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���� �� !�"#$�%&'�(%)� *')+�!!�! �'�  %!+,!!� %� -�.�/ #)' !0!(�1! 2%(3 4�%(� �� %�4�%(�  �5'��! )#
#'�� )1�

�� (3%! *�*�' � !('%�5 %! +)�!% �'� �! � (3%� �"�!(%+ ') ,� �' ")�5%(, %��" �� &�� %�5  �#)'1�(%)��
��( �� ,� �#)'1� !('�(+3� ') &� !%(,�(� �")�5 (3� Ox �6%!� �0 u (s, t)7 0 ≤ s ≤ l7 2�  ��)(� (3�
 %!*"�+�1��(! )# %(! *)%�(! �")�5 (3� Oy �6%!� �3� 1)(%)� )# (3� ') *')+�� ! )� (3� *"��� Oxy� �3� �� !
)# (3� ') �'� 3%�5� )� (3� Ox �6%! �( (3� *)%�(! 23)!� +))' %��(�! �'� s = 0 �� s = l� �3� 8%��(%+ �� 
*)(��(%�" ���'5%�! )# �  �#)'1� ') +�� &� �6*'�!!� &0 (3� #)'1,"�! -9/

T =
ρ

2

l∫

0

u̇2 ds, Π =
1

2

l∫

0

(
N1u

′2 +N2u
′′2) ds, u̇ =

∂u

∂t
, u′ =

∂u

∂s
, u′′ =

∂2u

∂s2
, (1)

23�'� ρ %! (3� "%���'  ��!%(0 )# (3� ') :! 1�(�'%�"7 N1 %! (3� (��!%)� )# (3� ') 7 �� N2 %! (3� &�� %�5
!(%;��!! )# (3� ') � �( %! �!!,1� (3�( (3� ') :! 1�(�'%�" *)!!�!!�! (3�  %!!%*�(%)� *')*�'(%�!  �!+'%&� &0
(3� ��0"�%53  %!!%*�(%)� #,�+(%)��" -�/

D =
χ

2

l∫

0

(
N1u̇

′2 +N2u̇
′′2) ds, u̇′ =

∂2u

∂t∂s
, u̇′′ =

∂3u

∂t∂s2
,

23�'� χ %! (3� +)�<+%��( !*�+%#0%�5 (3�  %!!%*�(%)� *')*�'(%�! )# (3� ') :! 1�(�'%�"�
��( ,! �!!,1� (3�(7 �( (3� *)%�( 2%(3 (3� s0 +))' %��(�7 � #)'+� ρF  %'�+(� �")�5 (3� Oy �6%! %! �6�'(� 

)� (3� ') � �3%! #)'+� ,!� () 1) �" (3� %�(�'�+(%)� &�(2��� (3� !('%�5 �� (3� &)2 %! '�*'�!��(� �! -=/

ρF (V ) = ρf
(
V − g1V

3 + g2V
5
)
, V = v − u̇ (s0, t) , (2)

23�'� v %! (3� ��")+%(0 )# (3� &)2 1)�%�5 ('��!"�(%)��""0 �")�5 (3� Oy �6%! �� f %! � +)�!(��( +)�<+%��(�
�� ),' #,'(3�'  %!+,!!%)�7 2� �!!,1� (3�( v %! +)�!(��( )� � +�'(�%� (%1� %�(�'��"� �3� +)�<+%��(! g1 �� g2
,!� %� >�? �'� +)�!(��( �� +�� &� �6*'�!!� %� (�'1! )# )(3�' +)�!(��(! V1 �� V2 �! #)"")2!@

g1 =
V 2
1 + V 2

2

3V 2
1 V

2
2

, g2 =
1

5V 2
1 V

2
2

, V 2
2 < 5V 2

1 . (3)

�3�� V ≥ 07 (3� #,�+(%)� F (V ) 3�! � *)!%(%�� 1�6%1,1 #)' V = V1 �� � *)!%(%�� 1%�%1,1 #)'
V = V2� �3�  �'%��(%�� F ′ (V ) %! *)!%(%�� #)' v ∈ [0, V1)∪ (V2,∞) �� %! ��5�(%�� #)' v ∈ (V1, V2)� �3�

�
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#'%+(%)� "�2 >�? +�� &� +3�'�+(�'%A� �! � �)�"%���' 1) �" )# �%!+),! #'%+(%)�� �3%! 1) �" 3�! �) !(�5��(%)�
A)��! �� �**')6%1�(�! (3�  '0 #'%+(%)� "�2 23�� (3� #'%+(%)� )# '�!( %! 5'��(�' (3�� (3� !"% %�5 #'%+(%)��
�� � ���(�5� )# ),' 1) �" +)�!%!(! %� (3� #�+( (3�( %( ,!�! � !1))(3 #,�+(%)� 2%(3),( (3� �&!)",(� ��",�!
)# '�"�(%�� ��")+%(%�! )# (2) &) %�! �( (3� *)%�(! )# +)�(�+(� �3%! #�+( !%5�%4+��("0 !%1*"%4�! (3� !(, %�!
+)���+(� 2%(3 (3� 1)(%)� )# !0!(�1! 2%(3  '0 #'%+(%)��

