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1. INTRODUCTION

The main result of the present article is a new method for solving systems of stochastic differential
equations (SDEs) with the help of a finite chain of systems of ordinary differential equations (ODEs).
This method was first found by the author for 1-dimensional SDEs and their pathwise versions, see[3, 4]
(a more detailed exposition can be also found in [5]). The essence of this method is as follows. We
consider a 1-dimensional SDE

dn(t) = b(t,n(t), W (t))dt + o (t,n(t)) * dW (), n(0) =10,

with the Stratonovich integral with respect to a Wiener process W(t). We find a solution of the form
n(t) = ¢(t, W(t) + C(t)), where ¢ is a deterministic function and C is a smooth predictable function.
Moreover, we find the function ¢ from the ODE ¢/, = o(t, ¢) and the function C from the ODE

b(t. 6t W (D) +C0). W () - di(t.0)
a(t, o(t, W(t) + C(t)))

with a stochastic right-hand side. The initial condition has the form ¢ (0, W (0) 4+ C(0)) = no.

[t turns out that a version of this method can be applied to parabolic and hyperbolic stochastic partial
differential equations with a 1-dimensional Wiener process. Notice that, in[5], only empirical arguments
(with no justification of the method) are presented on construction of solutions of systems of SDEs with
the help of chains of ODEs.

[t is important that our construction allows us to describe the structure of solutions of a system of
SDEs. Namely, solutions of systems of SDEs are deterministic functions of a multidimensional Wiener
process and smooth adapted stochastic functions. The latter functions are solutions of a normal systems
of ODEs such that Wiener processes occur on the right-hand sides. This provides us with a new tool for
studying certain problems of stochastic analysis.

No general method for solving systems of SDEs was previously known. Usually, the solutions were
constructed by “guessing” with the help of the It6 formula. Sometimes, this was preceded by a stochastic
change of the time variable or a drift removal transform, i.e., an application of the Girsanov theorem. On
the other hand, there are examples of construction of solutions for SDEs by solving ODEs that arise
during the construction, see [2, Ch. IV]. In[7], a method is found for constructing solutions for a certain
class of systems of SDEs by solving related systems of total differential equations.

(1) = u=W (t)+C(t)
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2. MAIN RESULTS
1. We consider a d-dimensional Wiener process

W (t) = (Wi(t),..., Wq(t))

on a filtered probability space (€, F, (F;)i>oP). Consider a system of SDEs with the stochastic
Stratonovich integrals of the form

{m(t) =+ / B'(s,n(s), W(s)) ds

0
d .t
—l—Z/ Uij(s,n(s))*de(s), i=1,2,...,n, (1)
j=170

where n(s) = (m1(s), ..., mn(s)).

In the sequel, we assume that the coefficients B¥(t,n, z) and 0% (¢,n) are presented by deterministic
functions unless explicitly stated otherwise. The fact that system (1) is considered together with
the Stratonovich integrals is not essential. Indeed, a well-known transform allows us to rewrite such
a system into a system of SDEs with the It6 integrals and vice versa.

We denote
W[k] (t, vk) = (W1 (t), ce ,Wk_l(t), Vg, Wk+1(t), ce ,Wd(t)),

where the subscript [k] means that the kth coordinate Wi (t) of the vector W(t) is replaced by
the variable vy,. Let UW(t) be a neighborhood of the point v* = W (t). Our method for solving systems of
SDEs is based on the following assertion.

Theorem 1. Let

o®(t,m), k=1,2,...,d,i=1,2,...,n,
Bz(t77776)7 Z = 1727"' 7n?

be continuously differentiable functions. Assume that, for t € [0,T] and v € Uw(t), the compo-

nents of the vector-valued function ¢(t,v) = (1(t,v),...,¢n(t,v)) are continuously differen-
tiable with respect to all arguments and satisfy the following finite chain of relations:
{(Qpl);)l (tvw[l](tvvl)) = O-il (t,@(t,W{l](t,’Ul))), = 1,2,...,%, (2)
{(902)2% (t,W[k](t,Uk)) = O-Zk<t7§0(tvw[k](t7vk)))7 = 1,2,...,71, (3)
{(@Z);d (t,W[d](t,'Ud)) = Uid(taW(tyw[d](tyvd)))a L= 1727"' , 1, (4)

