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Abstract—The effect uniform crystal rotation has on conjugate radiation-convective heat transfer is studied
numerically in a system geometrically equal to a simplified scheme of the upper part of the growth unit in the
Czochralski process. It is shown that the spatial form of convective f lows becomes unstable under the action
of rotation. Secondary vortices appear, substantially improving the efficiency of cooling the crystal.
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INTRODUCTION
The Czochralski process is a common way of grow-

ing single crystals of a wide range of materials [1–3].
A single crystal is transferred from the free surface of
a melt onto a seed crystal with a specified crystallo-
graphic orientation. At the initial stage of crystal
growth up to a specified diameter, heat is withdrawn
from the crystallization front (CF) mainly by con-
ductivity through a single crystal to the cooled stem
on which it is mounted. During the growth of a single
crystal, heat is withdrawn from its lateral generatrixes
mainly through convective and radiation mecha-
nisms of heat transfer [1–8]. The relative role of con-
ductive heat withdrawal through a single crystal and
stem depends on the length of the former and the
coefficients of heat conductivity of both [2, 3, 7]. The
intensity of radiation–convective heat withdrawal
from the crystal depends on the drop in temperature
between the CF and the cold walls of the growth
chamber filled with gas. The structural perfection of
the resulting single crystals depends not only on the
convective heat transfer at the CF, which determines
its shape, but on the nonstationary fields of tempera-
ture and thermal stress inside the crystal [1, 4–8]. As
the crystal grows, we must ensure the symmetry of
temperature field in the crystal and the minimum
temperature gradients [1–7]. The nonlinearity of
problems of conjugated radiation–convective heat
transfer between the crystal, melt, and environment
means we must solve a great many problems at differ-
ent geometries of the computational domain, which
changes with the growth of the crystal. Global mod-
eling is computer intensive, so our results from calcu-
lations were obtained in a narrow range of control

parameters [4‒6]. To understand the general princi-
ples of the dependence of temperature fields inside
crystals on the intensity of heat withdrawal from their
generatrixes and corresponding thermal stresses, it is
logical to solve the problem with partial modeling
[6–8]. Partial modeling by no means fully describes
these processes, but it allows us to determine general
trends in the behavior of the considered systems upon
a change in the control parameters, either individu-
ally or in groups. The effect the rate of the crystal’s
uniform rotation has on the temperature fields inside
the crystal at different lengths and speeds of rotation
in the range of 1 to 25 rpm was studied using finite
elements [9].

STATEMENT OF THE PROBLEM

Considering the axial symmetry properties of heat-
ing units used to grow single crystals in the Czochral-
ski process, calculations were performed using a two-
dimensional axial-symmetric statement. The geome-
try of the computational region corresponds to a sim-
plified scheme of the upper part of the growth cham-
ber consisting of single crystal, seed crystal, stem,
walls of growth chamber, and a screen separating the
melt’s surface from the gas (argon) in the growth
chamber. Dimensionless nonstationary system of
equations of Navier–Stokes, energy and continuity to
the Boussinesq approximation written in vortex vari-
ables, and the stream function, azimuthal velocity,
and temperature were used to model mixed convection
in gas:
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(1)

where T, ω, W, ψ, u, and  correspond to the tempera-
ture, velocity vortex, azimuthal velocity, stream func-
tion, and the radial and axial components of velocity.
Gr = (βg/ν2)  is the Grashof number in dimen-
sionless equations. Here, β is the coefficient of the vol-
umetric expansion of gas, g is the gravitational con-
stant, ν is the kinematic viscosity of argon, ΔT is the
drop in temperature between the crystallization front
and the walls of the growth chamber, and RS is the
radius of the crystal. The Prandtl number of argon
Pr = ν/a = 0.68, where a = λG/ρCP is the coefficient of
temperature conductivity, λG is the coefficient of the
heat conductivity of gas, ρ is density, and CP is the heat
capacity at constant pressure. Crystal radius RS was
used as the geometric scale when reducing the equa-
tions to dimensionless form. The temperature scale
corresponded to drop ΔT in temperature. The velocity
scale was ν/RS. The scale of radiation f luxes was

RS
2/λGΔT. The time scale corresponded to 
Temperature fields in a solid were calculated using

the heat conductivity equation in dimensionless form
on the same scale as the system of Navier–Stokes
equations:

(2)

where λG is the coefficient of the heat conductivity of
a single crystal.

