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Abstract—We examine a weighted Xz—distribution of a variable & that is a weighted sum of squares of
independent standard normal random variables, where the weights that can be positive or negative. In
the case of doubly degenerated weights, we obtain general expressions and discuss in detail some spe-
cial cases. We show that if the weights are positive, then the values of £ are distributed over the interval

€ € [0,) and when & — 0 the distribution density decreases as &"/ > Where n is the number of

degrees of freedom. This case corresponds to the Xz—distribution of the sums of squares of normally
distributed quantities. We find the expressions complementing the Euler-Lagrange equalities.
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1. INTRODUCTION

According to the definition the X2—distribution is the distribution of the variable

E=1) %, (1)
k=1

where x, are independent standard normal random variables with a zero mean and unit variance. For ease
of comparison with the results obtained below, we introduce the coefficient A.

The distribution of the variable  is well known:
L
CCRE
PC)=—"—"—[=2] e 2
© 2AT (n/2)\20 @)
It has a single maximum at the point § = A(n — 2) and its mean and variance are
(&) =nh, (€)-(&) =2, (3)

respectively. The number # is usually called the number of degrees of freedom of this distribution.

2. BASIC EXPRESSIONS

In the present paper, we discuss a more general distribution that is the distribution of the weighted sum
of random variables

&= hxi, )

=1
where the weights A, can be positive or negative. Such distribution appears in different applications (see,
for example, [1—4]). Although many authors examined the distribution of the variable (4), nobody suc-

ceeded in obtaining a closed form of the distribution function. They proposed different approximations of
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this function using, for example, series in the Laguerre polynomials [5, 6], gamma series expansions [7,
8], and so on. The papers [9, 10] present a comprehensive review of the approximation methods.

It is easy to see that the presence of the weights in the sum (4) can be treated as a sum or difference of
the standard normal random variables x; with the variance o; =[A,|" that is not equal to one:

= sen(L)(x /0,
When the number of degrees of freedom is not too large, to obtain the distribution of the variable (4)

we can use the convolution of distributions with fewer degrees of freedom. In what follows, we will obtain
a general expression for the case of a large number of degrees of freedom.

2.1. Convolution of Distributions

Suppose we have two random variables &, > 0 and &, > 0 whose distributions are B(§;) and B(&,),
respectively. Then the expression

PE) = [ d&, [ dE,REIPE[E - (& £ E)] 6)

defines the distribution of the variable & = &, + &,.
(a) Let us examine the distribution of the sum & = &, + &,. In this case, from Eq. (5) we obtain

&
! ROOPE = x)dx if €20, (©)

P@) =
0 if £<0
We see that the distribution of the sum & = &, + &, is nonzero only inside the interval § > 0.

(b) Let us examine the distribution of the difference & = &, — &,. From Eq. (5) it follows that in this case

[R(x+8 A £20
PE =" . (1)
jP )Py (x+[e)dx, £E<0

We see that the distribution of the variable § = &, — &, is nonzero both for £ > 0 and & < 0. Moreover,
when P(x) = P(x) the distribution P(§) is symmetrical about the point § = 0.

2.2. General Case

In the general case, it is difficult to apply the convolution method when the number of degrees of free-
dom is large. The expression

P(E) = ﬁIﬁJﬁzjﬁe %&—imﬁJ (8)
k=1

describes the most general form of the distribution of the variable (4). It is not difficult to calculate the
moments of this distribution performing the integration in Eq. (8). As a result, we obtain

n n
2 2 2
=DM (8)- =22\ )
k=1 k=1
We see that the expressions (9) are a generalization of the expressions (3).
When we replace the §-function with its integral representation the expression (8) takes the form

P(E',) o )n/2+1 Idmezw§H£J‘ kae——Xk l+z2w7w()} (10)

OPTICAL MEMORY AND NEURAL NETWORKS Vol. 31 No.3 2022



290 KRYZHANOVSKY, EGOROV

Carrying out the integration over the variables x, we obtain

PE) = 2i [———do (11)
°°HJ1+12037»,€

The following analysis of Eq. (11) depends on the order of degeneracy of the weights in the sum (4). In
particular, when A, = A, =...A, = A and # is even, the integral (11) has one pole of the order n/ 2 and we

obtain the standard )f—distribution (2) for the variable &/ A.

