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Abstract—The stationary Schrédinger equation is studied in a domain bounded by two confocal
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1. INTRODUCTION

[t is well-known that a billiard in a domain bounded by confocal quadrics is integrable. Recent works
by Fomenko and Vedyushkina (see [1—4], as well as other publications of these authors) have again
attracted attention of researchers to this topic. In particular, singularities of a billiard in a ring bounded
by confocal ellipses were studied in work [1]. In the current work we consider the corresponding quantum
system, namely, we study the spectrum of the Schrédinger operator in this domain and in its coverings.
We obtain asymptotics of eigenvalues when the focal distance tends to zero.

Note that the problem of finding the eigenvalues and eigenfunctions of the Laplace operator in the
disk under the condition that the function is zero at the disk boundary is classical (see [5, Section 200,
p. 262; 6]). The corresponding equation is split in polar coordinates, the dependence on the angle is
described by the (co)sine, and the dependence on the polar radius is described by the Bessel function of
the first kind. In particular, the eigenvalues are proportional to the squares of zeros of Bessel functions.

A similar problem for the ellipse is split in elliptic coordinates and is reduced to two Mathieu
equations, angular and radial ones (we bring the necessary information in Section 3).

The same problem in the circular ring bounded by concentric circles is split in polar coordinates and,
in a certain sense, is similar to the problem in the disk. The difference is in that in the radial equation
another boundary conditions are imposed. Therefore, in the solution we obtain a linear combination of
Bessel functions of the first and second kinds (this result is also classical, see [5, Section 207, p. 276]).

The problem in the finite-sheeted covering of the circular ring is an easy generalization of the previous
one and is solved by the same methods; for completeness we present derivation of eigenfunctions and
eigenvalues. For the covering of multiplicity p = 1 the results coincide with the classical ones (for the
circular ring).

Our main result concerns the finite-sheeted covering of elliptic ring, that is, the domain bounded
by two ellipses with identical foci (see Theorems 2 and 3). Namely, we obtain the asymptotics of
eigenvalues in dependence on the focal distance up to the second order inclusively (this is equivalent
to the decomposition in terms of powers of eccentricity of the inner or outer ellipse). For coinciding
foci (for zero eccentricity) the results coincide with the formulas for the covering of circular ring (see
Theorem 1).
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SPECTRUM OF SCHRODINGER OPERATOR 231
2. MODEL PROBLEM

Before proceeding to the main result, we consider a minor generalization of the classical problem.
Let €2 be a domain p-sheeted covering the ring bounded by two concentric circles with radii 0 < rg < ry.
The case p = 1 is referred to the classical theory of oscillations (see [5]). We assume that both circles
have centers at the origin of coordinates. In the domain €2 it is convenient to consider an analog of polar
coordinates, the distance r to the origin of coordinates and the angle ¢ defined by mod 27p. In Q2 we
consider the stationary Schrodinger equation

2
v = (G0 T V) = B

where the potential V' (r) is zero inside the domain €2 and turns into infinity outside it. Such problem is
equivalent to searching eigenfunctions and eigenvalues of the Laplace operator in the domain € for the

2
functions vanishing at the boundary of Q. We put s? = . Further, J, and Y, are Bessel functions

B2
of the first and second kinds, respectively.

Theorem 1 (forp = 1 see[6, p. 165.]). In the domain Q2 (p-sheeted covering of the circular ring)
the eigenfunctions vy, (7, ¢) and the eigenvalues Ey, ,, of the operator H have the form

w2 R?
Vi (1, 0) = [Yy(akW)J,/(ai’(’)’T) — Y,,<al;’(l)’r>Jy(ak,y)] cos (v + o), Epm = ];XZ[ ;
m r1 O‘zu
where v = ’ A= iy =5, kkmeN, oy, is the kth zero of the function f(x)=
0 ’ L)

Y, (z)J,(A\x) = Y, (Ax)J,(x).
Proof. We write the sought function in the form ¢ (r,¢) = R(r)®(p); then the equation (V2 +

" /
R(T);I; (%) + R (T)T(I)(SO) + ®(p)R"(r) + s2R(r)®(p) = 0. We multiply both sides

2

R(r)® ()

2?)1p = 0 becomes

of the equation by

" ()  rR(r) r’R'(r)

%27’2: .
a) V RY T R0 T :

We introduce the dividing parameter v and obtain two equations (below, we do not specify the
variables explicitly, assuming ® = ®(¢), R = R(r)):

q)// _ _V2’
T%/ T2R//
rRT p T 722 =12,

The solution to the angular equation is the function ®(¢) = cos (v¢ + ¢p) for some real value . The
periodicity condition ®(0) = ®(27rp) implies that v = 7; where m is an arbitrary nonnegative integer
number.

