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Abstract—For many dynamical systems that are popular in applications, estimates are known for
the decay of correlation in the case of Hélder continuous functions. In the present article, we suggest
an approach that allows us to obtain estimates for correlation in dynamical systems in the case of
arbitrary functions. This approach is based on approximation and estimates are obtained with the use
of known estimates for Holder continuous functions. We apply our approach to transitive Anosov
diffeomorphisms and derive the central limit theorem for the characteristic functions of certain sets
with boundary of zero measure.
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1. INTRODUCTION

Let (M, d) be a metric space, let u be a Borel measure on M, and let T': M — M be a transform
that preserves the measure y, i.e., we have u(A) = pu(T~1A) for every Borel set A. Let 1 < p, ¢ < oo and
let 1/p+1/q = 1. Consider functions f € L,(M) and g € Ly(M). The paired correlation coefficients

(or simply the correlation function) is defined by the rule

en(frg) = /M F(@)g(T") dpa(z) — /M £ (@) du(z) /Mg@:) du(z), neN.

A dynamical system (7', ) is said to be mixing if we have
cn(fyg) — 0 as n— oo forall f,g € Lao(M).

An important statistical property of a dynamical system (7', u) that characterizes its chaoticity is
quite rapid decay of the correlation function in the case of regular functions (we call them observables).
In applications, it is usual to regard H'older continuous functions (or functions from an extension of this
class) as these regular observables. As is well known, in the case of irregular observables, the correlation
function may decay as slowly as desired. For example, as is shown in [23], for every measure preserving
mixing mapping, every numerical sequence {a,} that may decrease to zero as slowly as desired, and
every nonzero function g € LY(M), there exists a function f € Ly(M) such that c,(f,g) # O(ay)
as n — oo. Moreover, such a behavior, i.e., as slow as desired decay of the correlation function, is typical
for functions in Ly (M) (see, for example, [9]).

Nevertheless, for each particular pair of observables, it is interesting to know the exact rate (evenif it is
very slow) of decay of their correlation function. To the best of author’s knowledge, there are no examples
of systems with estimates for the correlation function for all observables among publications on mixing
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dynamical systems.! Examples are known of estimates for the correlation function for observables that

are not H'older continuous (see, for example, [22, 28] and the references in these articles) such that
the dependence of the rate of decay of the correlation function on regularity of observables is reflected
in coefficients that are similar to the modulus of continuity. The aim of the present article is to use
known estimates for regular (for example, Holder continuous) functions and a suitable approximation
by such functions and to obtain estimates for al/ other observables. [t turns out that the rate of decay
of the correlation function and regularity of observables are connected by the best approximation. We
mention a feature of our approach. Namely, dynamical properties of systems that influence on the decay
of the correlation function are already taken into account in estimates for regular (Hélder continuous)
observables, while the rates of decay of additional terms that arise in approximation depend on the rate
of approximation only.

1.1. Initial estimates for correlation. Let

§p © Lp(M) and &, C Ly(M)

be normed spaces of complex-valued functions that are defined on M. We assume that, for all f € ),
g € &, and n € N, the following estimate for the correlation function holds:

lea(f,9)| < C(f,9)®(n), (1)

where C(f,g) is a nonnegative constant and ®(n) — 0 as n — oo. We assume that ® depends on
the whole spaces §, and &, instead of particular functions f € §, and g € &,.

We consider the least possible constant C' such that estimate (1) is valid. Then C possesses additional
properties. We fix a function g € Ly(M). Notice that, forall a € C, fi, fo € §p, and n € N, we have
cn(afl,g) = acn(fla 9)7 Cn(fl + f27g) - Cn(fla g) + Cn(fQ,g).
Since the constant is minimal, we conclude that

Cfi+ f2.9) < C(f1,9) + C(f2,9),
Claf,) <1alC(f.9) = lalc Jaf.a) < Cat.o).

Moreover, if f =0 then C(f, g) = 0 in the obvious way. We conclude that C' = C(f, g) is a seminorm
with respect to f. Similar arguments show that C' = C(f,g) is a seminorm with respect to g. In
the sequel, we assume that these seminorms are proper norms of the corresponding spaces and C' admits
a representation of the form

C(f.9) = Allflls, llglle,

where A is a positive constant that is independent of f and g, || - [|3, is a norm in §, and | - [|e, is
anormin &,. In[8, Theorem B.1], sufficient conditions can be found guaranteeing that the constant C' =
C(f,g) can be represented as the product of norms (up to a constant factor) in the corresponding spaces.

Thus, estimate (1) is uniform on balls of the spaces §, and &, and has the form

[ea(£.9)] < Alf 5 llglle, @), n € N. @

If inequality (2) holds then we say that the correlation function for §,-observables with respect to
&,-observables decays at the rate ®.

Numerous dynamical systems are known that admit estimates for the correlation function of this
type (see, for example, the monograph [2]). Among them, we mention classical transitive Anosov
diffeomorphisms [6] and a large class of systems admitting the Gibbs—Markov—Young structure [26, 27]
that includes several popular billiards [10].

"During the preparation of the final version, the author found article [12], where estimates are obtained for the correlation
function in the case of all L2-observables for expanding endomorphisms of a torus.
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ESTIMATES FOR CORRELATION IN DYNAMICAL SYSTEMS 189

1.2. Approximation by the spaces §, and &,.In the sequel, we assume that the space g, is everywhere
dense in L,(M) and the space &, is everywhere dense in Ly (/). This assumption leads to the following
natural questions. Is it possible to use approximation and obtain meaningful estimates for the correlation
function for a class of functions that is wider than §, and &,? How the rate of their decay depends on
the rate of approximation? Is it possible to obtain estimates of the same type as in (2), i.e., with a constant
that is representable as the product of norms in the corresponding spaces? By a meaningful estimate we
mean that it allows us to derive statistical laws (for example, the central limit theorem) following [25] or
to obtain estimates for the rate of convergence in the von Neumann ergodic theorem, see[14, 17].

