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Abstract—The problem of motion of a rigid body with a fixed point in a free molecular flow of
particles is considered. It is shown that the equations of motion of this body generalize the classical
Euler—Poisson equations of motion of a heavy rigid body with a fixed point, and they are represented
in the form of the classical Euler—Poisson equations in the case when the surface of the body in a
flow of particles is a sphere. The existence of first integrals in the considered system is discussed.
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1. PROBLEM FORMULATION. COMPUTATION OF THE MOMENT ACTING ON A BODY
WITH A FIXED POINT

We consider the problem of motion of a rigid body about a fixed point in a flow of particles. We assume
that the flow of particles is a free molecular flow of constant density p whose particles are in translational
motion with the constant absolute velocity vg:

—V =197,

where «y is the unit vector directed along the incoming flow. We ignore the thermal motion of molecules
in the flow.

We consider the following mechanism of interaction between the molecules of the incoming flow and
the surface of the body. A particle, having transferred almost all its energy to the body at collision,
arrives at the temperature equilibrium with the location of impact (somewhat heated now). When
heating is released, the particle moves towards the space with the thermal velocity equal to the thermal
velocity of molecules of the body surface. Because this thermal velocity is considerably lower than the
thermal velocity of external particles, this interaction can be simplistically described by the hypothesis
of absolutely inelastic impact, when the particles lose its energy at collision with the body (and are not
reflected).

We obtain the expressions for the force and moment acting on the body with a fixed point from the
particle flow. We use the approach provided in the monograph by Beletskii [1]. Denote by O the fixed
point of the rigid body. The distribution of velocities in the rigid body is determined by the Euler formula:

uy = [w x OM],

where M is an arbitrary point of the rigid body and w is the absolute angular velocity of the rigid body. If
we denote the angle between the vectors w and OM by a, then

lupy| = |w| |OM|sina < |w| |OM]|.
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76 GADZHIEV, KULESHOV

drt

e
Fig. 1.

Assume that the value of the incoming flow velocity vy is considerably higher than the product of the
characteristic value of the rigid body angular velocity and the characteristic distance from the fixed point
to any point of the rigid body, that is,

lw||OM|
vg

< 1. (1)

Hence, we assume that in the absolute space the velocities of all points of the rigid body are zero. We
determine the action of the flow on the body when the body is motionless and the flow has a constant
velocity. We proceed to the coordinate system that translates together with the flow. In this coordinate
system we follow the fixed point O of the rigid body (or its any other point due to assumption (1)).

abs

The absolute velocity v)* of the point O is zero, because O is the fixed point of the rigid body. The

transfer velocity vtOralns of the point O is the absolute velocity of the point of the moving space (that is, the

space that translates together with the chosen coordinate system) at which the point O is situated at the
current time instance. This velocity is

VIS — v = ypy.

rel

The relative velocity v;§ of the point O is the velocity of the point O with respect to the flow. By the
velocity addition formula we have

0= Vaobs — Vgans + vgl’

from which we find out that the point O (and, consequently, due to assumption (1) the entire body)

moves relative to the flow with the velocity vgl =V = —1p7.

We separate an elementary area dS on the body surface and compute an elementary momentum
received by the area dS translating with respect to the flow with the velocity v for a time dt (Fig. ). We
assume the impact of particles to the body to be absolutely inelastic. In the course of such motion, the
area covers the volume

dr = (v -n)dS dt,

where n is the unit normal vector to the area and (v - n) > 0. Inside the volume dr there is the mass
dm = pdr, where p is the flow density. An elementary momentum received by the area and the force
acting upon it have the form

dQ
dt
Consider a convex body bounded by a smooth closed surface and translating with the velocity

v = —vg7y with respect to the flow. The force resultant of interaction between the body and the molecules
is given by the formula

dQ =—-vdm = —vpdr = —pv(v-n)dSdt, F= = —pv(v-n)dS.

