomorphism between the
C*-algebras T and 7. Analogous results for a more general case were obtained in [7]. Thus, the

representation o : S* — Aut(7) generates a representation oo : S* — Aut(7):
oo(e”)(4) = A(e”),

where A = A(1). Note that o (e?)(T"T*™) = e T"T*™ 1 m € Z,, k = n —m. The notion of index
of monomial can be extended to the elements T"T*™ of the algebra 7: ind(T"T*"™) =n —m. By
construction of the algebra 7 one can see that if A = T"T*™, B = T*T* and n —m # k — [, then

1 m 10N\ * [ 10
2W/O A(e®) B (¢)do = 0.

Hence, the algebra T can be written as

T= ¢ L

k=—00

where £}, is a closed subspace in T, generated by monomials of index &, i.e., consisting of those AeT
such that

o(e?)(A) = e A,
Thus,

T= & L, (3.1)

k=—0oc0
where Ly, is a closed subspace in 7, generated by monomials of index k. Hence
Ly ={A€T; oo(c”)(A) =™ A}.

Each element A from 7 can be represented as a formal series

A~ Z Ay, where Aj, € Ly

k=—o00

Let B be a C*-subalgebra of a unital C*-algebra A. A positive linear mapping P : A — Biis called a
conditional expectation, if it preserves the unit, P(b) = bfor any b € B and P(abc) = aP(b)c for any
a,c € B,be A.

Let 7, be a C*-subalgebra of the Toeplitz algebra 7', generated by monomials of index m.
Theorem 1. For a C*-algebra T, the following relations are fulfilled:

a) I, = i S Lim,

b) there e;;z a conditional expectation Py, : T — Tp,.

Proof. a)Obvious.
b) Let G, be a finite subgroup of the group S* of order m. Then

27k

Gmn={ze8 :2"=1}={e""m ; k=0,...,m—1}.
If ind(T"T*) = jm, j € Z, then

7:27\'16 -2wkjm
m

0'0(6 . )(TnT*l) — ¢ TnT*l — TnT*l
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Hence
-2k

T ={A €T :00(e"m )(A)=A, k=0,...,m—1}.

Define P, : 7 — 7,,, assuming

—_

m—
i 27k

ao(e’ m )(A).
k=0

1
m
One can verify that

i 2k

oo(e" m )(Pn(A)) = Prn(A)
forallk =0,1,...,m —1land A from 7, and P,,(A) = A, if Ais from 7,,.

4. PROPERTIES OF THE ALGEBRA 7,

Let 7w : Z% — T be an exact representation of the inverse semigroup Z?* as the Toeplitz algebra:
The following theorem is obvious.

Theorem 2. The restriction of the representation © to a subsemigroup 73 ,, generates the
algebra Tp,.

Let us define an endomorphism v : 7 — 7
a(A) =TAT*, AcT.

The following diagram is commutative:

T

7w —— 7x

T = T.
Indeed, w(7(b)) = T'n(b)T* = (7 (b)), b € Z, that means that 7 extends to the endomorphism « of
the Toeplitz algebra.
Denote by 7 (m) a C*-subalgebra of the Toeplitz algebra generated by the semigroup 7(Z* (m)).
Obviously, 7 (m) C Tp,.

Theorem 3. The C*-algebra T, as a vector space can be represented as a direct sum
T =T(m) ®a(T(m)®- - @&a™ 1 (T(m)).

Proof. From Lemma 1 and the fact that the algebra 7;, is generated by the semigroup m (2% ,,), it
follows that for any generating element V' € 7,,, it is true that V' € o/(7 (m)) forsome 0 <1 <m — 1.

Let us show that o (7 (m)) Na/ (T (m)) =0 fork # j. Let V € of(T(m)) Nad (T (m)), then V =
ak(TmnT*ml) — aj(TmrT*ms). Hence, V = Tmn—l—kT*ml—i-k — Tmr-i—jT*ms-i-j’ i.e., mn+ k = mr _|_]
and ml +k =ms+j. Since0 <k <m—1and 0 < j <m — 1, these equalities are possible only for
k = j,n =r,1=s. Hence the statement of the theorem follows from equality (3.1).

Corollary 1. The algebra 7,, is a C*-algebra generated by the operators 7", T*™ and the projectors
T where 0 <1 <m — 1.