�3� B�1%"()�.!(')5'� !8%% ��'%�(%)��" *'%�+%*"�

T∫

0

[
δT − δΠ+ ρFδu (s0, t) +

l∫

0

�
u̇
Dδu (s, t) ds

]
dt = 0,

∀ δu (s, t) , δu (0, t) = δu (l, t) = 0

%! ,!� ()  �'%�� (3� #)"")2%�5 �C,�(%)�! )# 1)(%)� �� (3�  0��1%+ &),� �'0 +)� %(%)�!@

∂2u

∂t2
−
(
1 + χ

∂

∂t

)(
N1

ρ

∂2u

∂s2
− N2

ρ

∂4u

∂s4

)
= F (v − u̇ (s, t)) δ (s− s0) ,

u′′ (0, t) = u′′ (l, t) = 0.

�3� +)�45,'�(%)� !*�+� )# ),' 1�+3��%+�" !0!(�1 %! (3� B%"&�'( !*�+�

H2 =
{
u (s, t) : u′′ (s, t) ∈ L2 ([0, l]) , u (0, t) = u (l, t) = 0

}
.

�3� ��")+%(0 !*�+� %!  �4�� �! (3� #)"")2%�5 !,&!*�+� )# !C,�'�$%�(�5'�&"� #,�+(%)�!@

H0 =
{
u̇ (s, t) : u̇ (s, t) ∈ L2 ([0, l]) , u (0, t) = u (l, t) = 0

}
.

�� (3�!� !*�+�! 2� +3))!� (3� )'(3)5)��" &�!%! {ψk (s)}∞1 7 23�'� ψk (s) =
√
2/l sinπksl−1� �3%! &�!%! !�(%!4�!

(3� +)� %(%)�!
2π∫

0

ψi (s)ψj (s) ds = δij ,

23�'� δij %! (3� D')��+8�' !01&)"� �� '�*'�!��( (3� #,�+(%)� u (s, t) �!

u (s, t) =

∞∑
k=1

qk (t)ψk (s) . (4)

�3� +)���'5��+� )# (3� !�'%�!

∞∑
k=1

q̇2k (t) < ∞,

∞∑
k=1

k4q2k (t) < ∞

#)"")2! #')1 (3� �6%!(��+� +)� %(%)� >�? #)' (3� #,�+(%)��"! )# (3� 8%��(%+ �� *)(��(%�" ���'5%�!�
�3� ��5'��5� 5���'�"%A� +))' %��(�! q = (q1, q2, . . .) �� (3� '�*'�!��(�(%)� �6*'�!!� &0 >E? �'� ,!� 

() )&(�%� (3� #)"")2%�5 �6*'�!!%)�! #)' (3� 8%��(%+ �� *)(��(%�" ���'5%�! �� (3�  %!!%*�(%)� #,�+(%)�@

T1 =
1

2

∞∑
k=1

q̇2k, Π1 =
1

2

∞∑
k=1

ν2kq
2
k, D =

χ

2

∞∑
k=1

ν2k q̇
2
k, ν2k =

N1π
2k2

ρl2
+

N2π
4k2

ρl4
. (5)

�3� 1,"(%*"%�' ρ %! )1%((� %� >	?� �3� 5���'�"%A� #)'+�! Qk = F (V )ψk (s0)7 k = 1, 2, . . .7 +�� &�  �(�'1%�� 
#')1 (3� #)"")2%�5 #)'1,"� #)' (3� �"�1��(�'0 2)'8 )# (3� #)'+� �6*'�!!� &0 >�? )� �%'(,�"  %!*"�+�1��(!@

δA = F (V )

∞∑
k=1

δqkψk (s0) , V = v −
∞∑
n=1

q̇nψn (s0) , F (V ) = f
(
V − g1V

3 + g2V
5
)
.