F:—/pv(v-n)dS, (2)
S*
where S, denotes the part of the body surface passed over by the molecular flow: on its boundary

(v -n) =0, because at the boundary the flow direction is tangent to S, and in the internal points of
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ON THE MOTION OF A RIGID BODY 77
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Fig. 2.

the surface S, the outer normal n satisfies the inequality (v -n) > 0. The boundary of this surface is
denoted by 95, (Fig. 2).

We assume that the direction of the velocity vector v is independent of the choice of the elementary
area dS and, consequently, the integral in Eq. (2) can be rewritten as

F=—pv [ (v-n)dS. (3)
/

Now, let us compute the resultant moment of interaction forces between the molecules and the body
relative to the fixed point O. This moment is calculated by the formula

MOp/[rxv](v-n)dSp{vx/r(v-n)dS], (4)
S Sk

where r is the position vector of a point of the body surface relative to the fixed point O.

To compute the integrals entering formulas (3) and (4), we introduce the new body T' that we
construct in the following manner. We place the plane II perpendicular to the vector v. It is convenient
to place this plane at a certain distance to the point O behind (with respect to the vector v) the body. The
projection of the body onto the plane II along the vector v (the orthogonal projection) is some planar
figure Sp. In addition, we introduce a cylindrical surface Sy with the generatrix v and the boundary 9.5,
as the directrix. On the one side, the surface S is bounded by this directrix; on the other side, the surface
is bounded by the line of intersection with the plane II. The surface ¥ = S, |JS1 U So bounds the body
T whose volume is denoted by 7 (Fig. 2). According to the Gauss—Ostrogradsky theorem, the following

relation is valid:
/(V ‘n)dS = / divvdr =0,

) T
because divv = 0. In addition to that, the relations hold:

(v-n)lg, =0, (v-n)lg, = —vo(vy-7) = —vo. (5)
Hence,
/(v-n)dS:/(v-n)dS—l—/(v-n)dS+/(v-n)dS:0,
b S S1 So
and, consequently,
/(V-n)dS:—/(V'n)dS:vo/dS:voS,
S So So
where S is the area of the figure Sy. Thus,
F = —pvupS = pviSy. (6)
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78 GADZHIEV, KULESHOV

We introduce the coordinate system Oxyz with the origin in the fixed point O and the axes directed
along the principal axes of inertia for the point O. Suppose that in this coordinate system r = (z, y, 2),
v = —vg (71, Y2, 73). By the Gauss—Ostrogradsky theorem

/x (v-n)dS = / (xv-n)dS = /div (zv)dr = —vom1iT,
b b T
and, similarly,

/y (v-n)dS = —vgar, /z (v-n)dS = —vgysr.
by by

Consequently,

/r(v-n)dS:Tv.
by

On the other side, by formulas (5) we can write

/r(v-n)dS:/r(v-n)dS—vo/rdS.
S,

b)) So

On Sy the vector r is the vector connecting the fixed point with various points of the figure Sp.
Therefore, on Sy we represent the vector r in the form

v

PR ARE

r =

where [ is the length of the normal from the fixed point onto the plane II. For the vector r’ the condition
(v -1r') = 0is met, because the vector r’ lies in the plane IT (Fig. 2). Then,

vo/rdS = vol’y/dS+vo/r’dS = —IlSv —I—UO/r'dS = —ISv +vyPor.
So So So So
The integral
Py = / vds (7)
So
is the first moment of the figure Sy relative to the point O’, the projection of the fixed point O onto the
plane II. Thus,
TV = /r(v -n)dS + 1Sv —vPor.
S,
Hence,
/r(v-n)dS = (1 =1S)v+uvPo,
S
and, according to formula (4),
Mo = pvo [v x Por] = —pvf [y x Por]. (8)

Now, we compute integral (7). In this integral the vector r’ is the vector passed from the point O’ to
various points of the figure Sy. Suppose that the figure Sy is an infinitely thin homogeneous plate with a
density p; = const glued on the plane II. Then,

1

/r’dS - /plr/dS _ oG os. 06
P1 P1

So So
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ON THE MOTION OF A RIGID BODY 79

Here, S = S (v) is the area of the figure Sy and O’G is the vector connecting the point O’, projection
of the fixed point O onto the plane II, with the center of mass G of the plate bounded by the figure Sp.
In the general case

S=85(v), OG=c=c(v).