For definiteness of the calculations, let us suppose that # is even (n = 2M ) and all the weights in Eq. (4) are
doubly degenerated. In this case, for each pair A, = A, we introduce A,, = A, = A,. In other words, we
have M = n/ 2 different weights A,, and m = 1,2,..., M . Then we can rewrite the integral (11) as

PE) = 1
IIL[(1+z2wA )

We see that this integral has n/ 2 poles of the first order at the points @ = i/ 2A,,.

When integrating over ®, we have to consider the cases £ > 0 and & < 0 separately. When & > 0, only
the poles in the upper half-plane (Im @ > 0) of the complex variable ® determined by the positive weights
contribute to the integral (11). In the case § < 0, the integral (11) is the sum of the residues of the poles in
the lower half-plane (Im w < 0), which correspond to the negative weights A,,. With this in mind we
obtain

(12)

-&/2A,

PE =1 > , when &> 0, (13)
240 mﬁ<l ~AJA,)
o2
PE) = 2 — , when & < 0. (14)
AT AL /AL

rEm
Note that in Eq. (13) (§ > 0) we sum up only over A,, > 0 and when £ < 0 the summation in Eq. (14) is
carried out over A,, < 0.

We see that in the general case the distribution P(€) is asymmetric with respect to the point § = 0. It
becomes symmetric only in the special case of a symmetric spectrum of the weights A, when for each pos-
itive weight A, there is a negative weight A, = —A,.

Before proceeding to the analysis of special cases, let us discuss the general properties of the weighted

distribution P(€). For this purpose, we note that for any set of different values A,, A,,...,A,, the well-
known Euler-Lagrange equalities are valid [11]:

L, k=M-1

ZH(A —A,) {0, 0<k<M-2

r#m

(15)

These equalities follow from the properties of the Vandermonde determinant.

When k = M —1, Eq. (15) corresponds to a normalization of the distribution P(§). Indeed, performing
the integration in (13), (14) we obtain an evident result:

jP(é)dé ZH(A =1. (16)

r#Em

In addition, from Eq. (15) we see that if K = M —1 the function P(§) is continuous at the point & = 0.
Really, from Egs. (13) and (14) it follows that
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2

PE—0,)-PE—>0)= —Oand PE—0,)=PE—>0). (17)

AM-
ST
r+Em
The similar relations are also valid for the derivatives dkP/a’E,,k‘é o= dkP/afﬁk‘é o This means that
—0, —0_
derivatives of the order k € [1, M — 2] are continuous at the point § = 0. Moreover, in the case of a sym-
metrical spectrum of the weights, from Eqgs. (13)—(15) we have dP/ d&k ‘2—0 = 0 and consequently the dis-
tribution P(§) is symmetric with respect to the point § = 0 and reaches its maximum at this point.
Let us discuss the properties of the distribution in a more specific case of the same sign of all the

weights A,,. For example, let them be positive. Then from Egs. (13) and (14) it follows that P(§) = 0 when
€ < 0 and on the interval § > 0 we have

M 2 —§/2A

1
PE) = ZH(A Y,

r#m

£20, M =n/2. (18)

Setting & = 0 and comparing the obtained expression with Eq. (15) for k = M — 2 we see that at this point
the density P(€) is equal to zero. Moreover, when k < M — 2 the equality imposes conditions on the deriv-
atives of the function P(&) at zero point. Indeed, differentiating the expression (18) and comparing the
result with Eq. (15), we obtain

r M M-2-r
~Ch s Ay =0 when M -2>r>0. (19)

=l | (LY

r#m

dt’ley

From Eq. (19) it follows that the same as in the case of the standard the xz—distribution (2), the weighted

sum with the positive weights decreases as P(§) ~ &"/ *when& — 0.

Concluding this Section, let us note that the comparison of the moments of the distribution P(§) fol-
lowing from the general definitions (9) and the series representations (13) and (14) allows us to obtain
expressions that complementing the Euler-Lagrange equalities (see Appendix).