�3� �C,�(%)�! )# 1)(%)� �'� 2'%((�� %� (3� #)'1 )# (3� !�+)� $8%� ��5'��5� �C,�(%)�!@

q̈k + χν2k q̇k + ν2kqk = fψk (s0)
(
V − g1V

3 + g2V
5
)
, V = v −

∞∑
n=1

q̇nψn (s0) , k = 1, 2, . . . . (6)

2�&3�4 56+*/�&+�7 2/30�6+3& 85,,/�+6 *�
# �� 6�# � ���9
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�C,�(%)�! >=? +�� &� +)�!% �'� �! �� %�4�%(� !0!(�1 )# �)�"%���' !�+)� $)' �' )' %��'0  %;�'��(%�"
�C,�(%)�!� �3� 1�+3��%+�" !0!(�1 +)''�!*)� %�5 () >=? +�� &� ('��(� �! �� %�4�%(� !0!(�1 )# 3�'1)�%+
)!+%""�()'! '�"�(� () ��+3 )(3�' &0 (3� �)�"%���' #)'+�! )# �%!+),! #'%+(%)��

��( qk0 &�  �4�� &0 (3� '�"�(%)�! ν2kqk0 = fψk (s0)
(
v − g1v

3 + g2v
5
)
� ���)(%�5 qk − qk0 &0 qk7 2�

'�*'�!��( �C!� >=? �!

q̈k + χν2k q̇k + ν2kqk = fψk (s0)
[
V − v − g1

(
V 3 − v3

)
+ g2

(
V 5 − v5

)]
,

V = v −
∞∑
n=1

q̇nψn (s0) , k = 1, 2, . . . .
(7)

�� )' �' () !(, 0 (3�  0��1%+! )# (3� !0!(�1 �6*'�!!� &0 >�?7 2� ,!� (3� �+(%)�.��5"� ��'%�&"�!

(pk, qk) ⇔ (Ik, ϕk) , pk = q̇k =
√
2Ikνk cosϕk, qk =

√
2Ik/νk sinϕk.

�3��7 (3� B�1%"()�%�� H =
∑∞

k=1

(
p2k + ν2kq

2
k

)
/2 (�8�! (3� #)'1 K =

∑∞
k=1 νkIk < ∞� �)2 2� '�2'%(�

(3� �C,�(%)�! )# 1)(%)� %� (3� #)"")2%�5 #)'1 )# (3� +��)�%+�" B�1%"()�%�� �C,�(%)�! 2%(3 (3� 5���'�"%A� 
#)'+�! -9/@

İk = −2χν2kIkcos
2ϕk +

[
F (V )− F (v)

]
ψk (s0) (2Ik/νk)

1/2
cosϕk,

ϕ̇k = νk + χν2k cosϕk sinϕk −
[
F (V )− F (v)

]
ψk (s0) (2Ikνk)

−1/2
sinϕk.

(8)

B�'�

V = v −
∞∑
n=1

ψn (s0)
√
2Inνn cosϕn, k = 1, 2, . . . .

�# ϕk (s0) = 0 #)' � *�'(%+,"�' ��",� )# k7 (3�� (3� +)''�!*)� %�5 �C,�(%)� )# >�? +�� &� !�*�'�(� #')1
(3� )(3�' �C,�(%)�!� �3%! �C,�(%)�  �!+'%&�! (3�  �1*� �%5���%&'�(%)�! 2%(3 '�!*�+( () (3� ��'%�&"� qk�

�� ����$������� F�������� �� �B� ������.�� �G����

�0!(�1 >9? %! 2�"" !,%(�&"� #)' (3� �**"%+�(%)� )# (3� ���'�5%�5 1�(3) )��' (3� #�!( ��'%�&"�! (ϕ1, ϕ2, . . .)�
�%�+� (3� ()(�" ���'50 %! &),� � 7 (3� !�'%�!

∑∞
k=1 νkIk %! +)���'5��( �� Ik < bk−3−α7 23�'� (3� +)�!(��( b

%! &),� � �� α > 0� �( %! �!!,1� (3�( (3� ��")+%(0 )# (3� &)2 %! &),� � 2%(3 '�!*�+( () (3� !('%�5@
V < ∞� �3� !�'%�! !*�+%#0%�5 (3� ��")+%(0 V %� >9? %! +)���'5��( �� Ik < ck−4−β7 23�'� (3� *)!%(%��
+)�!(��( c %! &),� � �� β > 0� B��+�7 (3� '%53($3�� !% �! )# >9? �'� !1�"" %# (3� +)�<+%��(! χ �� f
�'� !1�""7 23�'� χ +3�'�+(�'%A�! (3� %�(�'��" #'%+(%)� %� (3� ') �� f +3�'�+(�'%A�! (3� #'%+(%)�  ,'%�5 (3�
%�(�'�+(%)� &�(2��� (3� &)2 �� (3� ') �

��( ,! �!!,1� (3�( (3� ') :! �%5��#'�C,��+%�! νk7 k = 1, 2, . . .7 �'� %� �*�� ��(� �3%! 1���! (3�( (3�
"%���' +)1&%��(%)�

∑N
k=1 mkνk7 23�'� mk �'� %�(�5�'7 &�+)1�! �C,�" () A�') #)' ��0 N )�"0 #)' mk = 07

k = 1, . . . , N � �**"0%�5 (3� ���'�5%�5 )*�'�(%)� )��' (3� ��5"� ��'%�&"�! (ϕ1, ϕ2, . . .) () �C!� >9?7 2� 5�(

Żk =−χν2kZk +
f

16νk
Zk

[
−8

(
1− 3g1v

2 + 5g2v
4
)
+ 6

(
g1 − 10g2v

2
) (

Zk + 2

∞∑
n�=k

Zn

)
− 5g2

(
Z2
k

+ 6Zk

∞∑
n�=k

Zn + 3
∞∑

n�=k

Z2
n + 12

∞∑
n�=m �=k

ZnZm

)]
, θ̇k = νk, Zk = 2Jkνkψ

2
k (s0) , k = 1, 2, . . . .

(9)

�3� ���'�5%�5 )*�'�(%)� +)�!%!(! %� (3� +�"+,"�(%)� )# (3� 1��� ��",� #)' (3� �6*��!%)�! )# (3� +)''�$
!*)� %�5 #,�+(%)�! %� (3� %�4�%(�$ %1��!%)��" �),'%�' !�'%�!

〈G (I1, I2, . . . , ϕ1, ϕ2, . . .)〉 = lim
n→∞

1

(2π)
n

2π∫

0

. . .

2π∫

0

Gdϕ1 . . . dϕn. (10)

�#(�' +�"+,"�(%�5 >��?7 2� '�*"�+� (3� ��'%�&"�! (I1, I2, . . .) &0 (3� ��'%�&"�! (J1, J2, . . .) �� (3�  �'%��$

(%��! (ϕ̇1, ϕ̇2, . . .) %� >H? &0 (3� ��'%�&"�!
(
θ̇1, θ̇2, . . .

)
� �')1 >H? %( #)"")2! (3�( (3�  �'%��(%��! )# (3� ��5"�

2�&3�4 56+*/�&+�7 2/30�6+3& 85,,/�+6 *�
# �� 6�# � ���9
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��'%�&"�! θ̇k �'� +)%�+% ��( 2%(3 (3� �%5��#'�C,��+%�! νk )# (3� ,�*�'(,'&� !0!(�1 )# �C,�(%)�!  �!+'%&%�5
(3� 3�'1)�%+ )!+%""�(%)�! )# �� %�4�%(� !0!(�1 )# %� �*�� ��( )!+%""�()'!�

�3� !�'%�! )# >H? �'� +)���'5��(7 !%�+�

∞∑
n�=k

Zn < b1

∞∑
n�=k

1

n1+β
,

∞∑
n�=m �=k

ZnZm < b21

∞∑
n�=m �=k

1

n1+βm1+β
,

23�'� b1 �� β �'� *)!%(%�� +)�!(��(!�
��!� )� >�?7 2� '�*'�!��( (3� 4'!( 5'),* )# �C,�(%)�! )# >H? %� (3� #)'1

νkŻk = −CZk

[
Ak−2E

(
Zk+2

∞∑
n�=k

Zn

)
+Z2

k+6Zk

∞∑
n�=k

Zn+3
∞∑

n�=k

Z2
n+12

∞∑
n�=m �=k

ZnZm

]
, k = 1, 2, . . . , (11)

23�'�

C = f/(16V 2
1 V

2
2 ) > 0, Ak = 16χν3kV

2
1 V

2
2 f

−1 + 8
(
v2 − V 2

1

) (
v2 − V 2

1

)
, E = V 2

1 + V 2
2 − 6v2.

�)2 2� 4� (3� !(�(%)��'0 !)",(%)�! () �C!� >��?� &�%),!"07 (3�!� �C,�(%)�! 3��� (3� ('%�%�" !)",(%)�!
Zk = 07 k = 1, 2, . . . � �3� !(�&%"%(0 )# (3�!� !)",(%)�! %! !(, %� ,!%�5 (3� !0!(�1 )# �C,�(%)�! %� ��'%�(%)�!�
�� (3� '%53($3�� !% �! )# >��?7 2� 8��* (3� (�'1! "%���' %� Zk� �! � '�!,"(7 2� +)1� () (3� #)"")2%�5 %�4�%(�
!0!(�1 )# 4'!($)' �' )' %��'0  %;�'��(%�" �C,�(%)�!@

νkŻk = −CAkZk, k = 1, 2, . . . . (12)

�3� !(�&%"%(0 )# (3� ('%�%�" !)",(%)�  �*�� ! )� (3� !%5� )# (3� +)�<+%��( Ak@ (3� !)",(%)� Zk = 0 %! !(�&"�
%# Ak > 0I )(3�'2%!�7 (3%! !)",(%)� %! ,�!(�&"�� �3� +)�<+%��(! Ak �'� *)!%(%�� %# v ∈ (0, V1) ∪ (V2,∞)7 !%�+�
(3�0 �'� (3� !,1! )# (3� (2) *)!%(%�� !,11�� !� �3� +)�<+%��(! Ak �'�  �*�� ��( )� vI (3�%' 1%�%1� 2%(3
'�!*�+( () v �'�

min
0<v<∞

Ak = 16χν3kV
2
1 V

2
2 f

−1 − 2(V 2
1 − V 2

1 )
2.