{(Soi);t(t’v) =B’ (t,gp(t,W(t)),W(t)),

{v;=W;(t),j=1,2,...,d}
@i(0,W(0) =7, i=1,2,...,n. (5)
Then the function

n(t) = (m(),. .., (1)) = o(t, W (1)), t€[0,T), W(t) R,
is a solution of the Cauchy problem (1).
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Proof. Let ¢ satisfy the relations (2)—(5). For each component of go(t, W(t)), we apply the formula
for the It6 differential with the Stratonovich integral. We obtain

dp; (8, W (t)) = Z(goi);k (6, W(t)) * dWi(t) + ()i (6, W(t)) dt, i=1,2,...,n.
k

Taking into account the relations (2)—(5), we conclude that go(t, W(t)) is a solution of the Cauchy
problem (1).

Remark. Below, we show that the relations (2)—(5) are reduced to a chain of systems of ODEs in
certain “good cases.” In the sequel, we call these relations chain (2)—(5) of systems of ODEs.

The first questions on a system of SDEs are the questions on the existence and uniqueness of
a solution. Therefore, it is natural to assume that the following conditions hold.

(A) The functions B(t,n,z) and o%(t,n), where t € [0,T], n € R", x € R%, i =1,2,...,n, and
j=1,2,...,d, are jointly continuous with respect to all variables and satisfy the Lipschitz
conditions and the following linear growth condition with respect to n: There exists N > 0 such
that, for every ¢ and all values 7, and n, of the variable 7, the inequalities

| B (t,n1, @) = B'(t 19, 2)| < N |y — 1o
‘Uij(t,m) - Uij(ta%)‘ <N ny —n9l,
|Bi(t,n,x)|* < N(1+ Inf?),
o9t m|* < N(1+ n?)
holdforalli=1,2,...,nandj=1,2,...,d.
(B) Each column of the “diffusion matrix”
{o"(t,m)}, i=1,2,...,n, j=1,2,....d,
contains an element that is separated from zero.
(C) The functions ¢* and B* are twice continuously differentiable with respect to 7.

2. The problem naturally arises on finding solutions of system (1) and describing their structure.
Together with chain (2)—(5) of ODEs, we consider finite chains of systems of the form

{(goi)gl (t,v) = o' (t, go(t,v)), 1=1,2,...,n, (6)
{(goz);k (t,v) = aik(t, go(t,v)), 1=1,2,...,n, (7)
{(SOZ)Ld(tv’U) = O-id(t7 Qp(tv))v = 17 27 s (8)

{Uj:Wj(t)vj:LQv"'vd} B B (t7 SO(t, W(t)) ’ W(t))’

ei(0,W(0)) =n?, i=1,2,...,n,

iét,Q_J
{(80)( ) ©)

where each ¢; is a sufficiently smooth function. Moreover, we assume that, for every ¢, each of these
relations (except for the last one) holds in some neighborhood of the point W (¢).

We first present two remarks on ODEs (see [6, pp. 267—268; 1, pp. 160—161]) that will be needed in
the sequel. Then we turn to solving systems of SDEs.
(a) Consider an autonomous system of ODEs

{x;(v):Hk(xl,...,xm), k=1,2,...,m. (10)
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We assume that each function Hy on the right-hand side is continuous and satisfies the Lipschitz
conditions with respect to the variables x4, . . . , z,,. Hence, there exists a unique solution of system (10).

Assume that one of these functions (say, Hl) is a nonzero function. We reduce the system to the form

dry,  Hp(z1,...,275) dxy

= , k=2,...,m, = dv. 11
dﬂj’l Hl(xlv"'vxm) Hl(l‘lv"wxm) ( )

Let zp = 2} (x1,Cs,...,Cn), kK =2,...,m, be the general solution of the subsystem of (11) which
consists of the former m — 1 equations. We substitute each xy, into the latter equation and obtain

x1 =z7(v+ C1,Cq,...,Ch);
hence, we have
T = xZ(xT(v +C1,Co,y...,Cp),Co, ... ,C’m)
=zr(v+C1,Co...,Cp), k=2,....,m.

(b) We again consider system (10) of ODEs. Assume that each function on the right-hand side is

continuous and the partial derivatives %’;f’? are continuous in some domain G. Let z (v, C1,Cs, ..., Cy)
J

be the general solution of system (10). Then the partial derivatives gg’; exist and are continuous in

the domain G; moreover, the determinant of the matrix {gg’; } is not equal to zero.