The idea to use approximation in estimates for the correlation function is not new. It was successfully
employed, for example, in the remarkable article [9], where approximation in Lo(M) was considered for
the case in which §s is the set of functions measurable with respect to a Markov partition of the phase
space M and &9 = F2 . Smooth approximation was used in [15] in the case of a periodic Lorentz gas
and estimates for the correlation function were constructed for the characteristic functions of sets with
rectifiable boundaries. The present article is dedicated to development of the approach from[15]in a more
general situation. One more new feature of our estimates for the correlation function is as follows. We
introduce normed approximation spaces such that the character of estimates for approximation (and, as
we will see, for the correlation function) is the same for observables in these spaces.

The best approximation serves as a parameter of approximation. For f € L, (M) and t > 0, the best
approximation of order ¢ of the function f by the class §, is defined as follows:

7i(t) = essinf {||f — hllp - h € Fp, ||hllg, <t} (3)
The definition of the best &,-approximation of order ¢ of a function g € L, is similar. We denote it
by 74(t).
The article is organized as follows.
In Section 2, we formulate and prove the main result, i.e., Theorem 2.1 and its corollaries.

In Section 3, we show that the sets of functions associated with various estimates for the best
approximation form normed spaces and establish certain their properties.

In Section 4, we consider transitive Anosov diffeomorphisms as an example of application of the main
result. We show that the central limit theorem is valid for certain new observables, see Theorem 4.2.

The appendix is dedicated to Holder approximation of the characteristic functions of sets with
boundary of zero measure. We use results from the appendix in derivation of the central limit theorem.

2. ESTIMATES FOR THE CORRELATION FUNCTION
FOR GENERAL OBSERVABLES

2.1. Formulation of the main result. We introduce sets of integrable functions that correspond to
various estimates for the best approximation. Let = be the set of all functions © : Ry — R that decrease
to zero, i.e.,

@(tl) > @(tQ) for 0 <t < t2,

O(t) —0 as t — 400,
and let Z° C = be the subset of functions that eventually vanish.

Definition 2.1. For © € =, we denote by §,(0) the set of all functions f € L,(M) such that, for
a suitable constant ¢ > 0, the best §,,-approximation satisfies the inequality

Tf(ct) < cO(t) (4)

for every ¢ > 0. The set of all such constants is denoted by C(©, f). We denote by || f||3, (o) the greatest
lower bound of this set, i.e.,

[ fll3,(0) = essinf c. (5)
ceC(©,f)
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In Proposition 3.3 below, we show that, for every function © € =, the set §,(©) forms a normed space
with respect to the norm from (5).

The following assertion is the main result of the present article. It shows that the initial estimates
for decay of the correlation function from (2) for §,-observables with respect to &,-observables allow
us to obtain estimates of the same type in the case of §,(©1)-observables and &,(©2)-observables for
arbitrary ©1, ©5 € E. Moreover, the rate of decay in the case of new observables is explicitly represented
in terms of the rate of approximation and the rate of decay of the correlation function for §,-observables
with respect to &,-observables. We denote by ©1 V ©3 the supremum of functions ©1 and ©,.

Theorem 2.1. Assume that the correlation function for §,-observables with respect to &,-

observables decays at rate ®. Let
@1, @2 € =.

Then, for every pair of [unctions f € §,(01), g € B4(O2), there exist a number ng € N, a con-
stant A" > 0, and a function ® with ® (n) \, 0 as n — oo such that, for every n > ngy, we have

len(f,9)| < A'llf Iz, 0019l 6,02 ' (0). (6)
IfO1V Oy ¢ E0 then @' (n) = ®(n)v(®(n)), where v : Ry — Ry is the inverse of

1(@1\/@2)(\/15), t >0,

and ng € Nis the least natural number such that the inequality
@(no)v(q)(no)) <1
holds.
I[O1V Oy € 20 then ®'(n) = ®(n) and ng = 1.

In applications, if the rate ® of decay of the initial correlation function is either exponential or power
function then the following problem often arises: Find new observables such that the same (exponential

or power function) rate of decay is preserved, i.e., ®'(n) = ®(n)v(®(n)). We consider such situations.

For specific rates of decay (see, for example, [13]), this question should be considered separately. We
leave it to the reader interested in such dynamical systems. We recall that, for nonnegative values a =
a(t) and b = b(t), the relation a(t) = O(b(t)) as t — to means that there exists a constant ¢ > 0 such
that the inequality a(t) < ¢b(t) holds in a neighborhood of ty. We put

©=0;V0,

Corollary 2.1. Let the conditions of Theorem 2.1 hold with an exponential estimate for
the initial correlation function, i.e., ®(n) = 6" for a suitable § € (0,1). Then, for all f € §,(01)
and g € &4(02), the following assertions are valid.

(i) IfO(t) = Ot P)ast — +oo then
len(f,9)| = O(07™) as n — +oo,
where > 0,v € (0,1), and § = 12_“’7.
(ii) 17 O©(t)log) - (@té)) = 0(1) as t — +oo for a suitable § > 0 then
len(f.9)] = 0(n™°) as n — +o0.

Corollary 2.2. Let the conditions of Theorem 2.1 hold with a power [unction estimate for
the initial correlation function, i.e., ®(n) = n~% for a suitable a > 0. Then, for all f € §p(©1) and
g € 6,4(02), the following assertion is valid.

(iii) IfO(t) = O(t™P) as t — +oo then
|en(f,9)] = O(n™7) as n — +oo,

where 3 >0,y € (0,a), and = aQ—ny'
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ESTIMATES FOR CORRELATION IN DYNAMICAL SYSTEMS 191

Corollaries 2.1 and 2.2 allow us to claim that the result of Theorem 2.1 is meaningful. Indeed,
we widen the set of functions that admit exponential and power function estimates for the correlation
function. Moreover, on the basis of the exponential and power function estimates for ¢, (f, f) with new
observables

f € 32(01) N GB2(02),

we obtain, with the use of [17, Theorem 7], estimates for the rate of convergence in the von Neumann
ergodic theorem for the same observables. We also obtain certain properties of the spectral measure of
f— [y fdu; namely, its behavior at zero[17, Theorem 3 and Remark 4] and an estimate for the Hausdorff
dimension of this measure [19, Proposition 3.11 and Remark 3.12]. Using estimates for the rate of

convergence in the von Neumann theorem, we may obtain estimates for the rate of convergence in
the Birkhoff theorem [17, 24].

