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Abstract—This paper deals with a class of elastic systems with structural damping subject to nonlocal
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1. INTRODUCTION

Let (X, |- ||) be a Banach space, we consider the following nonlocal Cauchy problem for the elastic sys-
tem with structural damping

g (8) + pu (0) + A’u(®) = f(t,u@)), >0, (1.1)

u0) + g(u) = xo,  u,(0) + h(u) = y,, (1.2)

where o : 9(sd) € X — X is a closed linear operator, p > 2 is given constant, x, € %4(), y, € X and
g, h, f are given functions, which will be explained in Section 3.

The elastic systems with structural damping were studied by Chen and Russell [1] in 1981. They con-
sidered the elastic system as follows

U, () + Bu, (1) + Aut) =0, >0, (1.3)
u(0) = x,  u,(0) =y, (L.4)

in Hilbert space H, where & (the elastic operator) and 9 (the damping operator) are unbounded positive
definite self-adjoint operators in H. If some additional conditions are satisfied, they proved that

0 Al/2
O W

generates an analytic semigroup on W = H ® H. In 1986, Huang [2] discussed above problem, he pro-

posed QD(A'/ 2) c 9(B); then either of the following conditions (a) and (b) implies that 7, generates an
analytic semigroup on W :

(@) py(4"*x,x) < (Bx,x) < p,(sd"’x, x) forall x e G(A"?),
(b) py(Ax,x) < (9732x,x) < p,(Ax, x) for all x € U(A), for some p,p, > 0 with p, < p,.

! The article is published in the original.
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56 LUONG, TUNG

In 1988, Huang [3] developed problem (1.3)—(1.4) for the damping operator 9%, and the elastic oper-
ator o is replaced by operator 4 “ (% <a< 1). Fan, Li, and Chen [4] obtained the existence of mild solu-
tions for the elastic system with structural damping in Banach spaces:

u,(t)+pdu, )+ Au(r) = f(tu@), 0<t<a, (1.5)

u(0)=x, u,(0)=y, (1.6)

where the damping constant p > 2 and the nonlinearity fis Lipschitzian in the second variable. The ana-
Iyticity and the exponential stability of semigroup generated by the elastic system

u, () + pAu,(t) + A’u(t) =0, >0, (1.7)
u(0) = xo,  u,(0) = yo, (1.8)

were given by Fan and Li [5], where p > 2 cosq, for a fixed value o € (0,7—;). In [6] Fan and Gao discussed

asymptotic behavior of solutions for the linear elastic system with structural damping

u, () +pdu,r) +5’u(r) = h(t), >0, (1.9)
u(0)=xp, u,(0) =y (1.10)
and the semilinear elastic system with structural damping
(1) + pu, () + A u(t) = f(Lu@t)), 0<t<a, (1.11)
u(0)=xy, u,(0)=y,, (1.12)

in Banach spaces, where p > 2cosa, for a fixed value o € (0, g), 4 is a sectorial operator, —s{ generates

an analytic and exponentially stable semigroup on X,/ : [0,+) — X is continuous, and fis Lipschitz
continuous in the second variable. Although problem (1.1)—(1.2) has been an interesting subject, no
attempt has made to find its decay solutions with explicit decay rate, up to knowledge. This is the motiva-
tion for our study.

Motivated by [6], we deal with elastic systems with structural damping subject to nonlocal conditions.
The concept of nonlocal conditions were first used by Byszewski [7]. This notion is more appropriate than
the classical one to describe natural phenomena because it allows us to consider additional information,
see Deng [8], Byszewski et al. [9]. The purpose of this paper is to use a fixed point principle for condensing
maps for measures of noncompactness [10] to prove the existence of decay mild solutions u with

Ju@)| = O(e™) ast — .

The rest of our work is organized as follows. In the next section, we recall some notions and facts
related to measures of noncompactness and condensing map, which will be used to prove the existence of

mild solutions on [0,7'], T > 0 in Section 3 and the existence of decay mild solutions on R" in Section 4.
In the last section, we give an example to illustrate the obtained results.