�%�+� (3� �%5��#'�C,��+%�! νk %�+'��!� �! k27 (3� 1%�%1,1 )# Ak &�+)1�! *)!%(%�� #)' k 5'��(�' (3�� )'
�C,�" () n� �3� #,�+(%)� Ak (v) %! 5'��(�' (3�� A�') #)' k > nI (3� A�') �C,%"%&'%,1 *)!%(%)�! Zk = 07 k > n7
�'� !(�&"�� �# n = 07 (3�� (3� A�') �C,%"%&'%,1 *)!%(%)� %! !(�&"� #)' �"" �)'1�" 1) �! )# �%&'�(%)�!7 23%+3 %!
(3� +�!� #)' � !,<+%��("0 "�'5� ��",� )# χ�

��( ,! +)�!% �' (3� �6%!(��+� )# �)�A�') �%&'�(%)�! 23�� Zk �= 0 �� Zn = 0 #)' �"" n �= k� �� (3%! +�!�
(3� '%53($3�� !% � )# >��? &�+)1�! �C,�" () A�')@

Ak − 2EZk + Z2
k = 0. (13)

�3� C,� '�(%+ �C,�(%)� >��? 3�! '��" '))(! Zjk = E ±
√
Dk7 j = 1, 27 %# %(!  �(�'1%���( %! �)( ��5�(%��@

Dk = E2 − Ak ≥ 0� �# Ak < 07 (3�� (3�'� �6%!(! � ��5�(%�� '))( Z1k < 0 �� � *)!%(%�� '))( Z2k > 0� �3�
('%�%�" !)",(%)� &�+)1�! ,�!(�&"�I �! � '�!,"(7 (3�'� �**��'! � �)�A�') !(�(%)��'0 !)",(%)� Z2k +)''�!*)� %�5
() (3� !�"#$�%&'�(%)� 1) � 2%(3 (3� #'�C,��+0 νk� �3� !(�&%"%(0 )# (3%! !)",(%)� %! !(, %� )� (3� &�!%! )# (3�
��'%�(%)��" �C,�(%)�!

νk ξ̇k = −2CZ2k

√
Dk ξ̇k, νmŻm = −CAmZm, m = 1, 2, . . . , m �= k, ξ = Zk − Z2k.

���"0A%�5 (3�!� �C,�(%)�!7 2� +)1� () (3� +)�+",!%)� (3�( (3%! !�"#$�%&'�(%)� 1) � %! !(�&"�� �)' )(3�' 1) �!7
3)2���'7 (3� ('%�%�" !)",(%)�! 1�0 &� ,�!(�&"�7  �*�� %�5 )� (3� !%5� )# Am� �%�+� A1 < A2 < . . . < Ak < . . .7
(3� !�"#$�%&'�(%)� 1) � %! !(�&"� 2%(3 '�!*�+( () �"" ��'%�&"�! %# (3%! 1) � +)''�!*)� ! () (3� 1) � 2%(3 (3�
")2�!( #'�C,��+0 23�� A1 < 0 �� Am > 07 m = 2, 3, . . . �

�3� '))(! )# >��? �'� *)!%(%�� %#

Dk > 0, Ak > 0, v2 <
(
V 2
1 + V 2

2

)
/6. (14)

��8%�5 %�() �++),�( (3� %��C,�"%(0 %� >�?7 2� )&(�%� (3� �!(%1�(� v2 < V 2
1 #')1 (3� "�!( %��C,�"%(0 )# >�E?�

��!� )� (3%! �!(%1�(�7 2� +)�+", � (3�( Ak > 0 �� Dk < 07 !%�+�

(V 2
1 + V 2

2 − 6v2)2 − 8
(
v2 − V 2

1

) (
v2 − V 2

2

)
= 28v4 − 4

(
V 2
1 + V 2

2

)
v2 − 7(V 2

1 + V 2
2 )