3. EXAMPLES OF SPECIFIC DISTRIBUTIONS

To understand more clearly the basic properties of the weighted Xz—distribution, let us discuss some
simple examples.

Example I. The simplest case of the distribution of the weighted variable corresponds to the number of
degrees of freedom n=2. Then & =& +&,, where & = Ax., &, = AyX3, A, > 0. The equation (2)
describes the distributions of the variables &, and &, with the numbers of degrees of freedom n, = n, = 1.
Consequently, P(&,) = exp(&, /2h,)/\2n0 &y, k =1,2.

(Ia) & = &, +&,. The variable § = &, + &, is positive definite. Therefore P(§) = 0 when & < 0 and in the
case & > 0 we obtain from Eq. (6):

_ge 1 (L_L]
1 0 M A dx

PEY=— L o 1) 4X > 0. 20

© 21t\/7y17»2e .([e \/x(é—x)’ 52 (20)

When substituting x = &cosz((p/ 2), after some transformations of the integral we obtain

Sl e e o ‘&( Lj,

21
AT 1)

P(©) =
s \/7» Xz
where [,(€_) is the modified Bessel function [12].

Since the asymptotics of the modified Bessel function are I(z) — 1 when z — 0 and [,(z) — €° / N2z
when 7 — oo we have
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1 e—%(xllth), & <1

24JA A, _né
e P £

PE) =

where A, = min(A,,A,). (22)

As we expected when A, = A, = A the expression (21) turns into the expression (2).

¢ (Ib) § = &, — &,. From Eq. (7) it follows that the distribution of the variable & = &, — &, for the interval
= 0is

Eo 1(1,1
1 o _E"(Tx_j dx

P — 1 1 2 . 23

© 2T, ¢ !e Jx(E&+ x) 23

An analogous expression for the interval § < 0 we obtain making the change in the integral (23): A, <> A,
and & — |g|. Then after some transformations we have for § € (—oo,c0):
| _g( 11 )
}\'l 2 —
PE) = spe=e T K G, &, =

é(i . Lj
JAA, a\n A,
and K(z) is the modified Bessel function [12] whose asymptotics are K(z) ~ [Inz| when z — 0 and
Ky(z) ~ e_z,/n/ 2z when z — . Consequently,

, (23)

E0u—hy)
PE) = #m e ln(lﬁlgf:%j when [§| <1 (24)
and
_&
P = Lo T B (25)
J2R[E[ (L, + 1) e‘z‘% -

Example II. Let us examine the distribution of the variable § = &, * &, with the number of degrees of

2 2
freedom n = 4, where &, = klzkzl x;, and &, = 7‘2Zk:1
&1,2 are defined by Eq. (2) with the numbers of degrees of freedom n, = 2.

xzzk, A, > 0. The distributions of the variables

(ITa) € = &, + &,. The distribution of the variable in question is nonzero only in the interval £ > 0. In
this case, from Eq. (6) we obtain:

oM _

P@E) = , €20, A 0 26
©) 200~y € 12 > (26)

and the moments of this distribution are
(&) =200 +2y), (€)= (&) =4(Af +23). 27)

As we could expect when A, = A, = A the distribution (26) turns into the standard X2—distribution (2) with
the number of degrees of freedom n = n, + n, = 4; the expressions for the moments of the distribution
coincide with Eq. (3).

(Ib) & = €, — &,. In this case, we obtain the distribution of the difference & = &, — &, from Eq. (7):

_5
20
B 1 e ™ £20
PE) = m B » Mp>0. (28)
e £<0
The moments of this distribution have the form
(&) =200 — 1y, (8) (&) =4(AT+13). (29)
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The expressions (29) coincide with Eq. (27) if we make a change A, — —A,. However, this is where the
coincidences end. We see that the distribution (28) is asymmetric with respect to the origin of coordinates
& = 0. Moreover, the derivatives of P(§) are discontinuous at the point & = 0. This example shows that the
weighted distribution can be very different from the standard form (2).

Example ITI. Suppose we have two variables &, and &, that are subject to the Xz—distribution with the
numbers of the degrees of freedom », and n,, respectively. The distribution of the variable & = £, + &, is
evident: it is defined by Eq. (2) with the number of degrees of freedom n = n, + i, .