Let & = Loo(M) and §F1 € Loo(M). We use exponential and power function estimates for ¢, (f, g),
where f € §1(01) and g € 84 and take into account [1, Theorem D] (see also [21, Theorem 1.2]).
We immediately obtain the corresponding estimates for large deviations of the ergodic averages for f €

$1(01) N Loo(M). In turn, this allows us to obtain estimates for the rate of convergence in the Birkhoff
theorem [17, Theorem 13].

We present one more application of the obtained estimates (derivation of the central limit theorem for
certain new observables) at the end of the article in discussion of particular dynamical systems (transitive
Anosov diffeomorphisms).

2.2. Proofs of the main results. The following lemma shows how to take into account the quantitative
characteristics of approximation in estimates for the correlation function.

Lemma2.1. Assume that the correlation function [or §p-observables with respect to &4-
observables decays at rate ®. Then, for all f € L,(M), g € Ly(M),n € N, and t,s > 0, we have

‘cn(f, g)‘ < Ats®(n) + R(t, s), (7)
where
R(t,s) = 2(1¢(O)llgllg + o) fllp + 74 (t)7(5)) (8)
and A > 0is the same constant as in inequality (2).

Proof. Let hy € §,, be an approximation of f in L,(M) and let hy € &, be an approximation of g
in Ly(M). Simple calculations and estimate (2) show that, for every n € N, we have

len(£,9)] < len(hr, ho)[ + (1 llp+Rrllp)llg = hgllg + (lgllg+lgllg) 1F = Poglly
< Allhsllz, [ hglle, 2(1)
+2(Ifllpllg = hglla + llgllg|f = Rrllp + lg = Rgllgllf = Pogllp)-
We consider the infimum over all hy € §, and hy € &, such that
thng S t, thH@q § s for t,S Z 0.

We obtain the required estimate (7).

Choosing suitable ¢t = ¢, and s = s, and substituting them into (7), we may obtain satisfiable
estimates for the correlation function. It is clear that the choice of such sequences (cf. the proof of
Theorem 2.1 below) depends on the rate of approximation R(t, s).

Proof of Theorem 2.1. First we consider the case in which
©=0;V0, §é EO,

i.e., at least one of the functions ©1, ©4 does not eventually vanish. By the conditions of the theorem
(see Definition 2.1 and (14)), we have

Tr(at) < a©q(t), 14(bt) < bOa(t)
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192 PODVIGIN

for every t with ¢ > 0, where a = || f||5,(e,) and b = ||g]|s,(@,)- Taking into account these inequalities
and (8), we obtain

R(at,bt) = 2(|lgllg7s(at) + (| fllp7g(bt) + 74 (at)e(bt))
2(allgllg®1(t) + bl fll,O2(t) + abO1(t)Oa(t))

2(allgllg + Il llp + ab)(©1 v ©2)(¢)

for every t such that t > 0 and (©1 V ©9)(t) < 1.

<
<

We denote by v the inverse of the monotone decreasing function 1 (©1V0Oy) (\/t ) ., i.e., we put

(©1V ©2)(vv(s)) =v(s)s, s> 0. (9)

[t is clear that v(s) — +o00 as s — +0. We consider an increasing sequence {t¢, } of real numbers such
that

2 = v(@(n)

for every n with n > ng. The number ng € N is determined by the condition

(©1V 0)(tny) = (©1 v 63) (1/u(®(10)) ) = B(no)u(®(no)) < 1,

where the latter equality is a consequence of representation (9). We use estimate (7) with ¢t = at,
and s = bt,, and equality (9). For n > ng, we obtain

len(f, 9)| < Aabt?®(n) + R(aty, bty)
< Aabt;, ®(n) +2(allglly + 0l fll, + ab) (©1 V O2)(ty)
< Aab®(n)v(@(n)) + 2(allglly + bllflp + ab) (€1 V ©2) (\/v(fb(n)) )
= ((A+2)ab + 2al|glq + 2b] f]lp) 2 (n)v(2(n)).
It remains to notice that || f||, < a©1(0) and ||g||; < bO2(0), see (15). We find that

(A +2)ab + 2al|g|lq + 2| fllp < (A +2)ab + 2abO2(0) + 2abO;(0)
= (A+2+2061(0) 4 20,(0))ab = A'ab.

Second we consider the case in which ©1, 0, € Z°. There exist tg, sg > 0 such that
(I llz,01)t) =0, t > to,
74(ll9lle,(02)8) =0, s > so;

hence, we have R(t,s) = 0if t > 0| f|[3,(0,) and s > so||f|le,(0,). We substitute t = to|| f| 5,(0,) and
s = s0l|9le, (e,) into estimate (7). For every n > 1, we obtain

|en(f,9)] < Atollf Iz, 01)50l19ll e, (02)2(n) = A"l f I3, (01 l9ll 6, (02) B (n),

which is estimate (6) with the constant A" = Atysg and the function v = 1.
Proofs of Corollaries 2.1 and 2.2. We prove the following equivalences:

(i) we have ©(t) = O(tP) as t — +oc if and only if ®'(n) = O(0™) as n — +oo, where 3 > 0,
v € (0,1),and g = 12_“’7;

(ii) we have ©(t)log), (Qtzt)):O(l) as t— + oo if and only if ®'(n)=0(n"%) as n— + oo;

(iii) we have ©(t) = O(t?) as t — +oo if and only if ®'(n) = O(n™7) as n — +oo, where 8 > 0,
v € (0,a), and § = QQ_VW.
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Assertions (i) and (ii) imply Corollary 2.1 and assertion (iii) implies Corollary 2.2.

We prove assertion (ii) only. The proofs of assertions (i) and (iii) are similar. Assume that, for
some ¢ > 0, we have
2

O(t) log5-, ( et( .

We consider the inverse of v, i.e., the mapping defined by the rule v=!(t) = ©(v/t) /t. This equality is
equivalent to the condition

> =0(1) as t — +oo.

tv= (1) loggfl (U—}(t)> =0(1) as t — +oc.

