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Abstract—We considered a self-diffeomorphism of the plane with a fixed hyperbolic point at the origin
and a non-transverse point homoclinic to it. Periodic points located in a sufficiently small neighbor-
hood of the homoclinic point are divided into single-pass and multi-pass points depending on the
location of the orbit of the periodic point with respect to the orbit of the homoclinic point. It follows
from the works of W. Newhouse, L.P. Shil’nikov, B.F. Ivanov and other authors that for a certain
method of tangency of the stable and unstable manifolds there can be an infinite set of stable periodic
points in a neighborhood of a non-transverse homoclinic point, but at least one of the characteristic
exponents of these points tends to zero with increasing period. Previous works of the author imply that
for a different method of tangency of the stable and unstable manifolds there can be an infinite set of
stable single-pass periodic points, the characteristic exponents of which are bounded away from zero
in the neighborhood of a non-transverse homoclinic point. It is shown in this paper that under certain
conditions imposed primarily on the method of tangency of the stable and unstable manifolds there
can be a countable set of two-pass stable periodic points, the characteristic exponents of which are
bounded away from zero in any neighborhood of a non-transverse homoclinic point.
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In this paper, we have studied a C'-self-diffeomorphism with a fixed hyperbolic (saddle) point at the
origin. It is assumed that there is a non-transverse point homoclinic to it. It is known that there can be an
infinite set of periodic points of the original diffeomorphism in an arbitrary neighborhood of a non-trans-
verse homoclinic point. Periodic points located in a sufficiently small neighborhood of the homoclinic
point are divided into single-pass and multi-pass points depending on the location of the orbit of the peri-
odic point with respect to the orbit of the homoclinic point.

The main purpose of this paper is to show that there can be an infinite set of multi-pass (to be more
specific, two-pass) stable periodic points, the characteristic exponents of which are bounded away from
zero in an arbitrary neighborhood of a non-transverse homoclinic point. The structure of the neighbor-
hood of a non-transverse homoclinic point was previously studied in the works of W. Newhouse,
L.P. Shil’nikov, B.F. Ivanov, and other authors [1—4]. It follows from the listed works that under certain
conditions imposed primarily on the method of tangency of the stable and unstable manifolds there can
be an infinite set of stable periodic points in a neighborhood of a non-transverse homoclinic point, but at
least one of the characteristic exponents of these points tends to zero with increasing period.

This work is a continuation of [5, 6]. In the referenced papers, diffeomorphisms with a fixed hyperbolic
point at the origin and a non-transverse point homoclinic to it were considered. The method of tangency
of the stable and unstable manifolds was slightly different than in [1—4]. It is shown that there can be an
infinite set of stable single-pass periodic points, the characteristic exponents of which are bounded away
from zero, in an arbitrary neighborhood of a non-transverse homoclinic point. An example of a diffeo-
morphism with such properties was given in [7].

Let fbe a self-diffeomorphism with a hyperbolic fixed point at the origin, i.e., f{(0) = 0. We assume that
fis linear in some bounded neighborhood of V at the origin, to be more specific, if (x, y) € V, then

G- »

30



STABILITY OF PERIODIC POINTS OF A DIFFEOMORPHISM 31

where

O<A<l<u

Assume that
<. (2)

It is clear that there is such ¥ > 2 such that Au” = 1.

We denote the stable and unstable manifolds of zero point by W4(0), W#(0), as usual. It is known that
the stable and unstable manifolds of the hyperbolic point of diffeomorphism fare defined as follows

Vi k(z)” = O},

W0 =fee B i o] <o),

where /X, f~* are the degrees of diffeomorphisms fand /.

It is assumed that is a non-transverse homoclinic point. Namely, it is assumed that there is a non-zero
point w at the intersection of the stable and unstable manifolds, and this point is the tangent point of these
manifolds.

W*(0) = {z e R’: lim
k—>+too

The following equations follow from the definition of a homoclinic point

fk(w)“ = lim f"‘(w)H: 0.

k—>+oo
Let w, and w, be two such points of the orbit of the homoclinic point w such that w, € V, w, € V, and
their coordinates are w, = (0, °), w, = (X, 0). It follows from the definition of a homoclinic point that a
natural number exists ® such that f*(w,) = w,.

lim
k—>+oo

Assume that the following inclusion holds true for some A, [t suchthat A< A < 1, 1<t <p
Vi =y i < 2 W < mpp < v 3)
Assume that
x'>0, y>o. (4)
Let

U={(xy):|x<B,

y=y| <B

be such a neighborhood of the point w, that Uc V,, f(U) c V,, A) "V, =0, f*(U) NV, =0 and the
sets U, AU), ..., f®(U) do not intersect pairwise. Let us denote the restriction f¢|, by L. It is clear that the
L is a mapping of the class C', and the matrix DL(0) is nondegenerate.

