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Abstract—A convex function defined on an open convex set of a finite-dimensional space is known to
be continuous at every point of this set. In fact, a convex function has a strengthened continuity prop-
erty. The notion of strong continuity is introduced in this study to show that a convex function has this
property. The proof'is based on only the definition of convexity and Jensen’s inequality. The definition
of strong continuity involves a constant (the constant of strong continuity). An unimprovable value of
this constant is given in the case of convex functions. The constant of strong continuity depends, in
particular, on the form of a norm introduced in the space of arguments of a convex function. The poly-
hedral norm is of particular interest. It is straightforward to calculate the constant of strong continuity
when it is used. This requires a finite number of values of the convex function.

Keywords: convex function, strong continuity, constant of strong continuity.
DOI: 10.3103/S1063454118030056

1. We consider the space R" with unit basis vectors e, ..., e, and an arbitrary norm |||| We introduce
the notation

B(xy;B) ={xe R” |||X - xo” <B.

Definition. A function f(x) defined on an open set U c R" is said to be strongly continuous at a point
x, € R" if there is a number B > 0 and a constant L > 0 such that B(x,; B) < Uand

lf(0) = fx) < L|x = x| Vxe Blxy;P). (D
We show that a convex function has the property of strong continuity.

Due to the equivalence of all norms in the space R", we prove inequality (1) for any one norm. In this
section, we select the €,-norm ||||1 We introduce the notation

Bi(xy;B) ={xe R" |||x - x0||1 < B
Theorem 1. Let U — R" be an open convex set and let f(x) be a convex function on U. We take a point

xo € Uand an arbitrary number 3 > 0 such that x, £ Be, € U for k € 1: n. Then, B,(xy; B) < U and for all
x € B, (xy; B) the inequality

|£(x) = £(x0)] < Lx = xo, (2)
holds, where
I = max{f(xo * Bek) - f(xo)}. (3)
keln B

The constant L is unimprovable.
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Proof. Let /1, = Be,. Any vector x € R" can be represented in the form

X =x)+ ) wih. (4)
k=1

We find u, and v, from the conditions

Wi = U = Vi
|Wk| = Uy + Vi-
‘We obtain

1 1
w ==(we| +we), Ve = =(wi| —we).
k 2(| k| i) k 2(| k| i)
It is obvious that u#; = 0 and v, = 0. We have

|(X - xo)k| = B'Wk| =By, +vy).
This implies

lx = xol, = BY @y + v (5)
k=1

We rewrite formula (4) in the form

X — Xy = Zukhk + ka(_hk)'
k=1 k=1

We introduce the notation u,,,, = v, and A, , = —#, to find

2n
X=Xy = Zukhka (6)
k=1

where all coefficients u; are nonnegative.
We fix a point x € B,(x,; B). According to (5), the relation

2n n
Zuk :Z(uk-i'vk)Sl (7)
k=1 k=1
holds true. Representation (6) yields the equality
2n 2n
X = [1 - ZukaO + Zuk(xO + hk)'
k=1 k=1

All coefficients in this representation are nonnegative and their sum is 1. By the assumptions of the theo-
rem, the points x,, x, + 4, ..., X, + h,, belong to the convex set U. Therefore, x € U. Thus, we have estab-
lished the inclusion B,(x,; B) < U.

Recall that the function fis convex on U. By Jensen’s inequality, we can write

2n 2n
f(x) < [1 - Zuk]ﬂxo) + > S (%o + )
k=1 k=1

or

2n 2n
SO = fGr0) € Dl f(x + h) = fO)1 < LBY g,
k=1 k=1

where the constant L is defined by (3). In view of (5), we arrive at
2n n
k=1 k=1
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Thus, we have

J) = f(x) < Lx = X -

We now estimate the difference f(x,;) — f(x). We introduce the point y = 2x, — x. We have

n n
Yy—=Xg =X —X= zuk(_hk) + zvkhk-
k=1 =1

Wesetv,,, = u, and h,,, = —h, to write

According to (7), we have

2n n
Dvi=> v +u) <1
k=1 k=1

Obviously, y € U. By Jensen’s inequality, the inequality

2n 2n
SO = F(x0) € D il f (o + h) = F(x)] < IBY v,
k=1 k=1

is valid. Due to (8), the equality

2n n

Bka = BZ(Vk +u) = ||x = Xl »
k=1 k=1

holds, which yields

) = fx) < Lx = xg, -

‘We now note that x, = %( y + x). Owing to the convexity of the function f, we have

f(xo) < %[f(y) + f(0)]
or

S 2 2f(x) — f(x).
Combining (10) and (11), we arrive at the inequality
S(i0) = () < Llx = ],
Inequalities (9) and (12) imply (2).