Proof. By definition, the algebra 7, is generated by the elements V, whose indices are divisible
by m, ie., V =TmkHmntl where k,n,l € Z,, 0<1<m—1. Then V = TmkpliHT*mn —
(T™)* (T'T*)(T*™)™. This yields the statement of the corollary.
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14 LIPACHEVA, OVSEPYAN

Let us denote by P; the projector T'T*, 1 <1 < m — 1. Obviously, PP; = PjP;=Pjfor1 <i<
Jj <m — 1. This means that P; > P;,i < j. Thus,itistruethat I = Py > Py > --- > Pp,_1.

Lemma 2. The following inclusion is true:
o (T(m))o? (T (m)) € o (T (m)) & o (T (m)),

where0 < k,j <m—1.

Proof. Let Vi € of(7(m)) be an element of the form V; = T +ET*m+E and Va € o/ 7 (m) be an
element of the form Vo = Tem+iT*em+3 Thenif em + j > ml + k, then

Vi Vy = Trmtkprmitkpem-jpram+j rmtk4emj—(mitk) pram+j
= pIpmnte=Dpram i ¢ oJ(T(m)), (4.1)
and if ecm + 7 < ml + k, then
ViV, = A krpx(mi+k) pemaj s (am+j)
— prmtkp(—em)—jt(mitk)prlamty) — phpmapemta—e)pk ¢ ok (T (m)). (4.2)

If em+ 5 =ml+ k, then, in view of 0 < k,j <m — 1, we have j = k, ¢ = 1. Hence, V1,15, V1V, €
of(T(m)). Thus, the statement of the lemma is true for monomials. In order to complete the

proof, we note that any element C € o®(7(m))a?(T (m)) has the form of C = AB, where A is a
linear combination of the elements of the form Vi, and B is a linear combination of the elements
of the form V5. Thus, AB is a linear combination of the elements of type (4.1) or (4.2). Thus,

AB € o*(T(m)) @ o/ (T (m)).
Thus, the following theorem is true.

Theorem4. /[0 < iy <io < --- <ip <m— 1, whereiy € Zy, then a direct sum of vector spaces
o (T(m)) @ - ® o’ (T (m))
is a C*-subalgebra in the algebra T,,.

5. REPRESENTATIONS OF THE ALGEBRA 7,

Let us represent a Hilbert space [*(Z..) with the basis {ey }xez, as a direct sum

P(Zy)=Ho® H & & Hp1,

where the basis of the subspace H; consists of {e;4xm}rez,, 0 <i <m — 1.

Lemma 3. The subspaces H;, 0 <i < m — 1, are invariant with respect to the algebra T,.

Proof. Let A € 7,,, then A is a linear combination of the elements of the form V = T*T* where
ind(V') = k — [ is divisible by m, i.e., k —{ =dm, d € Z. Then for any H; and e; € H;, if Ve; # 0,
then Vej = €jt+ind(V) = €j+dm € H;. Thus, Aej € H,.

Theorem 5. The restriction of the C*-algebra T,, to H;, 0 <i <m — 1, generates m unitarily
nonequivalent irreducible infinite-dimensional representations.
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m—1
Proof. Consider the representation 7 : 7, — B( é HZ->, m(A) = A, A€ T,. By Lemma 3 all the
i=0

spaces H;, 0 < i < m — 1, are invariant with respect to the algebra 7,,, hence w(A) can be represented
as a direct sum

7(A) = mo(A) ® 11 (A) @ -+ @ 1 (A),

where 7;(A) = A|g, forany A € 7,,,0 < i <m — 1.

From Corollary 1 we have that the algebra 7, acts on each of the spaces H; as the Toeplitz
algebra. Indeed, since 7,, is generated by the operators T™, T*™ T'T* 0<1<m—1, and
T™eivmk = €ipm(ks1) forany k, and T e; y g = €4 mr—1) for k # 0 and T*"e; = 0, the operator T™
is a shift operator on the basis {€j4xm }rez, in the space H;. This means that the representations m;,
0 <i < m —1, areirreducible and the algebra 7, has m irreducible representations.

Let us show that the representations 7; are unitarily nonequivalent. Suppose the contrary, among m;,
0 <@ <m — 1, there are unitarily equivalent, i.e., there exist m;, m;, 0 <4,57 <m —1, and a unitary
operator U : H; — H; such that

Uﬂ'j(A) = 7TZ(A)U

for any A € 7,,,. Suppose i > j for definiteness. Suppose A = T*T*!. Then m;(A)U = (T'T*)|g, =
I|H1~a and 7I‘j(A) = (TiT*i)|Hj 75 I|H]., since TiT*iej =0. Hence, ij(A)ej =0, and wi(A)Uej ?é 0.
We get a contradiction. Thus, the algebra 7,, has m irreducible unitarily nonequivalent infinite-
dimensional representations.