We also introduce the denotation pv3 = f. As a result, formula (8) takes its final form
Mo = —fS(v) [y xc(¥)]. (9)

Thus, we have obtained the expression for the moment acting on the rigid body with a fixed point
occurring in a flow of particles. It is clear that this moment is independent of the flow direction passed
over this body. Note that in the derivation of this formula we have used assumption (1). This means that
formula (9) should be applied only in studying slow rotational movements of a body with a fixed point.

The equations of motion of a rigid body with a fixed point in a flow of particles have the form
Jo+[wxJw]=—=fS(y) [y xc(¥)], F+wxv]=0, (10)
where J = diag (A1, Ag, A3) is the tensor of inertia of the body relative to the fixed point O.

2. EXPLICIT EXPRESSION FOR THE MOMENT ACTING UPON THE BODY BOUNDED
BY THE SPHERICAL AND ELLIPSOIDAL SURFACE

Consider some examples of computing the moment Mg, determined by formula (9), for some bodies
with simple geometry.

Example 1. Let us compute the moment Mg, determined by formula (9), in the case when the body
with a fixed point is bounded by the spherical surface of radius R and the fixed point is the center of this
sphere. Then, the figure Sy is a circle whose radius is equal to the radius of the sphere R. The area of this
circle is constant and is equal to

S (v) = 7R? = const.

[t is clear that the center of mass of the homogeneous plate with a shape of the figure Sy is located in
the center of the circle. This means that the vector ¢ (v) connecting the point O’, projection of the fixed
point O onto the plane perpendicular to the flow, and the center mass of the plate vanishes in this case.
Therefore, Mo = 0.

Now, we compute the moment My in the case when the fixed point is chosen to be an arbitrary
point Oy inside the sphere. We introduce the coordinate system O;xyz whose axes are directed along
the principal axes of inertia of the body relative to the point O;. Suppose that e, e,, and e, are unit

basis vectors of this coordinate system. We denote the coordinates of the sphere center, point O, in the
coordinate system O1zyz by a1, as, and ag, that is,

010 = a,e] + azes + ases.
According to the well-known formula of the theoretical mechanics, we have
Mo, = Mo — [001 x F] = [010 x F] = [010 x fS(v)v] = frR*[010 x 7].
Suppose that Mo, = M;e, + Mse, + Msze, in the coordinate system Oyzyz. Then,
My = frR*(agy3 — agya), My = frR*(a3m —a1v3), My = frR* (172 — aam).
Equations (10) in the scalar form are written as
Ay + (A3 — Ag)waws = frR? (agy3 — azye), Aot + (Ap — A3) wiws = frR? (azy1 — a173) ,
Azws + (Ag — Ay) wiwg = frR? (a2 — agmn);
Y1 =wgye — w2y, Y2 = Wi — WiV, Y3 = w1 — Wi

[tis clear that in this case Egs. (10) take the form of the classical Euler—Poisson equations describing
the motion of a heavy rigid body about a fixed point. Consequently, we can consider the system of
equations (10) to be a possible generalization of the classical Euler—Poisson equations.
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80 GADZHIEV, KULESHOV

Example 2. We are going to compute the moment Mg acting upon a body with a fixed point when
this body has the ellipsoidal shape and the fixed point coincides with the center of the ellipsoid. We direct
the axes of the coordinate system Ozyz with the origin in the fixed point O along the principal axes of
inertia of the body relative to the point O. Suppose that the equation of ellipsoid in the coordinate system
Ozxyz has the form