In the sequel, we always assume that, for a fixed value of ¢, the values of vy,...,vq belong to
a neighborhood of the point W (¢). Thus, the problem on finding solutions of system (1) of SDEs reduces
to construction of ¢ and application of Theorem 1. The general scheme for finding solutions of systems of
SDEs is as follows. With the help of chain (6)—(9), we consecutively revise the form of the functions ¢.
We transform each of systems (6)—(9) to a normal system of ODEs. Solving the entire chain of systems
of ODEs, we completely describe (¢, v).

We consider system (6) as an autonomous system of ODEs with respect to the variable v; and regard
the other variables as parameters. Taking into account Remark (a), we find the general solution ; of
the system

wi(t,v) = pi(t,v1 + C’{l),Cél), .. .,C’(l)), 1=1,2,...,n, (12)
of ODEs, where 01(1)7 el C’,(f) are arbitrary functions of the variables
t,v2,...,0q, i.e., C](l) = C](»l)(t,vg, ‘e ,vd).

We substitute functions (12) into the subsequent system of ODEs in the chain. Taking derivatives with

! .

respect to vy, we obtain the following system of linear equations with respect to (C’](-l))m.

/

{(er)iy = (k) o0 (C), + o+ (o) (C),, = o k=1,2,....m. (13)

By Remark (b), the matrix {(gok)’c(l)} is nonsingular. Hence, there exists a unique solution of sys-
l

tem (13). Moreover, this solution can be found with the help of Cramer’s rule. We obtain
{(cfy, =w el cf,..cl), k=120, (14)
(1)

where each function ¥, is known. There exists a unique solution of system (14)if, for example, the par-

tial derivatives of each function \Il,(:) are continuously differentiable. Since the functions of the form \Il,(:)

are found with the help of Cramer’s rule, it suffices to require that the second partial derivatives of
each function ¢ be continuously differentiable. This conditions holds if each function ¢ is twice
continuously differentiable (i.e., under our assumptions). In view of our assumptions on the diffusion
matrix, system (13) cannot be a homogeneous system of linear equations; hence, the solution of (13)
cannot be trivial.
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Notice that system (14) is again an autonomous system of ODEs with respect to the variable vy (we
assume that the other variables are fixed). Recall that there is a nonzero function of the form \IJ,(:). Let,

for example, \Ifgl) be such a function. By Remark (a), the general solution of system (14) has the form

n

{c,§1>=c,§1>(t,v2+01(2>, 2 o®) k=12 n (15)

where each 0,5,2) is an unknown function of the variables ¢, vs, ..., v4.

We use the subsequent equation in the chain and differentiate with respect to w3. We obtain
the following system of linear equations with respect to (C]@));S:

{(sok)i,g => [Z(%)/c,gp (O e (), =o", k=12 n (16)

=1 Lm=1

[t is convenient to pass to the matrix notation. We denote

A, = {al(-?)}, where al(-?) = (¢;) i,j=1,...,n.

Form =2,...,d, we introduce the Jacobians
Dm_l’m - {dg;n)}, Where dg;n) = (O(m_l))c(’m)7 27] = 17 e 7n7

and define column matrices
Cp = {™}, B, = {1,
where

C(-m) = (Ci(m_l)), bz('m) = Jim, i=1,...,n.

Put
Am = A2D172 e ,Dm_27m_1, m = 3, e ,d.

We rewrite system (16) in the matrix form as follows: A3C3 = B3. By Remark (b), the matrices A,

Jj = 2,3, are nonsingular; hence, there exists a unique solution of system (16). Notice that this solution

/

is nontrivial. We again obtain an autonomous system of ODEs with respect to (C]@)) ,j=2,...,n.In

v3
view of our assumptions, it is possible to solve this system by the method from Remark (p).

We continue this process. For k = d, we obtain a system of linear equations whose matrix form is as
follows:

AqiCq = By;

moreover, the matrix A, is nonsingular in view of Remark (b). We solve this system of linear equations
and the corresponding autonomous systems of ODEs. We find the unknown functions C’i(d_l)(t, vg) Up
to a tuple of arbitrary constants

CO ) = (CV(t),...,C))

that depend on the variable t. Notice that the functions y; regarded as functions of the variables t, v,
and C' () are deterministic.