We substitute t = v(6™). Since the functions under consideration are monotone, we obtain the following
equivalent condition:

0"v (™) logs-, <01n> =0(1) as n — 4o0.

Simple transformations lead to the following condition:

' (n)n® = O(1) as n — +oo.

3. APPROXIMATION SPACES 3,(©)

In the present section, we study certain properties of sets of the form §,(©). In particular, we show
that they form normed spaces that are everywhere dense in L, (M) and extend §,. The reader interested
in applications of Theorem 2.1 may skip it and pass directly to Sec. 4.

3.1. Properties of the best approximation. It is obvious that, for each f € L,(M), the best §,-
approximation 7; is a function that decreases to zero and we have

77(0) = [If[lp- (10)
Moreover, the function 77 is continuous. Indeed, it is immediate from equality (3) that, for every pair
of numbers ¢t > 0 and € > 0, there exist ng = ng(t,e) € N and a sequence h,, € §, with ||k, ||z, <; such
that, for every n. > ng, we have

1f = Pallp = 74(t) <e
and, consequently,
[Pnlly < [1fllp + 75 () +& <2/ fllp + &

[t > 0 then, for an arbitrary § € (0,t), we have ||h, — h,6/t|5, <t — d. Taking into account this fact
and the estimates above, we obtain

)
7(t) < 74t = 6) < I = hn = hd/tllp < I = hallp + Pl

0
< 7p(t) +e+ t(2||f||p +¢)

for every n > ng. Since € > 0 was arbitrary, we have

(1) < 7yt — ) < 7y (1) + 1P (1)
for every t > 0. We substitutet + § fort in (11). For every ¢ > 0, we obtain
2[| f1lp6
T4 (t) — t+§ < 7t +0) < 74(1). (12)

[t remains to pass to the limit as § — 0+ in inequalities (11) and (12).
In the sequel, we will need the following property of the best approximation (see [3, Lemma 7.1.1.] for
a similar property).
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Proposition 3.1. /ft > 0,a,b € C, and
c=|a| +[b| #0
then we have
Tapitbfa(ct) < lalTp () + [bl 7, (2)- (13)
Proof. Inequality (13) is immediate from the following chain of inequalities:
Tafi4bfs (ct) = essinf {Hafl +bfa—hlp: heFy, bz, < ct}
< essinf {Hafl +bfa = hllp : h = ahy + bhy, hj € Fp, 1|5, < Ct}
< essinf {||af1 +bfy — ahy — bhallp : hj € Fp, ||hjll5, < t}
< essinf {||af1 —ahi|lp: b1 € Fp, ||Pall3, < t}
+ essinf {||bfo — bha|lp : ha € Tp, ||h2llz, <t}
= lal7y, (t) + [bl 75, (2).

3.2. Geometrical meaning of the functional || - ||z, (). In practice, it is difficult to calculate (and
even estimate) the values of the best §,-approximation 7, of an arbitrary function f € L, (M) (see,
for example, the classical result on approximation by integer-valued functions [3, Theorem 7.2.4]). [f
an estimate is known for ¢ of the form 74 (t) < ©(t) for every ¢ > 0 then this estimate need not be optimal
in the following sense: There may be a tangible difference between the graphs of the functions 7y and ©.
In this case, we can make these graphs closer by expanding the graph of 7 along the axis OX (i.e., we
pass to 7¢(ct)) and simultaneously contracting the graph of © along the axis OY (i.e., we pass to cO(t)).

We perform such expansion and contraction while relation (4) is preserved for all £ > 0. The optimal
parameter for simultaneous expansion and contraction is || f||5,(e)- The following assertion shows that

inequality (4) holds for the constant || f{|5,(e)-

Proposition 3.2. Let f € §,(0), where © : Ry — R, decreases to zero. Then we have

C(£,0) = [Ifllz,©): +0). (14)

Proof. 1t is clear that, for the zero function, we have C'(0,0) = R,. Let f be a nonzero function.
Since 7y is monotone and continuous, we obtain
1 1
O(t) > sup Tr(ct) = Tr(|lf t
Q ceC(f,0) € s(et) 1 f1l3, ) 11715, 1)

for every t > 0. It remains to notice that if ¢ > || f[|z, @) and ¢ > 0 then we have

rr(ct) < 74 (1f5,0)t) < Ifll5,0)O(t) < cO().

By Proposition 3.2 and equality (10), we find that the norm [| - ||, is subordinate to the norm [| - ||, (@),
i.e., for every function f € §,(©), the following inequality holds:

1fllp < 115,0)©(0)- (15)

3.3. Norm in §,(©). Since the best approximation is monotone, we take property (13) into account
and conclude that §,(©) is a linear space.

Proposition3.3. Let ©:R; — Ry be a [unction that decreases to zero. Then F,(©) is
a normed space with respect to the norm || - ||z, (e)-

Proof. We prove that §,(0) is a linear space. It is clear that it contains the zero function because
70(t) = 0 < O(t) forevery t > 0.
Let f1, fo € 3,(©). Then we have

71 (c1t) < 10O(t), T4 (cat) < 20(1)
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for every ¢ > 0, where ¢1,co > 0 are constants. We consider a,b € C with ¢ = |a| + |b| # 0. Since
the best approximation is monotone and possesses property (13), we obtain

Tafi+bfs (clar V e2)t) < al7y, ((e1 V e2)t) + [bl7s, ((e1 V e2)t)
< Jalr, (ext) + Blrpy(eat) < (laler + blea) O
< c(e1 Ve2)O(t)

for every ¢ > 0. By definition, this means that the function af; 4+ bf2 belongs to the set F,(©).
Thus, §,(0©) is a linear space. We check the properties of the norm.