2 2 2
A+ = (11)
ay ay; ag

This means that the principal axes of inertia Oxyz are the principal axes of the ellipsoidal surface as
well. We find the boundary 9S, (Figs. 2 and 3). The tangent plane to the ellipsoid at the point (z, y, z)
is given by the following equation for X, Y, and Z:

X Y Z
y o T ! o + 22 =1

Suppose that a point with the coordinates (z, y, z) belongs to the boundary 9S,. Then, the straight

line
X =z +wvmt, Y =y+wvoyt, Z=z+uvyyst

lies in the tangent plane to the body surface, that is, for any ¢ it is true that
T z
o (T +voyit) + yg (y +voy2t) + (2 +voyst) = 1.
aj ajz as
Using (11), we therefore obtain
o, Yvz2 | 273

+7 5+
2 2 2

= 0. (12)

This equation together with the equation of ellipsoid (11) prescribes the boundary 9S,. It is well-
known (see, for instance, [2]), any plane passing through the center of ellipsoid intersects the ellipsoid
along an ellipse. Therefore, the section of the surface (11) by plane (12) is an ellipse. Let us find its area.
[t is equal to the product of the semiaxes of the ellipse multiplied by 7. The squares of the semiaxes of
the ellipse are extremums of the function f = 22 4 y? + 22 under conditions (11) and (12). We use the
method of Lagrange multipliers and consider the function

2 2 2
£:$2+y2+z2+)\<x2 + %47, —1> +u<m; + Y7 +Z723>.
aj a3 aj aj a; ag

At the points of its extremum, the following equalities hold:

oL oL oL 0
dor 9y 0z
We write these conditions in the explicit form:
2 x| pmn B 2 y | w2 K2
2x + + = 07 = - ) 2y + + = O’ == )
T T @ T @+ YT a2 T a2 Y= 793+ )
20z s K3
P -0, z=— . 13
Pt t g FT o (a2 4 ) (13)
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ON THE MOTION OF A RIGID BODY 81
We substitute the found z, y, and z into Eq. (12):

" 2 0, W 2 0, 2 2
.2 (A+a3) (A +a3) + 22 (A+ai) (A +a3) + a2 (A +ai) (A +4a3) = 0.

Thus, X satisfies the quadratic equation
koA2 + ky A + kg = 0, (14)
where

2 2 2 2 2 2
k0:7é+7§+7?2’, k2:a%a§a§<7}1+vi+7§i>_
ap ay; ag ap Gy ag
[t is not necessary to solve this equation. To clarify the meaning of A, we multiply the equations of
system (13) by z, y, and z, respectively, and sum,

2 2 22 T z
0:2x2+2y2+222+2)\< U g 2> +u< JE 13> =2(2’+y7 + 22+ ).
a? 4k a a a a
1 a4y a3 1 2 3
Therefore, we obtain A = —22 — y? — 22 at the extremum points. The area of the ellipse that is the

section of the ellipsoid (11) by the plane (12) is S1 = mv/A1 A2, where A\; and )z are roots of the quadratic

equation (14). By Vieta’s formulas
SR R
st 4T
k2 2 2 2\01 4y a3

MA2 = 7 =ajaza
3 /.2 2 2\
ko <71 Y2 73>
2 2 2
ay az ag

and, consequently,

2 2 2
4 Y2, 73
ot a1y
a; ay ag
S1 = majasas 72 72 72 .
1 2 3
a? + a? + a2
1 2 3

The figure Sy is the projection of the ellipse (11), (12) onto the plane II; therefore, the area of this
figure is

(N-7v) Y12 V3
5(7)251 |N| ) N = 20 2% 2 )"

ar a3 aj
Here, N is the normal vector to the plane (12), that is, to the plane in which the boundary 95, lies. Thus,
we conclude that