2. PRELIMINARIES
Let £ be a Banach space. We denote by % ,(E) the collection of all nonempty bounded subsets in E.
Definition 2.1. A function ® : %P ,(E) — [0,+<0) is called a measure of noncompactness (MNC) in E if
D(coQ) = D(Q), VQ e P ,(E),
where coQ is the closure of the convex hull of Q. An MNC ® in E is called
(i) monotone if forVQ,,Q, € P (E), Q, C Q, implies D(Q)) < D(Q,);
(ii) nonsingular if ® ({a} U Q) = D(Q) forVae E,VQ e P (E);
(iii) invariant with respect to union with compact set if ®(K U Q) = ®(Q) for every relatively compact

K c Eand Qe P, (E);
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DECAY MILD SOLUTIONS 57

(iv) algebraically semi-additive if ®(Q, + Q,) < D(Q,) + D(Q,) forany Q,,Q, € P (E);
(v) regular if ®(Q) = 0 is equivalent to the relative compactness of 2.
An important example of MNC is the Hausdorff MNC y(-), which is defined as following:
x(Q) = inf{e > 0: Q has a finite e-net} 2.1)
forQe P, (E).
Proposition 2.2. Let y be the Hausdorff MNC on Banach space E,Q € P ,(E). Then for any € > 0 there

exists a sequence {x,},., C Q such that

X(€2) < 20({x,},m) + & (2.2)
Let C(]0,7]; X) be the space of all continuous functions defined on the interval [0, T’] taking values in

X, which is a Banach space with the norm || . = sup [u(7)] . It is known that, when X = R", the Haus-
t(0,7']

dorff MNC on C([0,7];R") is given by (see [11, Example 2.11])

Xr(D) = %lim sup max ||u(t) —u(s)

80 ,ep 1,5€[0,T],|r—s|<d

> D C(0,TI,R"). (2.3)

The last measure can be seen as the modulus of equicontinuity of a subset in C([0,7];R"). In C([0,T]; X)
with X being of infinite dimensional, there is no such formulation as (2.2). However, if D < C([0,T];X)
is an equicontinuous set then

X7 (D) = sup x(D()). (2.4)
1€[0,T]
Here % is the Hausdorff MNC in X and D(¢) = {x(¢) : x € D}.

Consider the space BC(R"; X) of bounded continuous functions on R taking values on X. Denote by
1, the restriction operator on this space, that is 7w, () is the restriction of # on [0,7']. Then

X=(D) = supxr(ny(D)), Dc BCR";X) (2.5)

T7>0
is an MNC. We consider other MNCs on this space as following

dr(D) = supsup Ju@®), , (2.6)
ueD 2T
d.(D)=1limd;(D), 2.7
T —c0
X (D) = Y (D) + d.(D). (2.8)

The regularity of MNC x* is proved in [2, Lemma 2.6].
‘We have the following estimate, whose proof can be found in [10].

Proposition 2.3 [10]. Let be the Hausdorff MNC on Banach space X, sequence {u,},_, < L(0,T;X) such
that ||un(t)|| y Sv(t),foreveryne N* and a.et € [0,T], here v e L(0,T) is a nonnegative function. Then we

have
xHj u"(S)dSH < 2 (), (2.9)
0

0
forte[0,T].
Using Proposition 2.2 and Proposition 2.3, we get

Proposition 2.4. [12] Let x, be the Hausdorff MNC on Banach space X and D c L,(0,T; X). If there exist
Sfunctions v,q € L,(0,T) which satisfy following conditions

(i) ||6(t)| LOT:X) <v(t),forvVOe Danda.ete[0,T],
(i) x(D(@)) < q(?), fora.et € [0,T], D(t) = {x(¢) : x € D}.

VESTNIK ST. PETERSBURG UNIVERSITY, MATHEMATICS Vol.50 No.1 2017



58 LUONG, TUNG

Then
x[juuths4quyh, (2.10)
0 0

where J‘Ot D(s)ds = {J-o[ O(s)ds : 0 e D}.

We denote by (§E(X AR ' X)) the space of linear bounded operators from X into itself, x is the Haus-
dorff MNC on X. For each 7' € $(X), we define the y — norm of T (see [11]) as following

7], = inftk > 0 : x(T(@) < kx(€), Qe By}. Q.11

We have following estimate (see [13])

Irl, <[ e.1)

LX)
We recall the following definition in [14, Definition 6.1.1].