[t follows from inequality (15) that

/
g0 2 g

Hence, if ©(0) # 0 then we have || f| 5,(@) = 0if and only if f = 0. It is also clear that ©(0) = 0 implies
f=0.1f f # 0then it follows from property (13) with b = 0 that

Tag (lalct) < al7s(ct) < |alcO(t)
forallt > 0and ¢ € C(f,©). We conclude that
laflls, @) < lalllflz,@©)-

The reverse inequality is a consequence of the above inequality and can be obtained by a well-known
trick:

1
lall| f1I3,0) = lal L

1
< lal  laflis, ) = laflig, @)

B (

Thus, we have proven that the norm is positive uniform. It remains to check the triangle inequality.
We again use property (13) and representation

fi
N£lls, @

¢ €C h e, weC ik o],
| f1ll3, (@) I f2ll3,(0)

fi+ f2 = fillz, 0 + || f2ll3, 0

p)
M fallz,0)
Forallt > 0 and

we obtain
Th+f ((||f1||sp(@) + [ f2ll5,(0)) (e1 V Cz)t)
<|lfillz,er n  (at)+fallzg@7 o (c2t)
1711z ,(0) 21z, (o)
< I f1llz,©)c10) + |l f2ll5,©)c20(t)
< (I1fillg,0) + If2ll5,0)) (c1 V 2)O(2).
We conclude that

11+ fallg,0) < (I1llg,0) + 1 f2ll5,0)) essinf Sc1 Vez 1 € C f1 0,
1f1ll3,0)

i
C e
@< <Hf2”3p(@) )}

which is the required conclusion. This completes the proof of Proposition 3.3.

= [Ifillz,©) + I f2llz, @),
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3.4. Partial order on the family of spaces §,(©) with © € Z. From the proof of Proposition 3.3 it
follows that

5(0) = {0}

It is also clear that

Ly(M) = | 3,(0).

Oc=

Indeed, for an arbitrary function f € L,(M), we may put ©(t) = 7¢(t). Then f € §,(©) in the obvious
way. Taking into account (15), we obtain || f||z, @) = 1. Notice that from inequality (15) it follows that
the embedding §,(©) C L,(M) is continuous for every function © : R4 — R that decreases to zero.

For f € L,(M), we denote by Z¢ the set of all © € = with f € §,(©). The following assertion shows
that it is possible to introduce a partial order on the family of the spaces §,(©) with © € Z¢. This family
lacks the greatest element. If f # 0 then it also lacks the least element.

Proposition3.4. /[ ©,0’ € E and ©' < © then §,(0') C §,(0) and, for every f € F,(0'), we
have

1fllz,0) < Iflz,0) (16)
Moreover, if 0 # f € L,(M) then

essinf© =0, sup [|flz,@) = +oo.
OcEy O€Ey

Proof. Since © < O, we have
Tr(ct) < cO'(t) < cO(t)
forall f € §,(©'),t>0,and c € C(f,O’). Hence, we have f € §,(0) and inequality (16) holds.

We consider an arbitrary © € Zy. It is not difficult to verify that, for every € > 0, we have ©, € Zy,

g '

essinf O(t) < essinf ©(t) = essinfe© <t> =0.

©€cEy e>0 e>0 €

We conclude that

Assume that

IFII"=sup [|fllz,@) < +o0
@E:f

forsome f € L,(M). Then, forall © € Z¢ and t > 0, we have
T (LF1') < 7 (£ 5, 00t) < 1 fll5,00() < I£1,0).
We find that
Tr(Iflpt) < If1l, essinf ©(t) =0
©cz;
for every t > 0. We obtain f = 0, which is a contradiction. Therefore, we have || f|| = +oc.
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3.5. Everywhere density of §,(©) in L,(M). For a,b > 0, we put
Oup(t) = b(1 —t/a)x(0,a)(t).

Lemma3.1. /fa,b > 0then T, C Fp(Oup).
Proof. We consider a function f € §, with f # 0. It is not difficult to verify that

() < Il (L =t/ 11fll5,) X101 5115,

forevery ¢ > 0. Indeed, it suffices, in the definition of 7¢(%), to consider the function h € §, that coincides

with ffort > || f||5, and with fort <||fllz,- Weputd =d(f) = 17l We find that

tf
1£1l55 I llsp

. <|rf€uspt> < 18 (catr —1/21x0.)

foralle > 0and ¢ > 0. We choose € = min{a, b/d}. For every t > 0, we have

. <||fl|sp t> < 18 (41— tyape).

which is the required conclusion. Moreover, the inequality

/15,
1500 <20 (17)

holds for every f € §,. This completes the proof of the lemma.
Proposition 3.5. /[ © € ZEand ©(0+) = tli%1+ ©(t) > 0 then we have

Sp S 8p(0)-

Proof. In view of Proposition 3.4 and Lemma 3.1, it suffices to prove that there exists a number
a = a(©) > 0 such that

Oa.a(t) < O(1)

for every ¢ > 0. We assume the contrary, i.e., assume that, for every a > 0, there exists ¢ty = tp(a) > 0
such that

@a,a(to) > @(to). (18)

By the definition of ©, 4, we have t5 € [0,a). In (18), we pass to the limit as a — 0+. We find that
to(a) — 0+ and

< 1 p—y 1 —_ Pt
0<0O(0+) < alg& Oq,q(to) al_l)%l_i_a to(a) =0,

which is a contradiction.

The following assertion is immediate from relations (15)— (17).

Corollary 3.1. Assume that the conditions of Proposition 3.5 hold. Then there exists a number
a = a(©) > 0such that, for every f € §,, we have

I£1l5, e
@(6”8; <|1flz.c0) < I a”” if 1 fllp = 11f1l3,
f 1flls,
g(gg < ||f||8p(9) < a3 Tl < 1 7ls,-

Notice that ©(0+) = 0 implies §,(©) = {0}. Thus, the nonzero space §,(0) is an extension of
the space §p; hence, it is everywhere dense in Ly,(M).
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4. TRANSITIVE ANOSOV DIFFEOMORPHISMS

In the present section, we consider a well-studied dynamical system (transitive Anosov diffeomor-
phism) and demonstrate the applications of Theorem 2.1 for deriving the central limit theorem. In
the proof, we use approximation of the characteristic functions by Hélder continuous functions (see
the appendix). We also use the notation from the appendix. For example, we denote by H, (M) the set
of Hélder continuous functions of class o with a € (0, 1), by || || the Holder norm, and by Hold, (f)
the Holder constant.

We begin with known results on Anosov diffeomorphisms that will be needed in the sequel.