Radiation f luxes were calculated according to zone
[10] by assuming the computational domain was lim-
ited to an isolated system of surfaces; all surfaces of the
system were grey, diffusively-emitting, and diffusively-
reflecting; the surfaces were split into zones, within

which radiation properties and temperature can be
considered constant; and the medium filling the
growth chamber is diathermic. Backward ray tracing
was used to determine the visibility scopes of the zones
and angular coefficients were calculated that represent
the fraction of radiation energy emitted by one zone
that has reached another. Effective angular coeffi-
cients were calculated with known angular coefficients
by assuming as many as 10 reflections of radiation f lux
(i.e., the fraction of radiation energy emitted by one
zone and absorbed by another). The effects of the self-
irradiation of a zone and self-shadowing were also
considered.

The resulting radiation fluxes from the surfaces were
calculated from the distribution of temperature on the
surfaces of the system and the effective angular coeffi-
cients. They were then considered additions to the condi-

tion of perfect contact  where

Q is the resulting radiation f lux.
While searching for thermal stress fields, the quasi-

stationary problem of thermoelasticity was solved
using the thermoelastic potential of displacements
[11]. Let the strain of solid thermally induced by vol-
ume expansion be specified by the displacements
along axial directions ui. We assume displacements can

be expressed as  Here, F is thermoelastic

potential of displacement. Thermal stress fields can be
determined from the distribution of the thermoelastic
potential of displacements:

(3)

Here, σ is the thermal stress, μ is Poisson’s ratio, E
is Young’s modulus, Δ is the Laplacian, and δij is the
Kronecker delta. The thermoelastic potential of dis-
placements can be found by solving Poisson’s equa-
tion [11]

(4)

where α is the coefficient of linear expansion and T is
the temperature field at a specific moment in time.

The field of the thermoelastic potential of displace-
ment was thus determined from the known tempera-
ture field distribution at a moment in time. The fields
of the thermal stress components are determined from
the thermoelastic potential of displacement. The von
Mises equivalent stress was then determined from
known distributions of the fields of thermal stress
components, which are specified by the equation [11]

(5)
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The problem was solved at the boundary condi-
tions described below. The maximum temperature in
the system (1683 K) was specified on the crystalliza-
tion front:  Heat insulation, impermeability,
and no-slip conditions were specified on the screen
separating the melt’s surface from the growth cham-

ber:    Minimum tem-

perature in the system was maintained on the walls of
growth chamber, and the impermeability and no-slip
condition was specified:  

 The impermeability and no-slip con-

ditions were specified on the generatrixes of crystal
and the rate of rotation and condition of perfect con-
tact were specified by assuming radiation f luxes

   

 The normal stress on all

surfaces of the crystal is zero: 
Numerical modeling was performed using finite ele-

ments on an unevenly spaced grid with 101 × 501 points
consisting of triangular finite elements having the speci-
fied linear functions. Calculations were made using the
heat conductivity of the crystal: λS = 26 W m−1 K−1,
which is characteristic of single-crystal silicon. The heat
conductivity of argon was λG = 5.83 × 10−2 W m–1 K−1, the
temperature conductivity of gas a = 3.74 × 10−4 m2 s−1,
the coefficient of the volumetric expansion of gas was
β = 6.4 × 10−4 K−1, and the kinematic viscosity of gas
was ν = 2.54 × 10−4 m2 s−1. The characteristics of
argon at 1600 K were used [12]. Radius RS of the crys-
tal was 0.05 m. One dimensionless time step was
0.098 s. The emissivity of all surfaces of the system was
0.5. Poisson’s ratio μ was 0.25, the crystal’s coefficient
of linear expansion α = 5.2 × 10–6 K–1, and Young’s
modulus E = 1.59 × 10−11 Pa.

RESULTS AND DISCUSSION
Our calculations were made in the mode of conju-

gated heat transfer at different combinations of the
joint effect of conductive, radiation, and convective
mechanisms of heat transfer. The effects of buoyancy,
centrifugal forces, and their joint effect were consid-
ered during convective heat transfer. Calculations were
made in the 0 to 25 rpm range of crystal rotation with
Grashof number Gr = 16000 corresponding to drop in
temperature ΔT = 1330 K and set of crystal lengths
H/RS = 2, 4, 6, 8.