4 4 4 2 2 2
ay ay; az \ay az; daj

2 2 2

2 2 2
7;4_7%4_7?2’ Mo, 78
ay @y a3 \l gt " o) a}

“ ¥4 (7% 73 7:?)
2 2 2
i Y i
S (v) = majazas = walagag\/ é + % + g
ay ay; ag
3

According to (6), the components of the force resultant vector of interaction between the body and
the molecules of the flow in the coordinate system Oxyz have the form

2 2 2 2 2 2
"o, MY o

= fwalagagfyl\/ ; + 3 + 3, Fy = fﬂalazaﬂz\/ ; + 3 + 3’
a; a5 a3 ay ay a3

2 2 2

v g v
Fs = fﬂalagag’}’g\/ ; + % + ?2’
ay a3 ag
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82 GADZHIEV, KULESHOV

The center of mass of the figure Sy is at the point O’, projection of the fixed point O onto the plane IT
perpendicular to the flow. Hence, ¢ (v) = 0 and Mo = 0.

Now, we compute the moment M relative to an arbitrary point O; belonging to the body. We
introduce the coordinate system Ojx;2x223 whose axes are directed along the principal axes of inertia
of the body relative to the point O;. We still denote the components of the vector « in the coordinate
system Oqx1xax3 by ¥1, 72, and 3. We denote the coordinates of the point O in the coordinate system
O1x12973 in the following manner:

010 = hie; + haey + hze..
According to the well-known formula of the theoretical mechanics, we have
Mo, = Mo — [001 X F| = [010 x F| = [010 x fS(v)v] = f5(7)[010 x 7].
Suppose that Mo, = Mie, + Mse, + M3ze, in the coordinate system O;21z2x3; then,

M, = fﬂa1a2a3\/zl + fyg + fyg (hovs — hsy2), Mz = fﬂa1a2a3\/zl + 73 + (h371 h1vs),

1 as 1

M; = fﬂa1a2a3\/zl + 73 + (hﬂz —ham) -
1

Thus, in the case of a flow of particles about a rigid body with a fixed point that is bounded by the
ellipsoidal surface and whose principal axes coincide with the principal axes of inertia of the body with
respect to the fixed point, the equations of motion of the body (10) are writte in the scalar form as

SR C B
Arin + (A3 — Ag) waws = fraragas ([ 'y + '3 4+ '3 (hoys — hgy2) |
ary ay aj
7% 72
Agtrg 4 (A1 — Az) wiws = frarasaz | ‘5 + 5 ?2’ (hay1 — h1v3)
ay ‘12 az
2 a2 2
Azws + (A2 — A1) wiwe = frajazas aé + ai 3 (h1ya — ham1);
1 ey a3

Y1 = w3y2 —wW2Y3, Y2 = W1Y3 — w31, Y3 = w2yl — Wive.

Now, we present some conclusions about the structure of the moment My in the case of a flow of
particles about a rigid body with a fixed point bounded by an axisymmetric surface.

3. FLOW ABOUT A BODY BOUNDED BY AN AXISYMMETRIC SURFACE

Suppose that the surface of a body passed over by a flow of particles is the surface of revolution.
We are going to obtain the expression for the moment My in this case. In our reasoning we use some
results of works [3, 4]. Suppose that a body with a fixed point is bounded by a surface of revolution whose
equation in the principal axes of inertia with the origin in the fixed point is given by

F(IE,y,Z):IE2+y2—f(Z):O. (15)
Thus, the axis Oz is the axis of symmetry of this surface of revolution. We find the partial derivatives:

8F_2 8F_2 oF _ df

or " oy Yoo T T ay

We introduce the denotation

s= e L (1) = ro 1 (1)
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ON THE MOTION OF A RIGID BODY 83

Then, the normal vector to the surface takes the form
_1df
z Y 2dz
G(z) G(z) G(z)

The boundary of the region passed over by the flow of particles is determined by the equation of the
surface (15) and by the equation (n - ) = 0, or, in the explicit form,

n 1 df
ML T V2Y = 9 73 ds
Now, we introduce the new coordinate system. Above, we have considered a system of principal axes
of inertia that have coincided with the principal axes of the surface. We have denoted the unit basis
vectors of this system by e, e,, and e,. The new basis vectors ey, e, and e3 are associated with the old
ones e, ey, and e, by the formulas