A periodic point of the original diffeomorphism u € U is called a single-pass periodic point if a
natural number exists j such that f/L(u) = u, and (o + ) is the smallest period, and for any & = 1,
2, j—1f*kL(u) e V,.

The periodic point u € U ofthe original diffeomorphism is called the s-pass or multi-pass periodic point
(s > 1) if there are natural numbers, j,, ..., j; such that fjJL...szijlL(u) =u,and (s® +j, +j, + ... +Jj)
is the smallest period, and for any k = 1, 2, ..., s — 1 we have fjkL...szij'L(u) € U, and for any
k=1,2,..,81=1,2, ..j— fLf*'L...f"Lw)e V,

In this paper, we study multi-pass periodic points with s = 2. Such points are called two-pass points.

Let us write the mapping L in the following coordinates:

X"+ Fx,y - yo)j
F(x,y ="
where F,(x, y —)"), F,(x, y —)") are C! functions defined in U. It is clear that F,(0, 0) = F,(0, 0) = 0.

L(x,y) = [
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In [1—4], a neighborhood of the homoclinic point was studied, and it was assumed that there is » > 1
such that

IR0.0 _  _97BK00 _, IEOO 5)

oy oy dy

It follows from the specified works that if conditions (5), which determine the method of tangency of
the stable and unstable manifolds, are fulfilled, there can be an infinite set of stable periodic points in a
neighborhood of the homoclinic point, but at least one of the characteristic exponents at these points
tends to zero with increasing period. In [5, 6], it was shown that for a different method of tangency of the
stable and unstable manifolds there can be an infinite set of single-pass stable periodic points, character-
istic exponents of which are bounded away from zero, in the neighborhood of the homoclinic point. The
problem of the stability of multi-pass periodic points was not considered in these papers. The main pur-
pose of this work is to show that if conditions (5) are not fulfilled, there can be an infinite set of two-pass
stable periodic points, characteristic exponents of which are bounded away from zero, in an arbitrary
neighborhood of the homoclinic point.

Assume that the coordinate functions of the mapping L are as follows

F(x,y—y)=ax+by—y)+o(xy-»"),
F(x,y =) =cx + gy — ") + ,(x),
where a, b, and c are the real numbers such that
b<0, c¢>0, 7

and g, @,, ¢, are continuously differentiable functions of one or two variables defined in a neighborhood
of the origin and equal to zero along with their first-order derivatives at the origin. Assume that the first

(6)

order derivatives of these functions are bounded by % in the neighborhood of U.

The nature of tangency of the stable and unstable manifolds at the point w, is determined by the prop-
erties of the function g. Let us describe the properties of this function using sequences. Let 6, €, be pos-
itive vanishing sequences. The sequence G, decreases. Let A, be a negative zero sequence.

Assume that

O) — € > Opy1 T &y )
for any k.

Let v and p be positive constants independent of k£ with 1 <y < J. Let m, be a strictly increasing
sequence of positive integers and #;, be a sequence of positive integers such that

e = Yy + Dy, )
where 1 <V, <7, |pd <p.
Assume that the following inequalities are true for any

10x” max[A ™ A < e, (10)
Denote
x, = Vx4 bA) + M a(x’ + bo, ) |1 — a* A
%, =MV (X" +b66,) + A" a(x’ + bA) (A — @AY
Let the following inequalities hold for any k&
" (ex, + 8(0,0) = (0 + A )| < 0.1g,0 7",
W (%, + g(8)) = 0 + 6, < 0.1g,.

Assume that there is a constant o > 1 + 0.5(77 — 7y) such that the following inequality holds for any &
andre (Gk — &, Oy + gk)

(1)

‘M

< e, 12
ar | <M (12)
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If the function g satisfies inequalities (11), (12), then conditions (5) are not fulfilled.
It follows from (11), (12) that

. —my, -1 _ 1 —ny, -1 _
kll)r};u (S4) —klgpwu Ay =0.

Define §; = 100" |A].
Assume that
Y= (yo +0;)| < &}

It is clear that we will have B, U for sufficiently large numbers of k.

Lemma 1. Let conditions (1)—(4), (6)—(12) be fulfilled, then there is a number k, such that the following
inclusions hold true for k > k;

Bk = {(X,y) : |'x_xk| < 81(:

SULF™ L(cl(By) < By, (13)
where cl(B,) is the closure B,.
Proof. Assume that (x, y) € cl(B)), it is clear that x = x, + u, y = y* + o, + v, where [u| < §,, |v| < &,.

