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Abstract—In this paper, we study special cases of canonical almost geodesic mappings of the first
type of affinely connected spaces. The basic equations of mappings in question are reduced to a
closed system of Cauchy type in covariant derivatives, and the number of essential parameters in
the general solution of this system is estimated. We give an example of such mappings from a flat
space onto another flat space. The mappings constructed send straight lines of the first space into
parabolas in the second space. These almost geodesic mappings of the first type do not belong to the
classes of mappings of the second and third types.
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1. INTRODUCTION

In 1960s, N. S. Sinyukov [1] studied almost geodesic mappings of Riemannian and affinely connected
spaces. The basic results of these studies were published in [2] and [3].

The theory of almost geodesic mappings was developed in many papers, e.g., [4–14]. Almost
geodesic mappings of the first type in the sense of N. S. Sinyukov studied by V. E. Berezovskii and
J. Mikeš [4–7], N.V. Yablonskaya [15]. This line of investigation follows in particular A. Z. Petrov’s plan
[16] of modelling physical processes with the use of mappings and transformations.

In this paper, we study special cases of canonical almost geodesic mappings of the first type of affinely
connected spaces. The basic equations of mappings in question are reduced to a closed system of
Cauchy type in covariant derivatives. We estimate the number of essential parameters in the general
solution of this system and give examples of mappings under study.

2. CANONICAL ALMOST GEODESIC MAPPINGS

Recall the basic notions of the theory of almost geodesic mappings of affinely connected spaces
outlined in [2] and [3].

Consider an n-dimensional torsion-free affinely connected space An endowed with a coordinate
system x = (x1, x2, . . . , xn). We assume that n > 2. All functions which appear in the paper are
assumed to be of sufficiently high differentiability class.

A curve in an affinely connected space An is called an almost geodesic line if there exists a parallel
field of two-dimensional planes along it containing its tangent vectors.

A diffeomorphism f : An → An is called an almost geodesic mapping if it maps all geodesics of An

into almost geodesic lines of An.
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2 BEREZOVSKII, MIKEŠ

In order for a mapping f : An → An to be almost geodesic, it is necessary and sufficient that the

connection deformation tensor P h
ij(x) = Γh

ij(x) − Γh
ij(x) satisfy the conditions

Ah
αβγλαλβλγ = aλh + b P h

αβλαλβ

in terms of a common for f coordinate system, where Ah
ijk = P h

ij,k + Pα
ijP

h
αk, Γh

ij(x) and Γh
ij(x) are the

connection objects of An and An, respectively, λh is a vector, a and b are functions of xh and λh. Here
and in what follows the sign “ , ” placed as a subscript denotes the covariant derivative with respect to
the affine connection of An.

N. S. Sinyukov [1–3] singled out the three types of almost geodesic mappings: π1, π2, and π3. We
have proved [4] that, for n > 5, there are no other types of such mappings.

Almost geodesic mappings belonging to the type π1 are characterized by the following conditions
imposed on the deformation tensor: Ah

(ijk) = a(ijδ
h
k) + b(iP

h
jk), where aij is a symmetric tensor, bi a

covector, δh
i are Kronecker’s deltas, (i j k) denotes the symmetrization with respect to the indices i j k

without division.
If bi ≡ 0, the mapping is called canonical.
It is known [2, 3] that any almost geodesic mapping of the type π1 can be represented as the

composition of a canonical almost geodesic mapping of type π1 and a geodesic mapping.