The solution to the radial equation is sought in the form of linear combination of Bessel functions of
the first and second kinds [7, Section 9, p. 358]:

R(r) = AJ,(5er) + BY, ().

From the boundary condition R(ry) = 0 we establish the values of the constants: A =Y, (sr), B =
—Jy(5¢rg) (or those proportional to them).
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232 NIKULIN

Now, we consider the function f(z) = Y, (x)J, (Ax) — Y, (Ax)J, (x), where A = :1. Then the bound-
0

ary condition R(r1) = Y, (3er0)Jy, (3¢r1) — Jy (5¢r0) Y, (5¢r1) = 0 can be written as f(»¢rg) = 0. We denote
the kth positive zero of this function by a4, (see also the below Lemma 1). Then srg = oy, for some
value of k, which implies that s can take only the values %i%,m given in the formulation of the theorem. [J

Lemma 1[7, Section 9.5, p. 374; 8]. The asymptotically mth positive zero oy, of the [unction
flx) =Y, (x)J,(A\x) = Y, (A\x)J,(x) as m — oo behaves as

w—x2+n—4xw+2x3+

X
am,,,:a—i—g—i— 3 5 ce

g g

s _wm _p—1 _ (p=1)(p = 25)(N% 1)
where = 4v7, 7T X7 s YT saa—1)
(p—1)(u? — 114p + 1073)(\° — 1)

54N\ — 1)

3. PRELIMINARY INFORMATION
3.1. Separation of Variables in Equation in Ellipse

We consider the area bounded by an ellipse with the lengths of the major and minor semiaxes equal

to w and h, respectively. We denote the half of the ellipse focal distance by § = vw? — h2. We introduce
the elliptic coordinates p, ¢, p > 0,0 < ¢ < 27, where

(z,y) = (§ cosh pcos p, d sinh psin ).
They are regular outside the line segment connecting the foci (+6,0). The considered domain is given
by the inequality 0 < p < arccosh(?). Under a fixed w = rg and § — 0 the domain “tends” to a circle

of radius ryg.
In this coordinate system the Laplace operator is as follows:
0? 0? 0? 0?
2 P o2 T oy o2 o2

VIS 00 T o2 T comn? 2p) 4 |
Y (cosh® p — cos? p) 9 (cosh 2p — cos 2¢p)

The stationary Schrodinger equation is rewritten as
2ME
h?

under the condition that ) vanishes at the domain boundary. Dividing the variables ¢ (p, ¢) = R(p)®(¢),
we reduce the equation to the form

V21 + %) = 0, where 2 =

2 2 2
(I)86p2 R+ R@?ﬂ ¢ + (50) (cosh2p — cos2¢)RP = 0.
2
[n parentheses we add and subtract the separating parameter ( 5)2 and obtain the Mathieu equations,
A
2
in which g = (220) :
4
62
0,2 @+ (a —2qcos2¢p)® =0 (the angular Mathieu equation),
(1)
82
0,2 R — (a —2qcosh2p)R =0 (theradial Mathieu equation).
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Table 1. Periodic Mathieu functions of even order

a Periodic solution of angular Mathieu equation*® Period Evenness of function
azn (q) cean(z,q) period 7 even
a2n+1(q) ceant1(2,9q) antiperiod** 7 even
bon+1(q) sean+1(2,q) antiperiod 7 odd
bon+2(q) seant2(z,q) period 7 odd

* In Table 1 we provide just the eigenvalues of the period 7 or 27.
** Antiperiod w: f(x 4+ 7) = — f(x).