4.1. Initial estimates for the correlation function. Let M be a compact C*°-smooth Riemannian
manifold and let T be a C'T®-smooth transitive Anosov diffeomorphism, i.e., the differential DT is
a H'older continuous function of class a with a € (0,1).

For an invariant measure p we take the SRB-measure. A well known result of [5] says that, for

H'older continuous functions, the correlation function decays at the exponential rate with respect to this
measure. This result was first obtained for mixing topological Markov chains and then transferred to
transitive Anosov diffeomorphisms with the use of methods of symbolic dynamics. It can be also proven
with the use the construction of a Young tower with an exponential tail [26]. Here we use estimates with
more precise constants which were obtained in [6] with the use of coupling methods.

Let ds = ds(z,y) be a metric on the stable manifold W* and let d,, = d,(x,y) be a metric on
the unstable manifold W* induced by the Riemannian metric on M. There exists v € (0, 1) such that

ds(Tx, Ty) < vds(z,y), x € W?y),
dy(T7 2, T y) < vdy(z,y), =€ W"(y).

We fix § > 0 and § € (0,1). For a measurable function f: M — R, we consider the following semi-
norms:

_ i@ - w)
1£lls = I flloo + [ flss | fls ds(m,yﬁ))ch dg(x,y) )
|f(z) = f(y)]

[l = 11fllx + 1 fluws [fla=" sup

dy(z,y)<d dg(l‘, y) ’

where the norm || f||; is taken with respect to the Riemannian volume on M. Let C; denote the set of all
measurable functions f : M — R with || f||s < oco. Itis clear that f € Hg(M) implies

[flls < [Ifllg < oo
Similar arguments for f € H, (M) show that

[f1lu < max{|[1][1, 1}]| flla < oo

As is proven in [6, Corollary 2.1], there exist constants 0 < ¥ < 1 and Cp > 0 such that, for all
fe€HyM),ge Cq, andn € N, we have

len(f,9)] < Crll fllullgllsd™.

In the sequel, we consider bounded functions only. Hence, we may use a similar estimate; namely,

lea(f,9)] < Crmax {|[1]l1, 1} f]lL]lg]s9", n €N,
where

1A = 1 oo + |f T

It is clear that this inequality remains valid for complex-valued functions f € Hy(M) + iH, (M) and
g € Cs +iC,. We introduce the same norms as for real-valued functions. Simple calculations allow us
to obtain a similar estimate; namely, we have

len(f,9)| < 4Crmax {|[1]l1, 1}IfI[L]lglls9", neN. (19)
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Since, for every v € (0,1), the set of functions of the form H, (M) +iH,(M) is everywhere dense
inL,(M),1 < p < oo, we may apply Theorem 2.1 (and Corollary 2.1) to

Sp :é’{a(M + iH, (M) with the norm || - |

!
q = Cs +1iCs with the norm ||+ || o

and

foreach 1 < p < oo with1/p+1/q = 1. Moreover, we have ®(n) = 9".

4.2. Central limit theorem. In [25, Theorem 14], the exponential decay of the correlation function
for every (real-valued) function f € H,(M) N Cs was used in the proof of validity of the central limit
theorem (CLT) for the same observables. We generalize this result to a wider class of observables;
namely, to the class of the characteristic functions of Borel sets A C M such that, in a neighborhood
of the boundary 0A, there is a power function singularity of order [ > 0, i.e.,

va(6) +7(6) < Cad’ (20)

for every 6 > 0 and a suitable constant Cy4 > 0. For the definition of functions 4 and 44, see
formula (26) in the appendix. Let ¥; denote the family of sets with boundary of zero measure that
satisfy (20). Notice that, in [20], the principle of large deviations was studied for the sequence of times of
return to a set from X;.

Since, for every Borel set A C M, we have

va(8) = yMA(6),

we find that A € ¥ ifand only if M\ A€ X, If M CRN, N > 1, and . = m” is an N-dimensional
Lebesgue measure then each bounded Borel set A with rectifiable piecewise-smooth boundary belongs

to the class ;. A similar assertion is valid for measures p with bounded density that are absolutely

continuous with respect to m?V.

We recall the notation and facts that will be needed in the proof of the CLT. For a real-valued
function f, we denote

n—1
Su=Y_foT!, Ef=[ fo)ds, DS, =B(s})-ES,)
=0 M

The assertion of the CLT is as follows: The distribution of the sequence (S,, — nEf)/v/D S, converges
to the standard normal distribution, i.e., for every v € R, we have

lim 4 <Sn — kS < ’U> _ ! / e /2 ds.
n—oo \/D Sn \/27T —00

The following theorem (see [11, Sec. 7.8; 25, Theorem 1| and Corollary 3]) allows us to derive the CLT
from the condition of rapid decay of the correlation function. Let 0 < b < a < 1/2 and let

p=1[n", qa=n"), k=[n/(p+q)] ~n'"" (21)
foreveryn € N
Theorem 4.1. Let
eivf/\/k]D)Sp

= ., wy=g-goT---goTP L

Forevery 2 <r <k, put

w, = wj o T(;D+f1)(7“—1)7 W, = wiws -+ Wp_1.
I] the conditions

(i) S0y nlen(f, )] < oo,
(i) lim 377 [epiq(wn, Wy)[ =0

hold for every v € R then the CLT is valid.
On the basis of this result, we prove the following assertion.

Theorem 4.2. The CLT is valid for every transitive Anosov diffeomorphism T with an SRB-
measure j and the characteristic function x a, where A € ¥, and 1 > 0.
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4.3. Proof of Theorem 4.2. By Theorem 4.1, it suffices to prove that conditions (i) and (ii) hold

for f = xa, where A € ¥;. We verify condition (i).
We put
d So = Ho(M) 4+ iH, (M) with the norm || - ||

an By = Cy + iCy with the norm || « ||s.

/
We describe spaces §2(©1) and &9(03) containing x 4. For arbitrary a, b, ¢ > 0, we put

. 1
®a,b,c(t) = mln{L |t . 1|c/ab} , ©2>0.

Lemma4.1. Let A € X for somel > 0 and let
O1(t) = On2,(t), O2(t) = Op2,(t).
Then we have
XA € F2(01) N G2(62),
max { x4l g.(01); [Xallea(00) } < max {1;1/Ca }.