3. SPECIAL CANONICAL ALMOST GEODESIC MAPPINGS

If a mapping between affinely connected spaces An and An satisfies the conditions

3P h
ij,k = −Pα

(ijP
h
k)α + a(ijδ

h
k), (1)

then Ah
ijk = −1

3 Pα
kjP

h
iα − 1

3 Pα
kiP

h
jα + 2

3 Pα
ijP

h
αk + 1

3 a(ijδ
h
k) and, consequently, Ah

(ijk) = a(ijδ
h
k). There-

fore, such mappings are a partial case of canonical almost geodesic mappings of the first type π1.
We will consider relations (1) as a system of differential equations in covariant derivatives with respect

to the unknown deformation tensor P h
ij and tensor aij . To find the integrability conditions of this system,

we differentiate (1) with respect to xm and then take the skew-symmetric part of the obtained relation
with respect to the indices k and m. Taking into account the Ricci identities, we obtain

ai[k,m]δ
h
j + aj[k,m]δ

h
i + aij,[mδh

k] = 3 (−Pα
ijR

h
αkm + P h

α(iR
α
j)km)

− 1
3

[
P β

αmPα
(ijP

h
k)β − P β

αkPα
(ijP

h
m)β + 2(aj[mP h

k]i + ai[mP h
k]j)

+ aα(iP
α
j)kδ

h
m − aα(iP

α
j)mδh

k + aαmPα
k(iδ

h
j) − aαkP

α
m(iδ

h
j)

]
, (2)

where [i j] denotes alternation with respect to the indicated indices and Rh
ijk is the Riemann tensor of An.

Contracting integrability conditions (2) with respect to h and m, we obtain

aik,j + ajk,i − (n + 1) aij,k = 3 (−Pα
ijRαk + P β

α(iR
α
j)kβ)

− 1
3

[
P β

αiP
α
(kjP

γ
γ)β − P β

αkP
α
(ijP

γ
γ)β + (n + 2) aα(iP

α
j)k − 2 (akαPα

ij + ak(iP
α
j)α)

]
. (3)

Alternation of Eqs. (3) with respect to i and k gives

ajk,i = aij,k +
1

n + 2
[
Pα

j[kRi]α + Pα
βjR

β
[ik]α + Pα

β[iR
β
|j|k]α

− 1
3
(Pα

βiP
β
(kjP

γ
γ)α − Pα

βkP
β
(ijP

γ
γ)α + (n + 4) aα[iP

α
k]j + 2 aj[iP

α
k]α)

]
. (4)

Replacing indices i and j in (4), we obtain

RUSSIAN MATHEMATICS (IZ. VUZ) Vol. 58 No. 2 2014



ON CANONICAL ALMOST GEODESIC MAPPINGS OF THE FIRST TYPE 3

aik,j = aij,k +
1

n + 2
[
Pα

i[kRj]α + Pα
βiR

β
[jk]α + Pα

β[jR
β
|i|k]α

− 1
3
(Pα

βjP
β
(kiP

γ
γ)α − Pα

βkP β
(jiP

γ
γ)α + (n + 4) aα[jP

α
k]i + 2 ai[jP

α
k]α)

]
. (5)

Substituting (4) and (5) into (3), we obtain

(n − 1) aij,k = P β
αγPα

(ijP
γ
γ)β +

1
n + 2

[
3(nPα

ijRαk − nPα
β(iR

β
j)kα + Pα

k(iR|α|j)

− Pα
β(iR

β
|k|j)α − Pα

βkR
β
(ij)α) +

1
3
(−nPα

βkP
β
(ijP

γ
γ)α + (n2 + 3n) aα(iP

α
j)k

− 2(n + 1) (ak(iP
α
j)α + 4(akαPα

ij − aijP
α
kα) − Pα

βiP
β
(kjP

γ
γ)α − Pα

βjP
β
(kiP

γ
γ)α))

]
. (6)

One can easily see that Eqs. (1) and (6) are closed system of differential equations in covariant
derivatives in An of the Cauchy type with respect to the unknown functions P h

ijk(x) and aij(x) which
must satisfy in addition the algebraic conditions

P h
ij(x) = P h

ji(x), aij(x) = aji(x). (7)

Thus we have proved the following

Theorem. In order for an affinely connected space An to admit an almost geodesic mapping
defined by Eqs. (1) onto an affinely connected space An, it is necessary and sufficient that there
exist a solution of mixed system of differential equations in covariant derivatives of the Cauchy
type (1), (6) and (7) with respect to the unknown functions P h

ij(x) and aij(x).