Table 2. Periodic Mathieu functions of fractional order v

a Periodic solution of angular Mathieu equation Period Evenness of function
() cey(z,q) period 7p even
() seu(z,q) antiperiod 7p odd

3.2. Some Properties of Mathieu Functions

2

Consider the angular Mathieu equation g2 ®(2) + (a —2g cos22)®(z) = 0. Because the coefficients

of the angular Mathieu equation are periodic in z, by the Floquet theorem [7] there exists a solution in
form F,(z) = e*P(z), where v depends on the parameters a and ¢, while the function P(z) has the
same period 7 as the coefficients of the equation. The constant v is called the characteristic exponent.
For v ¢ 7 the functions F,(z) and F,(—z) are independent solutions to the differential equation. For
v € Z the functions F,,(z) and F,(—z) are proportional and have the period 7 or 27 (see [7]).

According to the Sturm theory, for ¢ # 0 existence of at most one periodic solution with the period 7

or 27 is possible. Depending on the evenness and the period of this solution, the parameter! @ is referred
to one of the two types:

a,(q), ve{0}UN;
b_,(q), —-veN,

a =

more precisely, forn € {0} U N (see Table 1).

The third type is also distinguished: a = A, (q),v ¢ Z, which corresponds to the Mathieu functions
of fractional order ce, (z, q), se, (z, q). In the general case for v ¢ Q both functions are nonperiodic, but

forv e Q\Z,v = Z both have a period not larger than 2zp. Table 1 for v = Z can be continued (see
Table 2).

The meaning of the parameter v becomes understandable when we substitute ¢ = 0 into the angular
Mathieu equation (1). In this case the angular function appears to be the same as in the case of disk;
consequently, A, (0) = 2, ce,(2,0) = cos(vz), se,(2,0) = sin(vz).

2
!'We can consider the Mathieu equation as a eigenvalue problem for the operator D(y) = Z :g —
x
2

D(y) = jxg — 2q cosh(2z)y). Therefore, in the literature a is often called the eigenvalues.

2q cos(2z)y (or operator
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234 NIKULIN

The Fourier series for the angular Mathieu functions converge uniformly and absolutely on all
compact sets in the complex plane. In the below given formulas it is assumed that n € {0} UN,
veR\Z:

[ee] o0
cean(z,q) = Z A3" (q) cos2mz,  ceani1(2,q) = Z A%Z;;ll( )cos (2m + 1)z,
m=0 m=0

sean+1(2,q) Z BSZ#I )sin (2m + 1)z,  sespt2(2,q) Z BSZ;QQ )sin (2m + 2)z,

[e.e] [e.e]

cey(z,q) = Z (@) cos (v +2m)z,  se,(z,q) = Z e (q) sin (v 4 2m)z.

The coefficients Aﬁc, B,lf, cy, satisly certain recurrent relations (see [7]).

Now, we proceed to the radial Mathieu functions. The radial Mathieu functions of the first and second
orders are defined as Cey(z,q) = cen(£iz, q), Sen(z,q) = Fisen(Eiz, q) (see, e.g., [9]). For them and

for the radial function of fractional order A" (z,q), there exist expansions in terms of Bessel functions of

the first kind (here, the equality is understood up to a constant factor independent of z, which is irrelevant
for the current work):

Cem(za) o 3 (1 AL (@) Ton(®), Cempn(2:) ¢ 3 (~1)™ A (@) o 1),
m=0 m=—0
Sean(z,q) o tanh z i (=1)™2mB3" (q) Jam (),
m=1
Sean+1(z,q) o tanh z i (=D)™(2m + 1)352;11( YJam+1(2),
m=1
M (z,q) i (=1)™c5,, (@) Juyam (), everywhere, for brevity, =z = 2,/qcosh z. (2)

Here, the coefficients Aﬁg, B,lg, cf are the same as in the Fourier expansion of the functions ce;(z, q),
sei(z,q), cey,(z,q) (see [9, Chapter VIII, pp. 158—169]). By replacing the Bessel functions of first
kind J,,,(x) with the Bessel functions of the second kind Y;,,(z) in the above formulas, we can obtain
independent solutions to the corresponding equations. For instance, for the radial functions of the first
kind of integer order Ce,(z, q), we have the second solution Fey,(z, ¢), while for the functions Se, (z, q)
such second solution is denoted by Gey,(z, q) (see[9, Chapter VIII, Sections 8.11—13, pp. 158—162]).