Results from calculations showed that the tempera-
ture field was nonuniform in the crystal in all regimes,
so the distribution of radial and axial temperature gra-
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dients in different parts of the crystal was also nonuni-
form (Fig. 1). In the conductive and radiation–con-
ductive regime (Fig. 1a), the nonuniform distribution
of temperature gradients was primarily due to the
complex shape of the single crystal and the notable
contribution to the removal of heat from the crystal
from the conductive transfer of heat through the seed
crystal and stem to the cold upper part of housing.

Ignoring buoyancy but allowing for the radiative
removal of heat, a stationary system of Taylor vortices
arises (Fig. 1b) in the range over the crystal under the
action of centrifugal force. The gas f lux is slow in the
near-bottom region and has virtually no effect on the
field of crystal isotherms. The heat from the crystal is
transferred to the environment almost in the regime of
radiation-conductive heat withdrawal. As a result, we
observe a drop in the total cooling of the crystal.

A stationary spatial form of convective f luxes forms
under the effect of buoyancy. It consists of three vorti-
ces with the separation of the boundary layer from the
generatrix of the stem at level z = 5.5 (Fig. 1c). A con-
vective vortex forms with the movement of the f lux in
the lower part directed away from the housing walls to
the base of crystal and a rising f lux along its genera-
trixes between the generatrixes of single crystal and the
cold walls of housing. The same vortex occupies part
of the space over the crystal. An analogous vortex
arises between the generatrixes of the stem and hous-
ing walls, partially preventing the gas warmed at the
base of the crystal from moving to the upper part of
growth chamber. Due to the much larger size of a con-
vective vortex near a single crystal and more intense
convective f luxes in the near-bottom region, radial
gradients at the base of the crystal rise much more
than the ones during convection due to centrifugal
forces. Under the action of gas rising along the gener-
atrix of a single crystal warmed at the crystallization
front, the efficiency of removing heat from the lateral
surface of a single crystal, and the total efficiency of
cooling a single crystal warmed uniformly along its
height, are reduced. The crystal in this case exists at a
high temperature, the radial temperature gradients are
relatively high, and the axial temperature gradients are
relatively low.

With the joint effect of buoyancy and centrifugal
forces, the spatial form of convective f luxes loses sta-
bility and the gas f lux becomes nonstationary
(Figs. 1d–1f). Secondary vortices form in the upper
part of growth chamber. They travel down the stem up
to the range of the seed crystal and collide with the
vortex that occupies the region over the crystals and
between the generatrix of the single crystal and the
cold walls of the housing. Allowing for the radiative
removal of heat, axial temperature gradients grow
remarkably in the regime of gravitational–centrifugal
convection (Figs. 1d–1f).

Figure 2 shows the temporal evolution of the veloc-
ity field in the region over a single crystal at a crystal
: PHYSICS  Vol. 86  No. 7  2022
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Fig. 1. Isotherms (right) and isolines (left) of the stream function at a crystal height of H/RS = 4 and time t = 200 in different
modes: (a) conductive (left) and radiation–conductive (right), (b) radiation–convective with allowance for centrifugal forces at
25 rpm, (c) radiation–convective with the allowance for buoyancy, (d) radiation–convective with allowance for centrifugal forces
and buoyancy at 1 rpm, (e) radiation–convective with allowance for centrifugal forces and buoyancy at 10 rpm, and (f) radiation–
convective with allowance for centrifugal forces and buoyancy at 25 rpm.
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Fig. 2. Evolution of vector field of velocity and field of isolines of stream function over time, allowing for the joint effect of buoy-
ancy and centrifugal forces, a crystal height of H/RS = 4, and a 10 rpm speed of rotation at times t = (a) 35, (b) 70, (c) 105, (d) 140,
(e) 175, and (f) 210.
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height of H/RS = 4 and a 10 rpm speed of rotation. We

can the secondary vortex is pushed to the cold walls of

the housing, along which it rises further when the sec-

ondary vortex collides with the one over the crystal.

The warmed gas is consequently exhausted into the

upper part of growth chamber, and the efficiency of

cooling the single crystal falls drastically. The shape of

the convective f luxes starts to stabilize as the speed

of rotation grows, though it remains nonstationary.