From the properties of this system it follows that the number of essential parameters in its general
solution does not exceed 1

2 n(n + 1)2.
Consider further Eqs. (1) in the case when the tensor aij vanishes identically. In this case, Eqs. (1)

take the form

P h
ij,k = − 1

3
Pα

(ijP
h
k)α. (8)

The integrability conditions of system (8) are

Pα
ijR

h
αkm + P h

α(iR
α
j)km =

1
9

(Pα
βmP β

(ijP
h
k)α − Pα

βkP
β
(ijP

h
m)α).

Obviously, the deformation tensor P h
ij(x) satisfying Eqs. (1) has an additional property

P h
ij,k = P h

ik,j. (9)

4. CANONICAL ALMOST GEODESIC MAPPINGS OF A FLAT SPACE

In conclusion, we demonstrate the existence of a solution of Eq. (9) in a flat space. We assume that
in a flat space An an affine coordinate system x1, x2, . . . , xn is considered. Then the Christoffel symbols
Γh

ij are zero, and covariant derivatives are partial derivatives. Thus,

P h
ij,k = ∂P h

ij/∂xk.

From conditions (9) it follows that the deformation tensor P h
ij has the following more specific

structure

P h
ij =

∂2ϕh(x)
∂xi∂xj

, (10)
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where ϕh(x) are some functions. On the other hand, expressions (10) imply conditions (9).

We restrict ourselves to demonstration of a particular solution of Eq. (6) without investigation of the
difficult problem on the general solution.

Obviously, if

ϕh(x) = (xh − ch) · ln |xh − ch|, (11)

where ch are constants, then the deformation tensor P h
ij defined by conditions (10) is a solution of

Eqs. (8).

In terms of the coordinates x1, x2, . . . , xn, for the deformation tensor P h
ij , we have

P h
hh =

1
xh − ch

, h = 1, 2, . . . , n.

All the other components of P h
ij are zero.

One can easily check that a mapping with such deformation tensor will not belong to the types π2

and π3.

Note that the types of almost geodesic mappings π1, π2, and π3 may intersect. In particular,
mappings from the intersection of π1 and π2 preserve linear complexes of geodesics, and mappings from
the intersection of π1 and π3 preserve quadratic complexes of geodesics [4].

5. AN EXAMPLE OF ALMOST GEODESIC MAPPINGS OF THE FIRST TYPE OF A
FLAT SPACE

We give an example of almost geodesic mapping of the first type defined by Eqs. (8) of a flat space An

onto a flat space An.

Let x1, x2, . . . , xn and x1, x2, . . . , xn be affine coordinates in An and An, respectively. The mapping

xh =
1
2

ch
α (xα − cα)2 + xh

◦ , (12)

where ch
i , ch, and xh

◦ are constants, xh �= ch, and det |ch
i | �= 0, define an almost geodesic mapping of the

first type of An onto An.

It is a matter of direct verification to show that the deformation tensor P h
ij in terms of the coordinate

system x1, x2, . . . , xn is of the form (11).

Such a mapping sends straight lines of the space An, which are defined by the equations xh = ah +
bh t, where t is a parameter, into parabolas of the space An defined by equations xh = Dh + Eh t + F h t2,
where

Dh =
1
2

ch
α (aα − cα)2, Eh = ch

α (aα − cα) bα, F h =
1
2

ch
α (bα)2.

The exception is the case of straight lines for which the vectors Eh and F h are collinear. Such straight
lines are mapped into straight lines.

Formulas (12) give a family of almost geodesic transformations of the type π1 of a flat space whose
parameters are the coefficients ch

i , ch and xh
◦ .
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