Corollary 2. Let 0 < iy <ip < --- < i < m — 1, where i}, € Z,, then a C*-subalgebra o' (7 (m)) @
-+ @ o' (T (m)) has k unitarily nonequivalent, irreducible, infinite-dimensional representations.

Lemma4. Let 7 : 7T,, — B(H) be an irreducible representation of T, on the Hilbert space H, then
the restriction |z : T(m) — B(H) is irreducible, too.

Proof. Suppose the contrary, let |7,y on H act reducibly, i.e., H = % H; ® Ho, where 7|7,y (H;) C
H;, i €I or i =0. The operator 7(7T™) is an isometric operator, hence, by Wold—von Neumann
theorem [8], is a sum of shift operators and a unitary operator. Let 7(7™) on H;, i € I, act as a shift
operator, and on Hy as a unitary operator. Let us show that Hy = 0. Note that T™T*™ P, = T™T*™,
k < m, where P, = T*T* is a projector. This yields «(T™T*™)x(P}) = n(T™T*™). Since n(T™)
on Hy acts as a unitary operator, 7(1T"T*™) = n(I) = 1 and, hence, 7(P;) =1,k =0,...,m — 1. The
latter and 7|7,y (Ho) C Ho yield that Hy is a proper invariant subspace for 7, which contradicts the fact
that 7 is an irreducible representation of 7,,, i.e., Hy = 0. Thus, H = '@I H; and the operator w(T™) is a
1€

shift operator on each H;, ¢ € I. This means that H contains a nonempty set of initial elements.

Denote by Lo = {h € H : 7((T"™)*)h = 0} a set of initial elements in H. Let k = dim(Ly). If k& = 1,
then 7|7y, is irreducible and the theorem is proved. Suppose the contrary, i.e., k > 1.

Let us show that the projectors Py = I, P, = T°T* (i = 1,...,m — 1) translate Lg into itself, i.e.,
m(P;)(Lg) C Lo, i =0,...,m — 1. Indeed, let h € Lo, then w(T™T*™)w(P;)h = 7(T™T*™)h = 0 and
Phe Ly, i=0,1,...,m—1. From a family of commuting projectors I = Py > P, > --- > P, 1,

let us construct a family of orthoprojectors Qo, Q1,...,@m—1 in the following way: @Q; = P; — P;11,
1=0,1,...,m—2, and Q,,—1 = Pyn—1. Then the space Ly can be represented as a direct sum of
subspaces

Lo=Ec®E, D@ Ep_1,

where E; = 7(Q;)(Lo), 7 =0,...,m — 1. Note that at least one of these subspaces is nonzero. Since
dim(Lg) > 1, there exist x1, 29 € Lo such that z1 L x9 21, 2 belong to the same E; or different E;, Ej,
i # j. Obviously, 7(Q;)x; may be equal to either zero or x;, where [ =1,2, j =0,...,m — 1. Since

m—1
P, = > Qj, m(P;)x; may also be equal to either zero or z;, where l = 1,2,i=0,...,m — 1.
j=i
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16 LIPACHEVA, OVSEPYAN

Consider the subspaces K1 = n(7(m))x1, Ko = 7(7 (m))z. Obviously, K1 N Ky = 0. By the
above argument 7(P;) (K1) C Ky, m(FP;)(K2) C Ko fori=0,...,m — 1. Thus by Corollary 1 we get
m(Tn) (K1) C Ky, m(7,)(K2) C Ky, i.e., mis areducible representation. A contradiction.

Since the algebra 7 (m) is isomorphic to the Toeplitz algebra 7 and is generated by a bicyclic
semigroup, it has one infinite-dimensional irreducible representation. A question, in a sense converse to
Lemma 4, arises: How can an irreducible representation of the algebra 7 (m) be extended to irreducible
representations of the algebra 7, and how many such representations exist? It turns out that the
following theorem is true.

Theorem 6. The C*-algebra 7T, has exactly m irreducible unitarily nonequivalent infinite-
dimensional representations.