The vortex over the crystal starts to grow, partially pre-
BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES
venting the gas heated near the base from penetrating
into the upper part of the growth chamber. The effi-
ciency of cooling of the crystal consequently falls and
it is warmed more uniformly along its height (Fig. 1f).

After the f low loses its stability under the action of
centrifugal forces and starts to f luctuate, the tempera-
ture field in the single crystal, seed crystal, and stem
starts to oscillate (Fig. 3). Heat waves propagate in the
single crystal and reach their maximum amplitude in
near the top. Figure 4 shows deviations of the dimen-
: PHYSICS  Vol. 86  No. 7  2022
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Fig. 3. Temperature reached at z = 3.75, allowing for the
joint effect of buoyancy and centrifugal forces, a crystal
height of H/RS = 4, and a 10 rpm speed of rotation at
points (1) r = 1; (2) 0.5; (3) 0.25; and (4) 0.
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of buoyancy and centrifugal forces in the radiation–

convective regime. We can see the thermal stresses

duplicate the oscillations of the temperature field in

the crystal, which are also greatest in the upper part of

the crystal.

Calculations were performed at the discrete set of

crystal length values H/RS = 2, 4, 6, 8. At the qualita-

tive level, patterns of the evolution of the fields of iso-
BULLETIN OF THE RUSSIAN ACADE

Fig. 4. Profile of deviations of von Mises equivalent stress values 
of equivalent stresses at time t = 0, the joint effect of buoyancy a
speed of rotation at times t = (1) 3.4 (t = 35), (2) 6.9 (70), (3) 10
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(a)
lines of the stream function and isotherms over the
upper faces of the crystals coincide. However, heat
fluxes from the generatrixes of the crystals also depend
on their length. Figure 5a shows the dependences of
the height distributions of radial temperature gradients
along the generatrixes of the crystals on their length.
These dependences show the distributions of dimen-
sionless local heat f luxes from the lateral surfaces of
the crystals. Removing the heat on the generatrixes of
the crystals affects the radial distributions of the radial
temperature gradients in the crystals (Fig. 5b). We can
see that the integral heat f luxes grow along with the
length of the crystals and the area of their lateral sur-
faces, while the temperature gradients grow near the
CF in proportion to the rise in the integral heat f luxes.

CONCLUSIONS

Finite elements were used to perform a numerical
study of conjugated heat exchange in the walls of a
crystal environment–growth chamber system geomet-
rically identical to the simplified scheme of the upper
part of the heating unit in the Czochralski process.
Calculations were made in the conductive, radiation–
conductive, and radiation–convective regimes, allow-
ing for the effect of centrifugal forces and buoyancy.
Our studies were performed at 0 to 25 rpm speeds of
crystal rotation and Grashof number Gr = 16000 cor-
responding to drop in temperature ΔT = 1330 K in the
range of relative crystal lengths 2 ≤ H/RS ≤ 8. It was

shown that the spatial form of convective f luxes loses
stability under the effect of centrifugal forces, and
fluxes of gas are transformed into f luctuating regimes
at all lengths of the crystal. The evolution of gas heated
near the base of a crystal to the upper part of the
growth unit was observed. This resulted in the oscillat-
ing form of heat transfer from the crystal generatrixes
MY OF SCIENCES: PHYSICS  Vol. 86  No. 7  2022

at z = (a) 0.15 m (z = 3) and (b) 0.05 m (z = 1) on the distribution
nd centrifugal forces, a crystal height of H/RS = 4, and a 10 rpm
.3 (105), (4) 13.8 (140), (5) 17.2 (175), and (6) 20.7 s (210).
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Fig. 5. Profiles of (a) radial temperature gradient in section r = 1 and (b) axial temperature gradient in section z = 0.02 in the
radiation–convective mode, allowing for centrifugal forces and buoyancy at a 10 rpm speed of rotation and different heights of
the crystal: H/RS = (1) 2, (2) 4, (3) 6, and (4) 8.
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and the distribution of heat waves in the bulk crystal at
all lengths of the crystals. Raising the speed of rotation
to 25 rpm stabilized the spatial form of convective
fluxes. The amplitude of oscillation of heat f luxes
inside the crystal fell as the crystal grew longer.
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