Definition 2.5. A C,-semigroup {T'(t);t = 0} is equicontinuous if the function t \— T (¢) is continuous from
(0, +00) t0o L(X) endowed with the uniform operator norm || . || 20

To end this section, we recall the fixed point principle for condensing maps that will be used in next
section.

Definition 2.6 [13]. Let B be an MNC on Banach space E, and & + D c E. A continuous map
F : D — E is said to be condensing with respect to B (B — condensing) if for VQ e P (D), the relation
B(Q) < B(F(Q)) implies the relative compactness of Q.

Theorem 2.7 [10]. Let D be a bounded convex closed subset of Banach space E and let F : D — D bea 3
condensing map with B being a monotone and nonsingular MNC on E. Then Fix(F) ={xe€ D : x = F(x)} is
a nonempty compact set.

3. EXISTENCE RESULT
In the formulation of problem (1.1)—(1.2), we assume that

(A) The operator —s{ generates a equicontinuous C, semigroup {7T'(¢)},», on Banach space X. By this
assumption, %(s{) with the graph norm ||z||@( W = |2l| + [42]|, becomes a Banach space.

(G) The function g : C([0,T]; X) — %(HA) obeys the following conditions:
(i) g is continuous, and
le@lai, < Ol 3.1

forallu e C([0,T];X), where 0, : R" — R" is a nondecreasing function.

(ii) There exist non-negative constants 1, 13 ¢ such that
x(8(€2) <M xr (), (3.2)
x(Ag(Q)) < E,xr(€Y), (3.3)

for all bounded set Q < C([0,T]; X).
(H) The function 4 : C([0,T]; X) — X satisfies following conditions:

(i) There is a continuous and nondecreasing function 8, : R* — R" such that
[l < 0a(l]), 3.4
forallue C(]0,T];X).
(ii) There exists a non-negative constant 1, such that

X(A(€)) < M,x7(€2), (3.5)
for all bounded set Q < C([0,T]; X).
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(F) The nonlinear function f : R" x X — X satisfies:
(i) f(,v) is measurable for each v € X, f(¢,) is continuous fora.e r € [0,7], and

7@l < m@® (v, (3.6)
forall ve X, where me L,(0,7),6, : R* — R" is continuous and nondecreasing function.
(ii) If the semigroup 7'() is noncompact, there exists 1, : R — R such that n s € L,(0,T) and

X/ (1,Q)) <n(Ox(€), (3.7)

for all bounded set Q c X.

Remark 3.1. 1) If f(z,-) satisfies the Lipschitz condition, i.e.,

||f(t3v1) - f(t,VZ)”X < kf(t)"vl - V2||X,

for some k, € L;(0,T), then (3.6) and (3.7) are satisfied.

2) If g is compact, then (3.2) is satisfied.

Set

S =T, S8, =T(0©,), ©,+0,=p, 0606,=1, 0<0, <0,

We give the definition of mild solution to the problem (1.1)—(1.2) as following

Definition 3.2. A function u € C([0, T]; X) is said to be a mild solution of problem (1.1)—(1.2) on the
[0,T] if

u(t) = Sy(1)(x, — g(u)) + jsz(r — $)S,(s)vyds + j jsz(r — )S\(s = T f(t, u(t))dds, (3.8)
0 00

forany ¢ € [0,77], where v, = y, — i(u) + 6,4 (x, — g(u)).
We denote By ={ue C([0,T];X) : |u. < R}, where R > 0 is given. We define the solution operator
F: By — C([0,T]; X) by

F)(@) = 5,(0)(x) — gw) + Isz(f = 5)81()(¥o — M) + 0,(x, — g(u)))ds
b (3.9)
+ j jSQ(z — $)S,(s — 1) f(t,u(t))dds,

00
forVue By, Ve [0,T].
From the assumptions imposed on g, 4, f, we see that F'is a continuous map on Bj. Set

t

M = sup [0y, Ar = sup [[S: = S g5,

10,71 0.1

Y, = sup J' I||Sz(t—s)Sl(s — 1)

te0,T] 00

% X)m(t)d‘cds,

0, ifthe semigroup 7(-) is compact,
ts

sup II||S2(I —5)8,(s — T)||$(X)nf(’c)d’cds, otherwise.