Proof. Let 7 :7(m) — B(H) be an irreducible infinite-dimensional representation of the algebra
T (m). Let us extend the definition of the representation m to the representation of the algebra 7,,. By
Corollary 1, we get that we need to extend the definition of = onto the projectors P;, i =1,...,m — 1.
Then T™T*™P; = T™T*™" i =1,...,m — 1. Thisyields 7(T™T*™)x(P;) = n(T™T*™), i.e., m(F;) >
w(T™T*™). Thus, either w(P;)=n(T™T*™), or n(P;)=I. Thus, due to the inequalities I > P, > P, >
-+ > Pp,_1 we get m different representations of the algebra 7,,:

1)7T0(Tm) = W(Tm),ﬂ'o(Pl) == 7T0(Pm_1) = W(TmT*m),

2) 7T1(Tm) = W(Tm),ﬂ'l(Pl) = I, 7T1(P2) === 7T1(Pm_1) = ﬁ(TmT*m),

3)mo(T™) = w(T™), ma(P1) = ma(Pa) = I, ma(P3) = - -+ = mo(Pp—1) = w(T™T*™),

m) ﬁm_l(Tm) = W(Tm),ﬂ'm_l(Pl) == ﬂm—l(Pm—l) =1

All possible extensions of the representation 7 are exhausted by the representations constructed.

Note that the representations mg,71,...,m,—1 are unitarily equivalent to the representations ob-
tained in Theorem 5. Indeed, consider a representation 7, = 7|, for some k from Theorem 5. The
basis of the subspace Hj, coincides with the set {expnmtnez, . Obviously, all the projectors m(F;),
1 <4 < m — 1, preserve their basis elements, except for the initial element ey, m(P;)ex = ey fori < k
and 7 (P;)ex, = 0 for i > k. Thus, the following identities are true:

7I‘k(P1) == 7T]<;(Pk) =1 and ﬁk(Pk+1) == Wk(Pm—l) = ﬁ(TmT*m).
[t follows from Theorem 5 that the representations g, 71, ..., m,_1 are irreducible and unitarily
nonequivalent.

6. REPRESENTATIONS OF THE SEMIGROUP Z% ,,

In [1] it is proved that for the bicyclic semigroup Z7 there exist, up to unitary equivalence, one
infinite-dimensional irreducible representations and a series of one-dimensional unitary representations,
parameterized by a unit circle S'. Naturally, a question arises, how many irreducible representations
exist for its subsemigroup Z? ,,? The following Theorem is true.

Theorem 7. The inverse semigroup 77 ,,, has, up to unitary equivalence, exactly m infinite-
dimensional irreducible representations and a series of one-dimensional unitarily non-equivalent
representations, parameterized by a unit circle S*.

In the proof of the first part of this Theorem we use the methods developed in the previous Sections
for the description of representations of the algebra 7,,. In particular, the irreducible representation
7%, restricted on Z% (m), turns out to be irreducible as well. Conversely, extending the definition of
the irreducible representation Z% (m) to the projectors Py, P, ..., Pp_1, one can construct exactly m
different irreducible representations of the semigroup Z? ,,, like in the proof of Theorem 6. The second

part of the theorem follows from the next lemma.
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Lemma 5. Let J be a subsemigroup in 77 ,, generated by the elements of zero index. The
homomorphism ind : 7, ,, — 7Z generates a short exact sequence of semigroups

0—J—2Z%

+m1_9Z'_’Q

whereid : J — 71 ,, is an embedding.

The following theorem is analogous to a well-known theorem of L. Coburn [2] that any two
C*-algebras generated by nonunitary isometric representations of the semigroup Z* are canonically
isomorphic.

Theorem 8. Any two C*-algebras generated by exact representations of the semigroup 77 ,,, are
canonically isomorphic.

Proof. Let7:Z7 ,, — B(H) be an exact representation of the semigroup Z? ,,. Then by Theorem 7
m can be represented as

m—1
™= @ Wk@(@ Tt),
k=0 tel’

where 7, k=0,1,...,m — 1, are all irreducible representations of the semigroup Z% ,,, similar to
those described in Theorem 5 for the algebra 7,,, and 7, ¢ € I, are one-dimensional representations

parameterized by the subset I of the unit circle S*. By Theorem 5 it follows that the algebras generated
by k(2% ), k= 0,1,...,m — 1, are isomorphic to the Toeplitz algebra.

Consider the representation m,, 1 ® ( 691 Tt). Then by L. Coburn’s theorem [2] the algebra gen-
tes

erated by this representations is canonically isomorphic to the algebra generated by the representation
Tm—1. Lhus the algebra, generated by the representation m is canonically isomorphic to the algebra

m—1
generated by the representation k@ 7. This yields the statement of the theorem.
=0
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