Proof of Lemma 4.1. We consider the case of §2-approximations only. The case of ®4-approximations

is similar. We choose a function gpj’é as in Lemma A.2 below, where ¢ satisfies the equality 1 + 1/6% = ¢
fort > 1. Then we have

6 6
1< lox"l < lox"lla <1+ 1/6% =1t

and, consequently,

ea®) < xa = @30, < 7420) = 74 ((t —11)1/a>

for every ¢ > 1. Notice that, for ¢ € (1,1 +1/62(A)), we have

1 .
YA <(t— 1)1/a> = u(int A\ @) = u(4),

where 6,(A) is defined in the appendix. Moreover, we find that 7,,(0) = p'/2(A). Since the best
approximation is continuous, we combine the above facts and conclude that

Txa(t) Smin{Nl/Q(A)VYilm(‘t_ll‘l/a)} (22)

for every t > 0. Taking into account (22) and (20), we obtain

. 1
Talt) < mm{wwmﬁ” <|t _ Wa)}

o2
< min {MI/Q(A)§ It — ﬁz/za }

< max{u'/?(A); C{*} min {1, . Ll/za}
foreveryt > 0. If C4 < 1then
max {,ul/Q(A); C’i/z} <1.
We obtain
Ty, (t) < ©1(t) forevery ¢t > 0.
Hence, we have

XA € 52(01), lIxallg.0) < 1.
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If C4 > 1then
max{,ul/2 ;02/2}201%1/2.

We obtain

T (CY21) < 7, (1) < CY2O4(t) forevery ¢ > 0.
Hence, we have

x4 €82(01) and [[xallgen) < Ci*.
By Lemma 4.1, we find that

and (©1V @2)(5@4:60%(91 (pa(?ﬁz()? 2'15 t — +oo.

We use this asymptotic relation, estimate (19), and assertion (i) of Corollary 2.1. We obtain

|Cn(XA7XA) =0(¥y) as n — oo,
where
o = 191/(4(01\/6)—%1)' (23)
Thus, condition (i) of Theorem 4.1 holds, i.e., we have
> nlen(xas xa)| < oo
n=1

We verify condition (ii). Notice that
Cptq(w1, Wy) = cq(wy o TP W,).

As above, we describe a space §2(©1) containing wy o TP and a space &2(04) containing W, (see
Lemmas 4.2 and 4.3 respectively).

Lemma4.2. Let A € X for somel > 0 and let
O1(t) = Oa2((1 —v)t).
Then we have wy o T™P € §2(01) and
w1 o T7P||5,0,) < max{1,21+1/0‘0j1/2p}.
Lemma4.3. Let A € X for somel > 0 and let
O(t) = Op 2, ((1 -1 )t).
Then W, € &4(05) and
W, ley(o) < max {1,2"/5CY *p(r — 1)}

These lemmas, estimate)19), Theorem 2.1, Corollary 2.1, and relations (21 ) imply that
Z ‘cq (wy o TP, W, )|

r=2 k

> O(Jwy 0T p”sg(el 1Wrlley(02)P'(9))

<

|
S

2
<p2<I>’ (r — 1)> = O(p2k:2198)
O(n2“n2 2“19” ) = o(n"’&g")
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as n — oo, where ¥q is defined by equality (23). This yields condition (ii). Thus, it remains to prove
lemmas 4.2 and 4.3, which will complete the proof of Theorem 4.2.

We put

v/ \/kD S
a(n,v) = ew/\/ ", veR.

Then

iUXA/\/k]D)S
g=e " =a(n,v)xa + xan\a-

Proof of Lemma 4.2. Since
p .
w0 TP = HgoT_],
j=1
we find the corresponding §o-approximation of the form H L hoT™7. Let gpjé and goM\A be as in

Lemma A.2, where ¢ satisfies the equality 1 + 2/0% = tfort > 1. For h = a(n, v)goA + gpM\A, we have

1< bl < 14937, + 95 al.
< 1+ Holda (¢5°) + Holda (251 4)

<142/6% =t
From the proof of [25, Corollary 13] it follows that
p .
[[hoT7 €3
j=1

and
!

u : 1 t
[[hoT| < IRl <
. 1—ve 1—ve

u

Fort > 1, we obtain

p P
t _ _
Tw1oTp<1 Va>§ HgOT]_HhOT]
7j=1 7j=1 9
p Z_l . . . p .
gz HgoT_] lgoT " —hoT™"|2 H hoT™/
i=1||j=1 o j=i+1 -
. 5 5
<> lg—hll < p ([ea =3l + Ixana = #5al,)
=1
14+1/a /2
1/2 12572 _ 2 AP
< 2py,7(0) < 2pCJ767° = (t—1)l/20
Since 7, 07-»(0) < 1, for every ¢ > 0, we obtain
ol+1/arl/2
(1—vo)t—1|

< max {1; 21“/0‘0;/21)}@&,27[((1 — Vo‘)t).
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Proof of Lemma 4.3. Notice that

r—2 1
W, = H (H go TZ) o Ti(p+a) le_[ g o T+,
7=01:=0
hence, we find 62—approx1mat10n of the same form, i.e.,
r—2p—1
H H ho Titilp+a)
§=0i=0

As in the proof of Lemma 4.2, we put
h = a(n, v)go% —HOM\A with § > 0
satisfying the equality 1 4-2/8% =t fort > 1. Then we have

< 1+ Holdg(¢}°) + Holdg (#77 4)

< [|hlls < 1+ ]95°), + [@hnal,

<142/6° =t.
From the proof of [25, Corollary 13]it follows that
r—2p—1
H H ho TiHilp+a) ¢ B
§=0i=0
and
TUTT ) o isitora 1 t

s

Forevery t > 1, we repeat calculations that are similar to those in the proof of Lemma 4.2 and obtain

i t - 21+1/ﬁ0i‘/2p(7’ —1)
Wr\1 -8 (t—1)W28 -

The remaining part of the proof is the same as the corresponding part of the proof of Lemma 4.2.