071y

Lemma 3.3. Let (A), (G), (H), (F) hold. If

®T:

liminf L[M0,(n) + (6,(n) + 6,0 (M)A, + 0 (W)T,] <1 (3.10)
n

n—>00

then there exists R > 0 such that F(Bg) C By.
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Proof. Assume to the contrary that for each n € N, there exists a sequence {u,},_; € By with |u,[ . < n
but |F(u,)|. > n. From the formulation of F, we have

Fu,)(t) = Fi(u,) @) + F(u,) @) + Fu,) @),

where
FW)@) = 8,(1)(xg — g(v));
EW)@) = jSz(t = 8)S81(8) (o — H(v) + 6,A(xy — g(v)))ds;
0
E)@) = [ [$30 =985 -0/, v(1))dds.
00
‘We have
[Fw,) O, < |F@)@), +|Fw) O, +|F@) @, (3.11)
"Fl(un)(t)")( < "S2(t)"§£()() (”xO"@(&Q) + ”g(un)"@(sd)) < M("x()”@(&q) + eg(n))’ (3'12)

[Fsw) @l < [IS20 = SN gy ol + I + 02 st

0
+ 0, [[sdg,)] )ds < (vl + @] + 0[5t + 05 g gy Ar (3.13)
< (||y0||X +0,(n + 0o, ||&Qx0||x +6,0,(n)Ar.

[ @l < [ [I1820 = 9816 = Dl g, I @O ds
. 00 (3.14)
< [[lIs:6t =815 = v

00
From (3.11)—(3.14), we have

1F@) @) < M [xo]|gq + [olly + O ll8x0] ) + (MO (1) + (8,(n) + 5,8, (m)A7 + 0 ,(M)Y7),
which implies
||F(u,,)||c <M ||x0||@(A) + ||y0||X +0, ||&ﬁx0||X) +(MO,(n) + (0,(n) + 0,0,(M)Ar +6,()Y7).

Therefore

SE(X)m(T)Gf(”u,,(t)”X)d"cds <0,(mYr.

1 <i||F(u,,)||C Si[M”xO”@( o Holly +05 ||&¢x0||x]+i[Meg(n)+(9h(n)+029g(n) A +0,(mY,]. (3.15)
Passing to the limit in the last inequality, one gets a contradiction. Lemma 3.3. is proved. [
Lemma 3.4. Let the assumptions of Lemma 3.3 hold. Then

xr(F(D)) <[Mn, +4M, +6,5,)Ar + 8071 (D), (3.16)

Jfor all bounded sets D C By,

Proof. From the algebraically semi-additive property of i ,, we have
Xr(F (D)) < %7 (F((D)) + X r(F(D)) + X7 (F5(D)). (3.17)
1. For every z,,z, € F|(D), there exist u,,u, € D such that forz e [0,7],
z/(0) = F(u) () = $r(0(xo — &)  ( =12).
We have
||Z1(t) - Zz(t)”X = "Sz(t)(g(uz) - g(u1))||x-
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Then
o1 = 2ol < M|g(ur) — g@y) -
Hence
Xr(F(D)) < My(g(D)) < M r(D). (3.18)
2. Applying Proposition 2.2., for every € > 0 there exists a sequence {u,},., < D such that
Xr(F(D)) < 2xr({Fu,) ) + €, (3.19)

X(F,) (O0) < 2[ X(Sa( = )S1() (v = 1) + G254(x, = g({,})))ds
0
= 2[ S, = $)S,(5) Un({u,}) + G5g{u,1)) s
0

< 2831 = 91y XCA0,1)) + 60 (Ag 1, 1)))ds.
0

It is easy to see that {F,(u,)} is an equicontinuous set. Therefore

Xr({F,)}) < 2Mxr(u,}) + 028 Xr (ud)DAr <2y, + 6,8,)Arx (D), (3.20)
thanks to the assumptions (G) and (H). Since € > 0 is arbitrary, from (3.19) and (3.20) we have
X7 (Fy(D)) < 4M, + 6,8 )A 7% (D). (3.21)