We use the latter relation in (9) and arguments that are similar to those presented above. We
obtain the Cauchy problem for a normal system of ODEs with respect to CZ-(d) (t),i=1,...,n. Since
the expressions on the right-hand sides of the ODEs depend on realizations of the Wiener process,
the solution of the normal system of ODEs is formed by stochastic functions C’i(d). Moreover, the initial
conditions n;(t) = nY for the initial SDE are reduced to the initial conditions for the stochastic adapted

functions CJ(.d) (t) = C’](-d) (tw),j=1,...,n.
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Thus, we have constructed the functions ¢;, i = 1,...,n, with the help of chain (6)—(9). Hence,
the solution of the initial system of SDEs has the form

ni(t) = goi(t,W(t)), i=1,...,n,

and is a deterministic vector-valued function of the Wiener process W (t) and smooth stochastic adapted
functions C (.

We present a series of remarks.

Remarks. (a) The method for solving systems of SDEs presented above is a “pathwise” method.
Therefore, it can be modified for solving systems of SDEs with stochastic coefficients B* = B(t,n, z,w)
and o = ¢ (t,n,w) in an obvious way.

(b) We may solve a system of SDEs with the help of a chain of ODEs using a different order of steps.

Then we may obtain a solution in a different form. However, if there exists a unique solution of the initial
system of SDEs then the probability that all constructed solutions coincide is equal to 1.

(c) We have constructed solutions of (1) under conditions (A)—(C). These conditions can be
weakened. Indeed, the problem on existence (but not uniqueness!) of a solution of (1) reduces, in fact,
to two problems: on the existence of solutions of each constructed system of linear equations and on
the existence of solutions of each normal chain of ODEs above. As is known, the latter problem is solved
with the help of a version of the Peano theorem (for a normal system of ODEs) which only requires that
the functions on the right-hand sides of the equations be continuous.

(d) The problem on numerical simulation of solutions of systems of SDEs is essentially simplified.
Indeed, this problem is reduced to solving (by analytical or numerical methods) a chain of normal
systems of ODEs, where only the latter one contains a realization of a Wiener process on the right-
hand side. Therefore, for constructing a numerical model of a solution of a system of SDESs, it suffices to
construct a model of a Wiener process. The latter problem is quite simple.

3. We present an example. We consider the following system of SDEs:

dni(t) = ot dWi(t) + o2« dWs(t) + Bl dt,
’I’}Z'(O) = Ty, 1= 1,2, (17)

dna(t) = o1 dWi(t) + 0?2 x dWs(t) + B? dt,

where O-ij = O-ij (tﬂ?l(t)ﬂh(t)), 7’7] = 17 27 and BZ = Bz(t7 Wl(t), WQ(t)77]1(t)7772(t))7 1= 17 2. We in-
troduce certain restrictions. Namely, we assume that
o140, 01240, A=olle® - 51252 40, (
The case in which A =0 is mentioned below. We find a solution of system (17) of the form »;(t) =
@i (6, W (t), Wa(t)),i=1,2.
STEP |. Thefirst system of ODESs in the chain is

oo
~

{ (Qol);)l (t7 U1, 7)2) = 011 (t7 ®Y1 (ta U1, 7)2)7 SOQ(ta U1, '1)2)), ( 19)
(@2);)1 (t7 U1, 7)2) = 021 (t7 ®Y1 (ta U1, 7)2)7 SOQ(ta U1, '1)2)) .
Taking into account assumptions (18), we rewrite this system in the following form:

doa o (t, 01, 02) o — dey (20)

- ’ U1 = ’
der o'l (t 1, 02) oll(t, 1, ¢2)
where ¢ and v are regarded as parameters. We integrate the first equation. Since the expression on

the right-hand side of the equation is independent of vy, we obtain s = @a(t, g01,02(1)(t,v2)). We
substitute @9 into the second equation. We obtain a separable differential equation. By the implicit
function theorem, the solution can be represented in the form

o1 = @i (t,o1 + OV (t,v2), CSD (8, 09)). (21)
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We substitute ¢1 into the expression for 9. We obtain

2 = Pa(t, 1, 02(1)(75, v2))
B2 (et (b o+ Ot 02), CFV (1, 09), OV (1, v2) ). (22)

Thus, integrating the first equation in the chain, we have described the functions ¢; and ¢ up to
functions 01(1) and Cél). [t remains to describe the latter functions.