The same reasoning applied to M,El)(z, q) leads to the independent solution M,E2)(

fractional order.

z,q) for the case of

4. MAIN RESULT
We consider the domain (“elliptic ring”) bounded by two ellipses with long semiaxes 0 < rg < r1 and
with common foci at the points (£0,0). In the elliptic coordinates (p, ¢) this domain is given by the
inequalities pg = arccosh (;0) < p < arccosh (;1) = p1, 0 < ¢ < 27. For the p-sheeted covering Q5
of the elliptic ring, the inequality on the angular coordinate is different: 0 < ¢ < 27p. For convenience

2MFE
we introduce »2 = 2

We want to obtain the solutions to the stationary Schrodinger equation in the p-sheeted covering €5
and the asymptotics of the corresponding energy levels at focus distance 24 tending to zero.
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Theorem 2. [n the domain Qs (p-sheeted covering of the elliptic ring) the eigenfunctions
Yr.m(p, ) and the eigenvalues Ey, ,,, of the operator H have the form

9

q:Bk,u

[C’ ev(po, @) Fey,(p,q) — Cen(p, q)Fey,(po, q)} cey (9, q)
A

Ek,m— oM VG{O}UN;

[Se—y(Po, DGy (pra) — Seo(pr0)Gey—v (oo, qﬂ se(,q)
Yrm(p, ) = 9=B,

2 32
»wi . h
Eim = ’;m , —veN;

9

)

[Mu(l)(po, )M (p,q) — M5 (0, q) M (o, q)} (Arce, (¢, q) + Azse,(,q))

qzﬁk,u
2 p2
Bk = ;T/f otherwise,
4
wherev =", o= ?;” Jk,m €N, By, is the kth zero of the [unction
p )

Cey(po,q)Fey,(p1,q) — Ce,(p1,q9)Feyu(po,q), v e{0}UN;
F@) = | Se_y(po, ))Gey—v(p1,q) — Se_,(p1,9)Gey—(po,q), —v€N; (3)
Mzsl)(Po, Q)Mzgg) (p1,q) — Mzgl)(pl, q)M,EQ) (po,q) otherwise.

)
Proof. We will seek the solution to the equation 2;\2 V2 = Ev in the form ¥ (p, ) = R(p)®(y),

where p and ¢ are elliptic coordinates. Then R and ® are the solutions to the Mathieu equations

2
68902 ¢ + (a —2qcos2¢)® =0,
(4)
82
8p2R — (a —2gcosh2p)R = 0,

where ¢ = and a is the separating variable. Firstly, we consider the angular Mathieu equation and

(50)?
4
determine under which a the condition ®(0) = ®(27p) holds.
By the Floquet theorem, for some v there exists a solution ®,(p) to the Mathieu equation such

that ®,(p + 27mp) = 2™, (). In the case of p-sheeted covering we need to impose the periodicity
condition ®,(0) = ®,(27p). Consequently, e?™ = 1. Hence, pv = m € Z and, therefore, v = TZ

where m € Z. We put &(p) = ®,(p).

By Ri(p,q), R2(p,q) we denote two independent solutions to the radial Mathieu equation (4)
depending on the parameter q. The solution to Eq.(4) is their linear combination R(p,q) = AR1(p,q) +
BRs(p,q). From the condition R(po,q) = 0 we establish the values of the constants: A = Ra(po, q),
B = —R1(po, q) (or the values proportional to them). Now, we consider the function f(q) = Ra(po, q) X
Ri(p1,q) — Ri1(po, q)Ra2(p1, q); depending on the value v this is one of functions (3). Then the condition
R(p1,q) = 0 can be written as f(¢q) = 0. We denote the kth positive zero of this function by Sy ,, then

4
7 can take on only the values %,im given in the

q = B, Tor some value of k, which implies that w? = 52

formulation of the theorem.
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In conclusion of the proof, we just need to present the explicit form of the functions ®(p), R(p).
Depending on the value v = m, the separating parameter a in the system of differential equations (4) is

referred to one of the three types:

a,(q), ve{0}UN;
a= b—l/(q)7 _VEN;
Av(q) otherwise.