2 < 0

#)' v2 <
(
V 2
1 + V 2

2

)
/6� �3� �6%!(��+� )# (2) !(�(%)��'0 1) �! %! %1*)!!%&"��
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�)2 2� !(, 0 (3� �6%!(��+� )# !(�&"� (2)$#'�C,��+0 !�"#$�%&'�(%)� 1) �! 23�� Zk > 0 �� Zm > 0� �%�+�
(3� )(3�' �%&'�(%)� 1) �! !3)," &� �&!��( >Zj = 07 j �= k7 j �= m? �� !3)," &� !(�&"� (Aj > 0)7 (3�
!(�&"� (2)$#'�C,��+0 !�"#$�%&'�(%)� 1) �! �'� *)!!%&"� #)' k = 1 �� m = 27 23%+3 +)''�!*)� ! () (3� +�!�
A1 < A2 < 0� B��+�7 (3� !0!(�1 )# �C,�(%)�! �6*'�!!� &0 >��? +�� &� '�2'%((�� �!

ν1Ż1 = −CZ1

[
A1 − 2E (Z1 + 2Z2) + Z2

1 + 6Z1Z2 + 3Z2
2

]
,

ν2Ż2 = −CZ2

[
A2 − 2E (Z2 + 2Z1) + Z2

2 + 6Z1Z2 + 3Z2
1

]
.

(15)

�3� �)�A�') !(�(%)��'0 !)",(%)�! () !0!(�1 >�	? !�(%!#0 (3� �C,�(%)�!

A1 − 2E (Z1 + 2Z2) + Z2
1 + 6Z1Z2 + 3Z2

2 = 0,

A2 − 2E (Z2 + 2Z1) + Z2
2 + 6Z1Z2 + 3Z2

1 = 0.
(16)

B��+�7
A2 −A1 − 2E (Z1 − Z2) + 2

(
Z2
1 − Z2

2

)
= 0. (17)

�3�  %;�'��+� A2 −A1 %! *')*)'(%)��" () (3� +)�<+%��( χ !*�+%#0%�5 (3� ���'50  %!!%*�(%)� %� (3� !('%�5
 ,'%�5 %(! �%&'�(%)�!� �!!,1%�5 (3�( χ %! !1�""7 2� *,( A2 − A1

∼= 0� �C,�(%)� >��? %! ��"% %# Z1
∼= Z2 )'

Z1 + Z2
∼= E� �� (3� 4'!( +�!�7 #')1 >�=? 2� 5�(

Z1
∼= Z2

∼= Z0, Z0 =
(√

9E2 − 10A+ 3E
)
/10 > 0, A ∼= A1

∼= A2 < 0. (18)

�� (3� !�+)� +�!�7 (3� !0!(�1 �6*'�!!� &0 >�=? 3�! �) !)",(%)�7 !%�+� (3� %��C,�"%(0 (Z1 − Z2)
2 ∼=

A− E2 < 0 #)"")2! #')1 %(�
�3� !)",(%)� �6*'�!!� &0 >�9?  �!+'%&�! (3� !�"#$�%&'�(%)�! #)' (3� #'�C,��+%�! ν1 �� ν2 �� %! ,�!(�&"��

��( ,! +)�!% �' (3� ��'%�(%)��" �C,�(%)�!

ξ̇1 = −2C1Z0

[
(4Z0 − E) ξ1 + 2 (3Z0 − E) ξ2

]
,

ξ̇2 = −2C2Z0

[
(4Z0 − E) ξ2 + 2 (3Z0 − E) ξ1

]
�� '�*'�!��( (3�1 �!

ν1ξ
′
1 +

(
2
√
9E2 −A+ E

)
ξ1 +

(
3
√
9E2 −A− E

)
ξ2 = 0,

ν2ξ
′
2 +

(
2
√
9E2 −A+ E

)
ξ2 +

(
3
√
9E2 −A− E

)
ξ1 = 0,

(19)

23�'� ξk = Zk − Z0 �� (3� *'%1� %� %+�(�! (3�  %;�'��(%�(%)� 2%(3 '�!*�+( () τ = fZ0t/(40V
2
1 V

2
2 )� �3�

+3�'�+(�'%!(%+ �C,�(%)� )# >�H? %! )# (3� #)'1

ν1ν2λ
2 + (ν1 + ν2)

(
2
√
9E2 −A+ E

)
λ− 5

√
9E2 −A

(√
9E2 −A− 2E

)
= 0.