)

(10)

(1)

(12)

We give an example when inequality (2) with a constant L of form (3) is satisfied as the equality. Exactly

in this sense the fact that the constant L is unimprovable is understood..

We take the convex function f{x) = ||, on U'=R" and calculate L with x, = O and an arbitrary § > 0.

This yields L = 1. In this case, inequality (2) is satisfied as the equality for all x € R".

Theorem 1 is thus proved.

Theorem 1 guarantees, in particular, the ordinary continuity of a convex function f{x) on an open con-

vexset Uc R".

2. As noted above, the fact that inequality (1) holds for the £,-norm implies that it holds for an arbitrary

norm in R". However, the constant L is rough with this approach. We give a simple independent proof of

inequality (1) for an arbitrary norm || with an unimprovable constant L.
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Theorem 2. Let U R" be an open convex set and let f(x) be a convex function on U. We take a point x,, €
U and an arbitrary B > 0 such that B(x,; B) < U. Then inequality (1) holds, where

{f(xo +Bg) - f(xo>}_ (13)
B

L = max
lel=1

The constant L is unimprovable.

Proof. We first note that the maximum in (13) is attainable. This follows from the ordinary continuity
of the convex function f{x) on the open convex set U and the fact that the argument x = x, + g of the func-
tion fwhen ||g|| = 1 runs over the compact sphere

S(xg3B) = tx € R"[[lx — x| = B},
which is contained in the set U by the assumptions of the theorem.

We now turn to proving inequality (1). We fix x € B(x,; B), x # x,, and put g = ”x — XO"' It is evident
X - XO
that ||g|| = 1. We introduce the function
o) = f(x, +1Bg).
This function is convex on the interval [—1, 1].
The point x € B(xy; B), x # x,, can be represented in the form
NN e ey
B =l
We introduce the notation o0 = ||x — x||/B. Then, x = x, + og, where a € (0, 1].
Due to the convexity of the function ¢, we have
f(0) = f(xy + oPg) = o) = @(oe- 1+ (1—0)-0)
< o) + (1 - o)e0) = af (x, + Bg) + (1 — 0) £ (xp).
It follows that
F(0) = f(xo) < o f(xo +Bg) — f(x0)]
- 14
= e LTRS¢ i) a9
where the constant L is defined by formula (13).
Now we take the point y = x, — og. We have
S =00 =0 (=) +A-0)-0) < ap(-1) + (I - a)p(0)
= 0 (% + B(=g)) + (1 — ) f(x)-
It follows that
S = f(x0) £ ol f (x5 + B(=8)) — f(x0)]
X, +B(=2)) - f(x (15)
_ ||x _ x0||f( o +B(=2) — f(x0) < L||x _ Xo”-
p
Further, since x, = %(x + y), we have f(x,) < %[ fx)+ f(y)]or
F) 2 2f(x) = f(x). (16)
Combining (15) and (16), we arrive at the inequality
S(xp) = f(x) < L = x| (17)

To derive the required inequality (1), we combine (14) and (17).
We give an example when inequality (1) with a constant L of form (13) is satisfied as the equality. We

take the convex function f{x) = |lx| on U= R" and calculate the constant L for it with x, = O and an arbi-
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trary B > 0. We have L = 1. In this case, inequality (1) is satisfied as the equality for all x € R". This gives
us reason to regard the constant L as being unimprovable.
Theorem 2 is proved.

3. Theorem 1 is of a constructive nature: we can find an appropriate number 3 > 0 in a finite number
of attempts; to calculate a constant L of form (3), a finite number of values of the function f{x) is needed.
Only the definition of a convex function is used when proving the theorem. The ordinary continuity of a
convex function on an open convex set is a corollary of the theorem.

Theorem 2 establishes the strong continuity of a convex function with a sharp constant L in the case
when the space R" is endowed with an arbitrary norm. The proof uses the ordinary continuity of a convex
function. Calculating a constant L of form (13) is related to solving the maximization problem for a convex
function on the unit sphere of the space R".

The problem of whether inequality (1) holds in the case of the Euclidean norm was previously studied
in [1—3] without analyzing the sharpness of the constant L.
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