Denote
=L
y y

X =X, + AN [au + bv + @\(x;, + 4,0, + V)],

it is clear that

¥ =W (exi + 8(0p)) + W™ [cu + g0, +v) — g(5y) + @r(x, + )]
We can apply the mean value theorem to the functions g, ¢, and @, for any fixed &, and as a result we
obtain the following taking into account (12)

o1 + 1,64 + V)| < 0.5(x, | +]u| + |0y | + ) < X*x" +§; + 0, +20),

|02 + )] < 0.5(x, | +[u)) < A"x" +§,),

—OU(my +1y)

|g(6k +v) — g(oy )| SEM
Denote
8 = A" [(a] + D3, + (B + Vg +A*x" + 6],
T = 0.1g ™ + W™ [(c| + DS, + g " + A% x].
Define the following sequence of sets

y=0"+ A <) (14)

Ek = {(xay) : |x - fk| < Sk,

It is clear that we will have l_?k c U for sufficiently large numbers of k.
It is evident that

Ix — x| <&,
‘J_’_ O+ Ak)‘ <E,

consequently f™ L(cl(B,))  B,.
Let (x,y) € B,.Itisclearthatx =X, + i,y = )"+ A, + 7, where || < §,, || < E,.

Denote
—|=/"L] |,
y y
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34 VASILEVA
it is clear that
X =x, + N*au + bV + (X, + 7, A, + V)],

¥ = W+ g(A) + Wl + g(A, +T7) — g(Ag) + §x(F + D).
We obtain the following from the last equalities taking into account conditions (9)—(12)

% — x| < A*[(a| + DS, + (] + DE, + X™x" +|A[1 < §,,

\i -0"+ ck)\ < 0.1g, + WeL(le| + S, + & + A"’ < &.

The last inequalities hold for sufficiently large numbers k. Inclusions (13) are proved. The lemma is

proved.
It is evident that for any k B, N B, = 0, where B, is defined in (14).

Theorem 1. Let f be a self-diffeomorphism with a fixed hyperbolic point at the origin and a non-transverse
homoclinic to it. Let conditions (1)—(4), (6)—(12) be fulfilled, then there is a countable set of two-pass stable
periodic points, the characteristic exponents of which are bounded away from zero, in any neighborhood of the

homoclinic point w,.

PROOF. It follows from inclusions (13) that there is a fixed point «, of the mapping /™ Lf™ L, which

is a periodic point of the diffeomorphism f, in the set B, in the case of sufficiently large numbers 4.

Let g, = f™ L(u,). Itis clear that 7, € B,.
Denote

O, = D(f™Lf™ L(w)) = Df " L) Df ™ L(uy).
Next, Det®, is the determinant of the matrix ©,, and TrO, is its trace.
It is obvious that

o - (x"k@(k) x"kbﬁk)}(k’"kq(k) x’"kb&k)}
k= e e my, my, ?
We (k) W gy (k) )\ W e(k) wg(k)

where kli)l’{l a(k)y=a, lerP bi(k) =b, ,}LIP (k) =c, lerP gk)y=0,i=1,2,|g,k)| < M‘“(’””"*).

It is evident that
Det ©, = (M) " (a,(k)g,(k) — by(k)e, (k) (ay(k)gi(k) — bk, (k)),
TrO, = A" (k)a,(k) + MW" b (k)e,(k) + MW" b, (k)e,(k) + W™ g, (k) g, (k),

or we obtain the following taking into account conditions (12)

Det©, = (M) (be)’(1+6,),
TrO, = AW bl + )™ ™™ + 1,1,
where kli)rP 0, = ,}EP N, = 0.
Let pi(k), i = 1, 2, be the eigenvalues of the matrix ©,.
It is obvious that

p,(k)=0.5Tr®, F0.5(Tr0,)’ —4Det 0,)"".
It is evident that

Ipi(K)] = 0.5K™ W™ [bef L+ ™)™ ™ 41, + 10 = )™ ™) + ™,
where kll)rgo vy, = 0.
It is obvious that

|p1(k)| = ?\,mkunk |bC| qk’
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where g, are determined by the last relations. From conditions (9) it follows that g, are positive, bounded,
and bounded away from zero. It is evident that

[p2(k)| = [Det ©|p, (k)| ",
from which

P20 = A" W™ [be| Oy,
where Q, are positive, bounded, and bounded away from zero.
It is known that the characteristic exponents v;(k), i = 1, 2, of the points u, are defined as follows

v, (k) = (my + n +20)" Inp,(k)|.

As a result, the following inequalities hold for sufficiently large numbers of k£ taking into account con-
ditions (2), (9):

vi(k) £ =0.25(7 -+ ) Inp,
v,(k) £ 0.25(1 + )" In(\w).
The last inequalities prove the theorem.
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