(16)

72 M
RV R RRVAr FE™ e A
o= B o B o ae
Vii+ad o Vi

[t is easy to see that the vectors e, es, and es are mutually orthogonal. This means that e; and
ez are two mutually orthogonal unit vectors in the plane II perpendicular to the flow. Suppose that
r = xe, + ye, + ze, is the position vector of some point of the surface relative to the old coordinate
system. In new axes the same vector has the form r = z1e1 4+ y1e2 + z1e€3. Then, the coordinates z, y,
z and x1, y1, z1 are linked by the relations

x
= 7 o+ <y1\/’yf+’y§—zm>,
VB Vi
x
y=— " 4 yl\/’y% +75 — zm) , 2= +Z1\/'yf +15.
Vit +s VR

We substitute these relations into Eq. (15) of the surface and into Eq. (16) of the boundary and find

out that the equation of the surface in the new coordinates becomes

2
$%+<y1\/’Y%+’Y§—Zl’Y3> =f<y173+21\/7%+722>- (17)
The equation of the boundary takes the form
1 df
\/7% +7 <yl\/7% +75 — 2173> =5 0 (18)

We eliminate the coordinate y; from Eqgs. (17) and (18) and obtain the constraint equation between
x1 and z1, that is, the equation of the projection of the boundary onto the plane perpendicular to the flow.
This projection bounds the region whose area enters the expression for the moment of forces acting upon
the body with a fixed point. Let us clarify some properties of this area. From the general form of Egs. (17)
and (18), we can draw the following conclusions:

1. The value of this area depends only on the parameters of the surface itself and on the variable 3,
the angle between the axis of symmetry of the body and the flow direction.

2. The curve bounding the projection is symmetrical with respect to the axis z1, that is, the center of
gravity of the projection necessarily lies on the axis z;.

Thus, the area of the projection can be considered a function of the variable ~s3, that is, in this case
S () = S (73). We take into account that the center of gravity of the projection lies on the axis z; and
write the position vector c (7) as follows:

c(v) =c(v3)es.
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84 GADZHIEV, KULESHOV

Now, we note that the vector e3 can be represented by
V3 1

€3 = — Y+
VA+E Vit

e..

Consequently,

Y3¢(73) c(73)
VA Vi
and the expression for the moment of forces (9) can be rewritten as

Z

c(y)=c(y3)es=—

Mo = —fS(73) c(3s) ) [v x e.].

\/1_73

Thus, we can think that, in the case of flow of particles about an axisymmetric body, we have

c(73)
c = e,
W=

and e, is the unit vector of the axis of the geometrical symmetry of the body. If the principal axes
of inertial of the body do not coincide with the principal axes of the surface, then in the principal
axes of inertia the unit vector of the axis of geometrical symmetry of the surface has the components
e, = a = (a1, az, ag) and we should everywhere write (a-+y) instead of «3. Thus, the following
statement is true.

Theorem 1. /n the case of flow of particles about a rigid body with a fixed point that is bounded
by an axisymmetric surface, the unit vector of the axis of geometrical symmetry is

e, =a=(u, az, az),
for the area S (vy) of the figure Sy and vector c (7) the following formulas are valid:

§=5((a). cw):jl(("“('“’”)za:x((a-v))a.
e

4. POTENTIAL PROPERTY OF MOMENT. EXISTENCE OF ENERGY-TYPE INTEGRAL.
SIMPLEST CASES OF INTEGRABILITY
The equations of motion of a rigid body with a fixed point in a flow of particles have the form (10) and
possess the integral invariant with a unit density and the first integrals

Ji=Jw-7v), J=(H-v)=1

Equations (10) are reversible, that is, hold at replacement of the variables and time (w, ~, t) —
(—w, v, —t). However, in the general case these equations are not a Hamilton system with some
Poisson structure. The following statement is true:

Theorem 2. [f for any i, j, i # j the relations

oS  0Oc 08  0Ocj
Ci + . "S()=c¢j + 7Sy (19)
o "0 0 S0
are satisfied, then the equations of motion are Hamiltonian with the Poisson structure determined
by the algebra E (3) and admit an additional energy-type first integral.