�3%! +3�'�+(�'%!(%+ �C,�(%)� 3�! � *)!%(%�� '))( �� � ��5�(%�� '))(7 !%�+�7 �++)' %�5 () F%�(�:! (3�)'�17 (3�
*') ,+( )# (3� '))(! %! ��5�(%��7 23�'��! (3�%' !,1 %! *)!%(%��� �3%! 1���! (3�( (3� !%�5,"�' *)%�( )# >�	?
%! � !�  "�� �3� (2)$#'�C,��+0 !�"#$�%&'�(%)�! )# (3� !('%�5 �'� ,�!(�&"�� ��*�� %�5 )� *�'(,'&�(%)�!7 (3�
!�"#$�%&'�(%)�! &�+)1� !(�&"� #)' (3� #'�C,��+0 ν1 )' #)' (3� #'�C,��+0 ν2� �# ),' 1�+3��%+�" !0!(�1 (�� ! ()
(3� !�"#$�%&'�(%)�! �( (3� ")2�!( #'�C,��+07 (3��7  ,'%�5 (3� ('��!%(%)� *')+�!!7 (3�'� �'� (3� �%&'�(%)�! �(
(3� #,� �1��(�" ()�� �� (3�  �1*%�5 �%&'�(%)�! �( (3� #'�C,��+0 ν2� � (3� *"��� (Z1, Z2)7 (3�  )1�%�
Z1 ≥ 07 Z2 ≥ 0 %!  %�% � %�() (2) *�'(! &0 (2) !�*�'�('%+�!@ )�� )# (3�1 +)���+(! (3� +))' %��(� )'%5%� 2%(3
(3� !%�5,"�' *)%�( (Z0, Z0)7 23�'��! (3� !�+)� )�� +)1�! () (3%! !%�5,"�' *)%�( #')1 %�4�%(0� ��+3 )# (3�!�
*�'(! %! (3� �(('�+(%)�  )1�%� )# (3� +)''�!*)� %�5 )��$#'�C,��+0 !�"#$�%&'�(%)�� �3� (2) )(3�' !�*�'�('%+�!
+)���+( (3� !%�5,"�' *)%�( (Z0, Z0) 2%(3 (3� !%�5,"�' *)%�(! (Z10, 0) �� (0, Z20)�

��( ,! !3)2 (3�( (3� !�"#$�%&'�(%)� 1) � Z1 = . . . = ZN = Z0N > 07 Zj = 07 j = N + 1, . . .7 %! ,�!(�&"�
#)' χ = 0 %# N ≥ 2� B�'�

Z0N =
(2N − 1)E +

√
(2N − 1)2E2 −A (12N2 −N − 8)

12N2 −N − 8
,

A = 8
(
v2 − V 2

1

) (
v2 − V 2

2

)
< 0.
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�3� +�!� N = 2 2�! +)�!% �'� �&)��� �)' !0!(�1 >��?7 (3� ��'%�(%)��" �C,�(%)�! �'� )# (3� #)'1

νkξ
′
k + αN

(
ξk + 2

N∑
n�=k

ξn

)
+ ξk +

(
12N2 − 24N + 54

) N∑
n�=m

ξn = 0, k = 1, 2, . . . , N,

(·)′ = 1

2CZ2
0N

d (· )
dt

, αN = −E/Z0n > 0.

(20)

�3� +3�'�+(�'%!(%+ �C,�(%)� )# >��? +�� &� '�*'�!��(� �! -H/

fN (λ) =

∣∣∣∣∣∣∣∣

a1 u . . . u
u a2 . . . u
· · . . . ·
u u . . . aN

∣∣∣∣∣∣∣∣
= 0 ⇒

N∏
k=1

(ak − u) + u

N∑
i=1

N∏
k �=i

(ak − u) = 0.

B�'� ak = νkλ + (αN + 1)7 u = 2αN + 12N2 − 24N + 547 �� fN (λ) = bNλN + . . . + b1λ + b07 23�'�

bN = ν1 + . . . + νN > 0� ��( ,! 4� (3� +)�<+%��( b0 = fN (0) = (a− u)N−1 [a + (N − 1)u
]
7 23�'�

a = αN +1 > 0 �� a− u < 0� �# N %! ����7 (3�� b0 < 0 �� (3�'� �6%!(! � *)!%(%�� '))( )# (3� +3�'�+(�'%!(%+
�C,�(%)�� B��+�7 (3� !�"#$�%&'�(%)� 1) � Z1 = . . . = ZN = Z0N > 0 %! ,�!(�&"�� �# N %! )  7 (3�� b1 < 0�
�� �� 7

b1 =
∂f (0)

∂λ
=

N∑
k=1

νk (a− u)
N−2

(a+Nu) < 0.