The periodic angular solutions in the first two cases are the functions described in Table 1; they are the
functions ®(¢) depending on the value of v.

The radial functions are obtained in as linear combinations of integer-order radial Mathieu functions.
As Ry(p,q) we take the radial Mathieu functions of the first kind (2): Ce,(p,q) for v € {0} UN and
Se,(p,q) for —v € N. The independent solutions Ra(p, q) for these two cases are Fey,(p,q) and
Geyy(p, q), respectively.

Inthe casev = Zl € Q\ Z both angular functions ce, (¢, q), se, (¢, q) are periodic and have a period
2

not larger than 2wmg (see [7]); therefore, also their linear combination suits as ®(yp). The solution
to the radial Mathieu equation is represented as a linear combination of the functions Ce,(p, q) and
Se,(p,q). However, in the next theorem it is more convenient to use a linear combination of the functions

M,El)(p, q),M,E2)(p, q) (see [10, Section 28.23; 11, Chapter 2, Section 2.4, p. 165]), also forming a
fundamental system. O

We introduce the function

Wap(w) = Ya(u) Jy(Mu) — YaQhu) Jp(u), A=

(5)

’r'o'
m

Wedenote: v = ,m € Z.
p

Theorem 3. The value %,%m(d),k: € N, depends on the half of the focal distance 6 with an
accuracy up to o(6?) as follows:

r 2 3 — v
Xkw 9 Yk LT (W2 (WAWow—2(u) = V1T (Wi, (W) +Wo,ui2(u))
2 4 BWU’V(u) )
TO 8I/TO ou U=k v
—-veN \ {17 2};
2 3
k2 52 Mk2 (Waz(u)tWaa(u) )
2 4 OWs o (u) ) —V =4
r 12r 2,2
0 0 ou U= 2
2 3
ak,l 52 3ak’,1 (Wgyl(u)+W1,3(u)) =1
2 4 oWy 1(u) ) V=234
T 167, ’
0 0 ou U=, 1
2 3
2
Hen(0) = | VR0 _ 52RO (Wap(w)+Wo 2 (u)) U—0 (6)
r2 Ard OWp,0(u) ’ ’
0 0 Ou U=k, 0
2 3
k1 o k1 (Waa(w)+Wis(w) _ 1
2 4 4 oW1 1 (u) y V= 1)
r 167, L1
0 0 ou U= 1
2 3
ak,lz 52 ak,lz 4(,,1_1) (Wo—2,0 (W) +Wy,p—2(u))— 4(,,1_‘_1) (Wot2,0 (w)+Wo,42(u))
7,2 + 27,4 Wy v (u) )
0 0 ou U=k,
v e N\ {1},
| | v ¢ Z.
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Remark. This expansion is equivalent to the expansion in terms of the eccentricity £, of the inner or
outer ellipse with the major semiaxis rs, s = 0, 1, which results from the substitution § = e4rs.

Remark. The case § = 0 corresponds to the covering of the circular ring. It is easy to see that in this

case the result of Theorem 3 (that is, zero terms of expansions) corresponds to the result of Theorem 1
2

I3
after multiplication by o[

Remark. The derivative Wgz(u) admits expression through the Bessel functions of the first and
Y, v
second kinds. We have the identities (see [10]): 28 OzEU) =Y, —1(u) — Yy41(u), 28J&(Lu) =Jy—1(u) —

Jy41(u). By direct differentiation of W, ,,(u) we obtain

oW, (u)

oy = MY, (w)Jy—1(Au) + Y1 (Au)Jy (u)) — (Yo (Aw)Jy—1(u) + Yoy (w)Jy (Au)).

Proof. By the previous theorem the eigenvalues Ej, ., of the operator H and, consequently, the
numbers s = ;. (6) are related with the zeros S, of the function f(q). Here, the function f(q)
has one of the three possible types (see (3)).

We present two lemmas with which we are going to prove (6).

252
Let v = 7;, m=>0,a=M\(q), ¢g= %4 and suppose that ce,(p,q) is the even solution to the

angular Mathieu equation with the specified parameters a, q. Recall that for small ¢ the expansion holds
(see[l1, Section 2.2, pp. 122—124]):

cey(p,q) = ¢, cosvy + qeyra cos (Vv + 2)p + qep—a cos (v — 2)p + o(q).