3. Applying Proposition 2.2. again, for every € > 0, there exists {u,},_, D such that

Xr(Fy(D)) < 2xr ({Fy(u,)},2) + &,

e (3.22)
X(UFu) O < 4] [1(S2(t = 9S)(s = DS (3 (D })deds.
00
If T'() is a compact semigroup, so is S,(-). Then
XS, — )S,(s = f(T,{u,(1)}))=0 fora.e. 71€[0,7].
In this case we have x({F;(u,)(#)}) = 0. In the opposite case, we get
X(Fs) ) < 4] [[826 = 98165 = Dy 0 1 @ 1, (D })dTds
00
< 4] 18t = 5S1(s = Dl M O, () s,
00
It is easily seen that {F;(u,,)} is an equicontinuous set, which implies
Xr({F3u,)}) < 40y (D). (3.23)
From (3.22) and (3.23), we have
Xr(F(D)) < 8071 (D). (3.24)
Combining (3.17), (3.18), (3.21) and (3.24) yields
Xr(F(D)) S[MN, +4M;, + 6,E,)Ar + 8077 (D). (3.25)

Lemma 3.4. is proved. [
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Theorem 3.5. Let the assumptions of Lemma 3.4. hold. Then problem (1.1)—(1.2) has at least one mild
solution on [0, T provided that

[:= M, +4M, + 0,6 A, + 80, <1, (3.26)

lim (MO, (n) + (8,(n) + 6,0 (M)A, +0,(mY,]<1. (3.27)

n—e N
Proof. From inequality (3.26), the solution operator F'is a ), — condensing. Indeed, letbe D c By is
a bounded set such that % (D) < x,(F(D)). Applying Lemma 3.4, we obtain
Xr(D) < %7 (F(D)) < Iy (D).
Therefore (D) = 0, and then D is relatively compact.

By assumption (3.27), applying Lemma 3.3, we have F(By) < Bi. Next we apply Theorem 2.7, the
%7 — condensing map F defined by (3.9) has set Fix(F) c By which is compact and nonempty set. This
shows that the problem (1.1)—(1.2) has at least one mild solution u(¢), ¢ € [0, 7] given by (3.8).

4. EXISTENCE OF DECAY MILD SOLUTIONS
In this section, we consider solution operator F on the following set:

BCy(B) = Bx N {VE BCR™;X) :supe” |[v(1)], < B},

eR”

where By, is the closed ball in BC(R™; X) centered at origin with radius R; B and y are positive numbers

which are chosen later. This is a bounded convex closed subset in BC(R"; X).

On BC}(B) we make use of MNC y* given by (2.8). We will prove that F keeps BC }(B) invariant, i.e.,

F(BC}(B)) c BC}(B), and Fis x* condensing on BC}(B). To this end, we have to replace (A), (G), (H),
and (F) by stronger ones:

(A*) Operator —d is the infinitesimal generator of a equicontinuous C, semigroup {7'(¢) },», such that

7@y, < Ce™, 120,

where C,d > 0 are positive constants.
(G*) The assumption (G) is satisfied with any 7" > 0.
(H*) The assumption (H) is satisfied with any 7" > 0.

(F*) The assumption (F), is satisfied with 0 ,(r) = r,m, € L"(R"),andme L}OC(R+), such that

520

S
K =sup j ¢ ODO=D (VAT < oo,
0

Set

t
M, = sup|S:0yrys A = 5up [[S200 = )8, (5)] g 0,5,
eR* teR* 0

ts

Y. =sup [ S, - )Sis - v

4
teR 00

@ X)m(T)dT,ds,

0, if the semigroup 7'(-) is compact,
ts

~sup I J' 1S5( = $)S,(s — 1)
00

teR*

j(x)nf(’c)d'cds, otherwise.

In what follows, let ¥ € (0,00,] be fixed.
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Lemma 4.1. Let (A%), (G*), (H*), and (F*) hold. If

limL[M_6,(n) + (©,(n) + 6,0,(MA]+ Y. <1, (4.1)
n—oo N
2
and K€ <1 (4.2)
oo, -y

then there exist positive numbers R, B such that F(BC}(B)) < BC(B).