Let us examine the distribution of the variable £ = £, — &,. From Eq. (7) we obtain

1
—€ ‘é‘ }11 2

P = const[e" (e +[g)™ e de, my, = el (30)
0

For the sake of simplicity we set n, = n, and m;, = m. In this case, the distribution is symmetric with
respect to the point § = 0. To analyze the asymptotics of this distribution we use the saddle-point method.
We suppose that m > 1 and rewrite Eq. (30) as

PE = B[ de, (31)
0
where P, is a normalization constant whose form is not significant. In Eq. (31)

S(S)zx—mln(xz—:—‘ﬁz), x=£+%|§, (32)

dS _|__2mx  d’S_x-m

b

dx* mx

dx 2 lg2
x" ==
4§

Setting dS / dx = 0 we define the saddle-point x; = m (1 +4/1+ &2 / 4m2) and the form of the distribution

P, 1

PE) = ——=(Qmx,) 2e7, 33
© m( mx,) ‘e (33)

From Eq. (33) we obtain the form of the function P(§) near the center of the distribution (|§| < m) and at
the tails (& > m):

1 g2

P@) ~ e ’1§|<m , m="2 (34)
e, g m

We see that the behavior of P(§) resembles the y2-distribution only at the far ends of the tails.

[\

Example IV. Let us examine the distribution of the variable (4) when the doubly degenerated weights
(n = 2M) have the form

1 1
—=—+((k-=-DA, Ay>0, A=0. 35)
A AL (k—1) 0 (
In this case, Eq. (13) takes the form
1 M 1
YN —~(k—1)EA
PE) = %e oy ] e . (36)

TAJTA (A=A

r#k

‘When we take into account the relation
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1 (_l)k—l

M

AkH[A, (A7 - A;l)] (k=M — k)!AM‘TM[ A,
m=1

r#k
from Eq. (36) we obtain:

M-1

_& ~Lea

l—e?
PE=Pe™ = —| |, b=——_J[O0+kA (37)
&.: 0 A 0 2(M—1)'A3/[H 0 )

As we could expect, when A — 0 this expression passes to the non-degenerate case (2).

4. CONCLUSIONS

Our analysis shows that in the general case the distribution of the weighted sum bears little resemblance
with the standard (not weighted) % >-distribution. Although the function P(§) is continuous, its derivatives
are generally discontinuous at the point & = 0 except for a few special cases. In the general case, our
attempt to determine the maximum of the function P(§) failed. The expressions (13) and (14) allow one
to calculate the distribution P(€) in the most general case.

APPENDIX

Using the found expressions we can obtain many different equalities for different sets of the weights
AI,AZ’...’AM-

(i) From Eq. (8) it is not difficult to obtain directly the expressions for the moments of the distribution

P(§). The same expressions follow from Egs. (13) and (14). Indeed, integrating the series in these equa-
tions we can easily calculate the first two moments, which are

N AL
(&)—ZH(A " (AD)

< 2> z AM+1 (AZ)
A, -A)

Comparing Egs. (A.1) and (A.2) with the general expressions (9) we obtain a generalization of Eq. (15)
tothe case k > M:

=1

M
Z]‘[(A eI A9

M+1
=4 A 2% A A4
ZH(A SR +[2 J "y

We can obtain the analogous equalities comparing the higher moments calculated using Egs. (8), (13)
and (14).
(ii) The approach described below allows us to derive some useful equalities. Suppose we have a series
M

AY
;(Z—Am)]'[mm -

r#m

We (conventionally) add a new variable A ,,,, = Z to the variables A, and rewrite this series in the follow-
ing forms

OPTICAL MEMORY AND NEURAL NETWORKS Vol. 31 No. 3 2022
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M AM—] M AM—] AM_1 M+1 A(M+l)—2
Z I = _Z T =n M - Z . .
Z-A]A =M A=A A -y T [ - A

r£m rEmM r=1 rEm

Since the last sum in this chain of equalities is strictly equal to zero we obtain

—_—

N

W

b

93]

2

oo

10

11.

12

M M-l M-1
> —2 - (A6)
BCER) | (CHEP R | [EAP W

r#m r=1
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