Proof. Suppose that

S(y)e(y) = O~y (20)

for a certain function U (7). Then, if the function U is sufficiently smooth, then for satisfaction of
relations (20) it is necessary and sufficient that conditions (19) are met. In this case the equations of
motion can be represented in the form

L:{L’H}’ "7:{771{}7
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ON THE MOTION OF A RIGID BODY 85

{Li, L;} = €ijnly,  {Livi} = €ijkve, {7} =0,

where the Hamilton function
1,
H=,(J'L-L) - fU(7) (21)

determines Jy = H, which is the additional first integral of Egs. (10), an analog of the energy integral.

[t is clear that, when a body with a fixed point is bounded by a spherical surface, the area S () of the
figure Sy is constant and relations (19) are fulfilled. As we have already said, in this case the equations
of motion of the body coincide with the equations of motion of a rigid body in a homogeneous force field.

However, relations (19) are fulfilled not often. For instance, consider the case when the body is
bounded by an ellipsoidal surface (see Section 2) and the vector connecting the fixed point O; and the
center of the ellipsoid O has the form O10 = he, = (h, 0, 0). In this case the expression S () c () is
written as

2 2 2
S () e () = Thayaza \/ M2 T,

Relations (19) are met only if as = a3, that is, the ellipsoid bounding the rigid body is an ellipsoid of
revolution and the fixed point lies on the axis of geometrical symmetry of the ellipsoid.

In the case of motion of a body bounded by the axisymmetric surface, when the axis of symmetry is
determined by the vector &« = (a1, avo, a3) and includes the fixed point, Theorem 1 is valid. In this case,
as we know, the conditions are met:

5 = Se) -

S (e ) e(e))
V- (e

[t is clear that in this case the potential U (+y) can be represented as

.

()
vm= [ 2N du=v @,
0

Thus, when a body bounded by an axisymmetric surface is passed over by a flow of particles, the
equations of motion (10) always admit the first integral of type (21).

Let us specify some cases when the equations of motion of a rigid body in a flow of particles (10)
possess the additional integral.

Euler—Poinsot case. Suppose that the surface of the body is centrally symmetric and the center of
symmetry coincides with the suspension point. Then, Egs. (10) admit the integral J3 = (Jw - Jw). In
this case the problem is completely integrable and coincides with the Euler—Poinsot problem.

Case of axial symmetry. Suppose that the body is dynamically symmetric, that is, for instance,
the condition A; = Ag is met. Also, suppose that the surface of the body is centrally symmetric and
the center of symmetry lies on the axis Ox3. Then, the equations of motion admit the first integral
J3 = ws = const. This case is similar to the Lagrange case.

Analogs of Hess case. 1. Suppose that the surface of the body is centrally symmetric and the center
of symmetry and the moments of inertia are such that the conditions are valid:

1 1 1 1
A1<A2<A3, \/ CgZF\/ 0, co = 0.

Al Ay Ay AT
Then, the equations of motion admit the partial integral
1 1 1 1
J3 = \/Al - A2 Alwl + \/A2 — Ag Agu)g = 0. (22)
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2. Suppose that the surface of the body is axisymmetric and the axis of symmetry is determined by the
vector a = (a1, ag, ag) and includes the fixed point. Then, if the moment of inertia and the components
of the vector a satisfy the conditions

1 1 1 1
A1<A2<A3, \/Al—Az(Jég:F\/Az—Aqu:O, as =0,

then the equations of motion admit the partial integral (22).

Thus, in the considered mechanical system we have succeeded to detect particularly interesting
dynamic properties.
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