Proof. 1. Firstly, we prove the existence of B, which is invariant under the solution operator F. Indeed,
assume to the contrary that for each n € N, there exists u, € B, satisfying |u,||_ < n but |F(u,)|_ > n. By
the same arguments as in Lemma 3.3, we have

1E @) O] < M(xolleq, +8(0), (4.3)
[Fo,) D], < (woll, +04(m) + 0, |slxo|, +0,0,(n)A., (4.4)
|F@,) @), <nY... (4.5)

From (4.3), (4.4), and (4.5), we obtain
||F(u,,)(t)||X <M., ||x0 + ||y0||X +0, ||&dx0||X) +(M_0,(n) +(0,(n+0,0,(n)A. +nY.),

for each r > 0. Therefore

|9b(&ﬂ)

1 1
1< =[[F@)|. < =IM.]xoll g +Iolly + 02 oo ]
h n (4.6)
+L1M.0,(n) + 0,(n) + 6,0 (M)A +nY..].
n

Passing to the limit as # — oo in the last relation, we get a contradiction to (4.1).

2. Next, we prove that there is a positive number [ such that F(BC}(B)) = BC}(B). Indeed, assume to

the contrary that for each ne N there exists u, € BC(n) (this means supe” |u, ()|, < n) such that
eR*

supe” |F(u,) @), > n Then

eR”

er "Fl(un)(t)”)( < er "S2(t)":£()() (”xO”gz)(gg) + ”g(un)”@(w)) < er "S2(t)”§£()() (||x0||@(&g,> + eg(”un”w))

C (4.7)
s m[”xo"@(&a) +0,(R)] < C["x()”@(&i) +6,(R)],
t
" |Exw) @l < € [15: = 9SSy (ol + ] + 0 stxo] + 02 g, )] s
’ t
< Clloll, +8aua|) + 2 x|, + ozeg(||u,,||w)]ew‘5“2>’jef’“‘?“‘l”ds (4.8)

0
< Cl[”)’o”)( +0,(R)+ 0, ||éﬁx0||x +0,0,(R)],

for every ¢ > 0, thank to u, € BC}(n). Here C, is a positive constant which is independent of u,,.

ts

" [Ew) O < e[ 1826 = 9)Si(s = Dy I @ (0] dTds
00

N

t
<Ce" _[ J- 0021900 o ||u,,(17)|| L dtds
00
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s

t
=C 2e7’I PR [I e 2T ) (D] d’c} ds
0

0

t s
) _ _ _ —1)—
<nC eyt_[e 803(1=9) Ue 301(s=0) Wm(’c)a"c]ds,

0 0

we see that
s N
IG_BGI(S_T)_YTm(T)dT _ J.3_561(x_r)+7(s_r)€_ysm(’5)d’f
0 0

N
= efysj.ef(sc‘*” “Om(tydt < Ke ™,
0
thank to y < 86,. Therefore

1

2
e |Fyu) @), < nczKeY’je*f"’Z"*”*YSds < nKC” (4.9)
” 06, —y
From (4.7)—(4.9), we have
2
" [Fu) )y < Callxollo, + Wolly + 02 fls8o] + 1+ 0200, (R) +8,(R)] + SnGK—Cy’
-

for Vu, € BC}(n) and V¢ > 0, where C, = max{C,C,}. This implies that

C 2
1< Lsup e |Fu,) 0, < Sl + ol + 0 shxo]  + (1 +02)8,(R) +0,(R)] + KE—.
n o n 06, -y
Passing to the limit as # — oo in the last relation, we get a contradiction to (4.2). ]
Lemma 4.2. Let (A*), (G*), (H*), and (F*) hold. Then we have
X(F(D)) S[M.n, +4M, + 6,8,)A. + 801 (D), (4.10)
Jor all bounded set D — BC}(B).
Proof. Let D ¢ BC}(B) be a bounded set. We have
X'(F(D)) =x.(F(D)) +d.(F(D)). (4.11)
1. Thanks to Lemma 3.4, we obtain following estimates
X=(F(D)) < X.(F(D)) + X (F(D)) + Y. (F5(D)), (4.12)
and
X (F(D)) £ M. M X.(D), (4.13)
X=(F2(D)) < 4, + 6,8 )A . (D), (4.14)
X=(F5(D)) < 80 %..(D). (4.15)
From (4.12)—(4.15), we have
X=(F(D)) S[M.Mg +4M, +6,E A + 80 I..(D). (4.16)

2. Now let D < BC}(B) be a bounded set. Then, for all u € D, we have
e"|Fu)@)|, <B as - e

This means |F(u)(t)|, <Pe™,Vue D, for all large 7. Equivalently, for a large 7, one has
d(F(D)) < Be™.
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Therefore

d.(F(D)) = limd;(F(D))=0. 4.17)