�3� ��+�!!�'0 +)� %(%)� )# !(�&%"%(0 %! �)( ��"% 7 !%�+� )�� )# (3� +)�<+%��(! )# (3� +3�'�+(�'%!(%+ �C,�(%)�
%! ��5�(%��I 3��+�7 (3� +)''�!*)� %�5 !�"#$�%&'�(%)� 1) � %! ,�!(�&"�� �# χ �= 0 %! !1�""7 (3�� (3� !(�(%)��'0
1) � Z1 = . . . = ZN = Z0N > 0 �6%!(! #)' &),� � ��",�! )# N �� %! ,�!(�&"�7 !%�+� (3� '))(! )# (3�
+3�'�+(�'%!(%+ �C,�(%)� �'� !"%53("0 *�'(,'&� �� � �,1&�' )# '))(! '�1�%� 2%(3 ��5�(%�� '��" *�'(!�

�)2 2� !,11�'%A� ),' ���"0!%! )# (3� �6%!(��+� )# !�"#$�%&'�(%)� 1) �! �� (3�%' !(�&%"%(0 23�� (3�
%�(�'��"  %!!%*�(%�� #)'+�! �'� (�8�� %�() �++),�(� �3� !�"#$�%&'�(%)� 1) �! �6%!( 23�� (3� ��")+%(0 )# (3�
&)2 &�")�5! () (3� %�(�'��" (V1, V2)7 23�'� (3�  �'%��(%�� F

′ (V ) %! ��5�(%��� �3� #'%+(%)� +)�<+%��( f !3)," 
&� !,<+%��("0 "�'5� %� )' �' (3�( (3� %��C,�"%(0 A1 > 0 &� ��"% %� >��?� �3� )��$#'�C,��+0 !(�&"� �%&'�(%)�!
�6%!( �! ")�5 �! (3� +)�<+%��(! Am '�1�%� *)!%(%��� �')1 � +�'(�%� �,1&�' M 7 2� 3��� Ak < 0I 3��+�7 (3�
!�"#$�%&'�(%)� 1) �! �'� �&!��( �( (3� +)''�!*)� %�5 #'�C,��+%�!� �"" 1,"(%#'�C,��+0 !�"#$�%&'�(%)� 1) �!
�'� ,�!(�&"�� �3�  )1�%� D∗ = {Z1 ≥ 0, . . . , ZM−1 ≥ 0} %!  %�% � %�() (3� �(('�+(%)�  )1�%�! )# (3�
)��$#'�C,��+0 !(�&"� !�"#$�%&'�(%)� 1) �!� �3� ('��!%(%)� *')+�!! ()2�' (3� +)''�!*)� %�5 )��$#'�C,��+0
1) � %! �++)1*��%� &0 (3� )��'()�� �%&'�(%)�! 2%(3  �+�0%�5 �1*"%(, �!�

�#7 &�#)'� %(! �%&'�(%)�!7 (3� !('%�5 %! %� (3� !(�(� )# '�!(7 (3�� (3� %�%(%�" +)� %(%)�! (�8� (3� #)'1

Zk (0) = ν−2
k f2ψ4

k (s0) (v − g1v
3 + g2v

5)2, k = 1, 2, . . . .

�3� 1)(%)� ('�J�+()'0  �!+'%&� &0 >��? +)1�! () (3� �(('�+(%)�  )1�%� !*�+%4� &0 (3� *)%�( )# +)�(�+(
&�(2��� (3� &)2 �� (3� !('%�5 >1)'� !*�+%4+�""07 &0 (3� ��",� )# ψk (s0)? �� &0 (3� ��",� )# v� �3�
�(('�+(%)�  )1�%� )# (3� 4'!( 3�'1)�%+ %! "�'5�' (3�� (3)!� )# 3%53�' 3�'1)�%+!� F�'0%�5 (3� *�'�1�(�'! s0
�� v7 2� +�� +3��5� (3� %�%(%�" +)� %(%)�! �� (3� )��'()�� �1*"%(, �!  ,'%�5 (3� ('��!%(%)� *')+�!! %�
(3� �(('�+(%)�  )1�%� )# (3� 4'!( 3�'1)�%+� �)(� (3�( ψ1 (s0) > 0 %# s0 ∈ (0, l)� �3� �%&'�(%)�! )# (3� 4'!(
#,� �1��(�" ()�� �'� �"2�0! �6+%(� �( (3� &�5%��%�5 )# (3� ('��!%(%)� *')+�!!� �3%! %! �)( (3� +�!� #)' 3%53�'
)��'()��!7 %���7 %( 1�0 )++,' (3�( � +�'(�%� )��'()�� %! �&!��( %# ψk (s0) = 0�

��D�����������

�3%! 2)'8 2�! !,**)'(� &0 (3� �,!!%�� �),� �(%)� #)' ��!%+ ��!��'+3 >*')J�+( �)!� ��.��.��	�=7
��.�9.��=��7 �� ��.��.���9E?�
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�# �# �# ���	���� �# �# *��� ��� &# /# .���?�� (�	��� �� )����������� >:�)�����) 2����! �@9@� 1�	�����
�B��	� �@CCA#

�# 1# &# ,���� �	�� )����������� �� *�����+��	� ����	�� >,��	�?�� 2����! ����A D�� � �����E#
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