APPENDIX. HOLDER APPROXIMATION OF THE CHARACTERISTIC
FUNCTIONS OF CONTINUITY SETS

For many dynamical systems, estimates for the correlation function are obtained for classes of regular

observables that contain the class of H'older continuous functions. Therefore, it is useful to distinguish
a class of functions such that observables in this class admit good Hélder approximations. In the present
article, the following class X, serves as an example of such a class. We put

X, = {xa: u(0A4) = 0},

i.e., the characteristic function x 4 of a Borel set A € M belongs to X, if the measure of the boundary 9 A
of A is equal to zero. Sometimes such sets are called continuity sets of the measure x. Functions in X,
are pu-almost everywhere continuous because the measure of the set of discontinuity points of x 4 (i.e.,
the boundary 0A of A) is equal to zero. For p-almost everywhere continuous functions, two-sided
integral Holder approximation is known which can be used, for example, in estimates for large deviations
of the ergodic averages (see[16, 18]). In the present article, we use a more convenient construction. For
the characteristic functions in X,,, we consider the construction of two-sided Holder approximation that
involves neither supremal nor infimal convolutions, cf. [18].
We present auxiliary facts and then turn to the main result of the section.
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A.1. Hélder continuous observables. We recall that f : M — R is a H'older continuous function if
there exist constants o € (0,1] and h > 0 such that, for all z,y € M, we have

|f(z) = f(y)] < hd™(x,y).

We denote by Hold, (f) the least such a constant h for f. We denote by H, (M) the set of bounded
Hélder continuous functions of class o with « € (0, 1]. The norm in H, (M) is defined by the rule

[flla = lfllec + Holda(f).

We consider a general construction that allows us to construct Hélder continuous functions on M.

LemmaA.l. Lef o : RT — R be an arbitrary Holder continuous function of class o with o €
(0,1] and let @ # A C M. Then, for all h > 0 and 3 € (0,1], the function oy, 4 g, where

onap(x)=o(h- dﬁ(az,A)), x e M,
is a Hélder continuous function of class aff with a8 € (0, 1]; moreover, we have
Hoéldag(ona,8) < h*Hold (o). (24)

Proof. For every 3 € (0,1], the function d” is a metric on M too. Therefore, is suffices to prove
the assertion for 5 = 1.
Forall z,y € M, we have

ona1(z) —onaily |—‘ (h-d(z,A)) —a(h-d(y, )‘
< Holda(o)|h - d(z, A) — h - d(y, 4)|*
— Holda(0)h®|d(z, A) — d(y, A)|*
< Hold, ( VR (z, y).

A.2. Extensions and restrictions of sets. Let AC M and let A be a nonempty set. We put
AY ={zeM:d(x, A) <d}, §>0,
and call this set the open §-extension of A. We put
A)s ={z € A:d(z,0A) > 0)}, §>0,

and call this set the closed d-restriction of A. For definiteness, we assume that (@)s = (@)% = @ for
each 6 > 0. It is clear from the definition that

(A)s = (intA)s CintA C A C clA C (clAd)’ = (A)°.
Moreover, the following equalities are valid (see, for example, [7, Sec. 2]):
(A)° = M\ (M\ )5, (A)s =M\ (M\A). (25)
[t is not difficult to see that, for a nonempty set A C M, we have (A)s = @ forevery 6 > §,(A), where
0«(A) = supd(x,0A).
€A

It is also clear that (4)% = M for every § > §*(A), where

0*(A) = sup d(zx, A).
zeM

In connection with extensions and restrictions, we consider concentration of the measure near
the boundary. For every Borel set A C M, we consider functions 4 and ¥4 from R to [0,1]. They
are defined by the equalities

74(8) = p(intA\ (A)s),  7*(8) = p((4)° \ cl4) (26)
forall & > 0. It is clear that y4(0),y4(8) — 0+ as § — 0+.
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A.3. Two-sided Hélder approximation for functions in X,,. We use é-extensions and d-restrictions of
a set A and construct Hoélder continuous functions that approximate the characteristic function y 4. We
control over the growth of their Holder constants as ¢ converges to zero.

LemmaA.2. Let (M,d) be a metric space andlet @ # A C M. Forall§ > 0and « € (0, 1], there
exist Holder continuous functions

a0 a0
O )" € Ho(M)

such that oS oS
0<@, <xa<y, <1, (27)
(W3° # 0} = (A, {¥3° =1} =dl4, (28)
{h” £0) =it A, {5° =1} = (4)s, (29)
Hold, (9%3°) <67, Holda(v3°) < 67 (30)
moreover, for every p € [1,4+00), the following inequalities hold:
s — 0517 < 7a(0) + u@A),  [xa =507 < 7(8) + u(0A). (31)

Proof. We follow the well-known construction from [4, Theorem 1.2]. We consider the function o :
RT — R, where

o(t) = 1—t¢t, te]l0,1],
0, t>1.

[t is easy to verify that this is a Holder continuous function. Indeed, for all a € (0, 1] and ¢,s > 0, we
have

lo(t) —o(s)| < |t — 5|
Fora € (0,1] and § > 0, we put
vy’ = o151 (32)

8
O3’ =1—01/5m 4,15 (33)
where o541 and o5 4,1 are constructed from o as in Lemma A.1. Since the functions are

independent of «, we omit such subscripts and superscripts in the sequel. We prove equality (28). We
use the following equivalences:

i) =0 & d(z,4) > & z ¢ (A),
Pi(z) =1 © d(z,A) =0 < zecA.
We use similar relations in the proof of (29):
() =0 & dz, M\ A) =0 & zeccl(M\A) < z¢int A,
O(x) =1 dz,M\A) >3 & x¢ (M\A° < zc (A

In the last relation, we use property (25). Since 0 < ¢ < 1, it is obvious that (28) and (29) imply (27).
Inequality (30) for Holder constants is exactly inequality (24) for the functions oy /5 4,1 and oy 51\ 4,1-
Estimates (31) are immediate from (26)—(29). We present the corresponding calculations, for example,
for % (z):

lxa il = [ (ca o) e
= [ -y [ 1)
0A int A
_ _S\P
= u(0A) + /mtA\(A)a (1—%)" dp
< n(0A) +7(0).
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