T —oo
Taking into account (4.11), (4.16), and (4.17), one gets the conclusion of the lemma. ]
Combining Lemma 4.1 and Lemma 4.2 we get the following theorem.
Theorem 4.3. [f the assumptions of Lemma 4.1 are satisfied and the inequality

I, =Mm, +4Mm, + ngg)Aw) +80, <1 (4.18)
takes place, then the problem (1.1)—(1.2) has at least one mild solution on R" such that " |u(t)| = O(1) as

I —> oo,
Proof. By inequality (4.18), the solution operator F'is a }* condensing, thanks to Lemma 4.2. Indeed,

if D < BC}(B) is a bounded such that y*(D) < y*(F(D)). Applying Lemma 4.2, we obtain
X*(D) = "(F(D)) < L.x*(D).
Therefore y*(D) = 0, and so D is relatively compact.

By assumption (4.1), (4.2) and Lemma 4.1, we have F(BC}(B)) = BC}(B). So applying Theorem 2.7,

the solution operator F defined by (3.9) has a compact and nonempty fixed point set in BC }(B), which
contains decay solutions of the problem (1.1)—(1.2).

5. AN EXAMPLE

Let Q be a bounded domain in R” with the smooth boundary Q. We consider the following problem:

u,(t,x) —pA,u,t,x) + Aiu(r,x) = f(@t,x,ut,x)), t>0, xeQ (5.1)
N

u(0,) + [ ke, (0, )y = 9x), 4 (0,2) + Y Caalty, x) = W(), (5.2)
Q i=1

Uy =0, (5.3)

where £ : R" x QxR — R is a continuous function, ¢ € H(l)(Q) N Hz(Q), Yy e LZ(Q), and
ke L'(QxQ) suchthat Ak e L(QXQ).

Let X = L*(Q) and o = —A, with the domain 9(s) = Hy(Q) N H *(Q). It is known that (see, e.g.
[15]), —sA generates a compact (and hence equicontinuous) semigroup 7°(-), which is exponential stable,

T@) < e, with A, > 0 being the first eigenvalue of s{. Writing
u(t) = Ll(t, ')a f(t,V) = f(,V()),

ie.,

N
g@) = [ kC.yuO,y)dy,  hw) =Y Catt;,),
Q

i=1
we can transform the problem (5.1), (5.3) to the abstract form (1.1)—(1.2). Concerning the nonlinear
function f, we assume that, there exists a function m € L}OC(R+) such that
[f@t,x, 2| <m@)|d], V(t,x,2)e R"xQxR.
Then we have
||f(t,v)||X < m(t)||v||X, Vve X.
Noting that the operator
Gv) = [ K, )v(r)dy

Q
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is of Hilbert—Schmidt type as an operator on L2(Q), then it is compact. This implies the map g defined by
g(u) = Gu(0,") is also compact. Similarly, sdg is a compact mapping. So the condition (G*)(ii) is satisfied
withm, = &, = 0. In addition, we see that

le@l <[], @ 0.

|)( < ”k”Lz(QxQ) ”u”c
Thus (G*)(i) is testified.
Regarding the function /, we have

N
) = by < DIC fatir) = a2,,)

i=1

N
P [ZICI-I]IIM =it -
i=l

Then

N
W) < [Z|C[|]xm<sz>.

i=1

The assumption (H*)(ii) is satisfied with n,, = Zl\il |Ci|. On the other hand, it is easily seen that

N
] < (ZICI-I}IIUILQ,

i=1
which implies (H*)(i).
By the above settings, by simple computations one gets

M.=1, ©.=0, A.<[h(c,-0)]",

=3

1

K = sup j e MO Ly,

>
120 0

N
0,(r) = ”k"Lz(QxQ) r 9,0 = [Z'CJ] “r.
i=l

Applying Theorem 4.3 we can conclude that, the problem (5.1)—(5.3) has at least on solution
ue BC(R"; L}(Q)) satistying e” [lu(r)] 2., = O(1) as t — +oo provided that

K <)o, -, (5.4)
N
||k||L2(QXQ) + (Z|c,.| +0, ||k||L2(QXQ)][7»1(cs2 —op T+ YL <. (5.5)
i=1
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