STEP 2. We clarify the form of C’}l) and Cél). We use the following relation from chain (6)—(9) of
ODEs:

{ (@1)4}2 (t,'l)l,'UQ) = 012 (t7 wl(t,Ul,'l)Q),QOQ(t,'Ul"Ug)), (23)

(902)4)2 (t7 1)1,1)2) = 0% (t7 ¥1 (ta 1)171)2)7 SOQ(ta 7)17772))’

We find the derivatives on the right-hand sides of (23). Taking into account (19) and (20), we obtain
(911 = (@10 (£ 01+ CL (8, 02), OV (1, 02)) (C) (2, 02)
+ (go’f)’cél) (t,v1 + Ofl)(t, va), C§1>(t, v2)) (051));2 (t,v2)
= o' (t, 1 (t, v1,v2), pa(t, v1,v2)) (Cfl));z(t,w)
+ (@D (60 + OV (8 02). 05 (1, 02) (€57)
(6201 = @2, (161 (0 + O (1 02), 50 (1, 02)), CEV (8 09) )
X (SOT);Q (t,'l)l + Cl(l)(t7v2)7 él)(t7v2))
+ (@2)/051) (ta SOT (t7 U1 +O{1) (tv U2)7 Cél) (t7 UQ)) ) 02(1) (t7 UQ)) (02(1));2 (tv UQ)

o (t7 Qpl(tv U1, U2)7 9/0\2(1:7 U1, U2))012 (t7 QDl(t, U1, U2)7 9/0\2(t7 U1, UQ))
011 (t7 ®Y1 (t7 '1)1,'1)2), @2 (t7 U1, UQ))

(@) o (101 (101401 (0,02). O (1,02)), 05 (10) ) (G57), (1, 2),

We substitute these derivatives into (23). We obtain the following system of linear equations with respect
to (C}l));z and (G5’ S

{wmad%;+wm$«mg:w%

~ 1 Ly _ (24)
(902)051) (Ca )UQ = Sl
Since (@2)’0(1) # 0, there exists a unique solution of system (24); namely, we have
2
*\/
(C(l))/ _ o2 - (901)C§1)A
P gl (@2)! ) (@11)?
A 2 (25)
o)y = 2.
(C27)., 011(902)/0(1)
2
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As above (Cf. solution of system (19)), we rewrite (25) as follows:

ac{) oA
dC’fl) ‘711‘712(902) (901)0(1)A’
(26)
(), m( ”>2d0<”
dv .
2 gon(3y) o~ DA
The general solution of system (26) has the form
o = o (v + 0P, CF)
(27)

i =Y (L (b + P ), ),

where 01(2) and 052) are unknown functions. Thus, we have obtained the functions ¢ and ¢y of
the form (21) and (22), where the functions C’}l) and C’él) are determined by formulas (27).

STEP 3. We find C’F) and 052). We use the latter system of ODEs in (9). We calculate the partial
derivatives and replace the variables v; and v by the values Wy (t) and Wa(t) of the Wiener process. We

obtain the following system of linear equations with respect to (C’P)’ and (02(2))’:
A (CPY + Ap(c5PY = BY,
(2)y/ (2)y/ (1) (28)
A (C7) 4+ An(Cy7) = By,

where
Ann = () (C1), )0 (G o (CF) o + (1) g (G Ve (O o

A1z = (@10 (O ) oo + (@11 (G5 o (O ) g

(
2

B= B! — (o1); ~ (o1 (C); = (1) (G57)] = (o) (G (€17
Ao = (2) ; Ant + (B2) o (CF) o (C1) i + (B2) o (G ) o

Az = (B2). . Arz + ( 2o 1)( )Cu)( ))/C@),

BY'=B = (22),, B' = (22), = (B2) e (C2); = (@) o (G2 (€11

Solving system (28) of linear equations, we obtain the Cauchy problem for 01(2) and 02(2); moreover,

the initial conditions have the form
@1 (0,W1(0) + {7 (0, W2(0)), €57 (0, W2 (0)) ) = a1,

0o = Bo (0,:171, Do, Wg(O))) — 22,
where
M (0, W(0)) = ¢V (0, Wa(0) + C2(0), 52 (0)),
i (0,w2(0) = &5 (0,¢1V (0,W2(0) + ¢(0), ¢ (0)), 7 (0) ).

Remark. Let A =0, i.e., assume that the “diffusion matrix” is singular. Then equations (25) have
the form

g
(), = ai ("), =o.

Hence, the function Cy is “degenerate,” i.e., it is independent of vy (we have Ca(t, v2) = Ca(t)).
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