The possible values s are determined from the condition that the radial Mathieu function vanishes
on the boundary ellipses. Namely, we put R(p) as the solution to the radial Mathieu equation with the
same parameters and the boundary condition R(pg) = R(p1) =0, po < p1.

Lemma 2. Let 7o = § cosh pg, 71 = dcosh p1, A = :1 and suppose that oy, is the kth zero of the
0

function W, ,,(u). Then for small § the value »* is as follows:

o Ohy o Oy
ol ré 2c,rd
0 0]
Cu42 (Wu+2,y(u) + Wy,u+2 (U)) +cp—2 (WV—2,V(U) + Wy,u—2(u)) 2
X W, (1) + 0(0%).
8u U=k

Proof. Ata= M\, (q), v= m, m > 0, the Fourier coefficients of the angular Mathieu function
ce,(p,q) are coupled [7], up to]; constant factor, with the expansion of the radial Mathieu function
Ceu(p,q), v € {0} UN;
MM (p,q), v ¢ Z,
Ri(p,q) = cvJy(2y/qcosh p) — qcy—2J,—2(2y/q cosh p) — geyy2Jy42(24/q cosh p) + o(q).

Ri(p,q) = into an infinite sum of the Bessel functions as follows:

The second solution Rs(p,q) to the radial Mathieu equation can be obtained from Rj(p,q) by
replacing the Bessel functions of the first kind .J,,(z) with the Bessel functions of the second kind Y, ().

In particular, these are the functions Fey, (p, q) forv € {0} UN and MP (p,q)forv € Q\ Z,v > 0.
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We recall the boundary condition Ra(pg)R1(p1) — Ra(p1)R1(po) = 0. Note that the arguments have

252
the form 2,/q cosh p, = 2\/%45 7;; = urg,s = 0,1. Let us consider the first summand in the boundary

condition:
Ra(po)R1(p1) = (cuYou(3er0) — qev—2Yy,—2(310) — qeu2Y,42(5e10) + 0(q))
X (cvdy(5e11) = qev—2Jy—2(3er1) — qeyi2Jp42(3er1) + 0(q))
Jy(5ery

= Y, (3er0)Jy (3er1) — qe, (cl,_g(Y,,_g(%ro)J,,(%rl) Y, (5er0) Jy—a(5em))

o2 (Vosa(210) Ty (3em1) + Y (3210) Jya(3¢r1)) ) + 0(a): (7)

Dividing both sides of the last expression by ¢2, for convenience’s sake we determine u = »rg, A =

rl , #r1 = Au. We write the full expression Ra(po)R1(p1) — Ra(p1)R1(po) = 0: because the terms differ
0
from each other only by permutation of the arguments u and Au, using formula (7) leads to appearance

of functions (5). Thus,

r

0 = Ra(po)R1(p1) — Ra(p1)R1(po)

= Wu(u) —q ( (Wi—o,0 () + Wopa () + “ 2 (Whga0(u) + Wippa(u)) ) +o(g).  (8)

Cy Cy

Suppose that oy, ,, is the kth zero of the function W, ,,(u). Then in a sufficiently small its neighborhood
it is true that

B oW, (w) (u— ag,)? ?°W,,(u) 9
Wyu(u) = (u—agy) ou ar 9 O —ar. +o((u — agp)”).
7262 uts?
We put u = ag, + u16 + u2d? 4 0(6%) and substitute ¢ = 4T 4 into expression (8):
o
oWy, () u26% + 0(6%) 92w, ,(u) a2 6%+ o(8?)
2 2 v,V 1 v,v _ sV
(’LL15 + U25 + 0(5 )) ou e 9 92 . 47"(2)

+ 0(5)} +0(6%) = 0.

X |:<CV_2 (WV—Q,V(U) + WV,V—Q(U)) + vt (WV+27V(U) + WV’V+2(U))>

Cv Cv U=k,

Because the equality must hold at each power of §, we firstly obtain u; = 0 and then, by equating the
coefficients at §2, arrive at

s (5 V) 4 Woapmal) + 7 (Wain 00 + Wosia(w) )

. ALy Cy v
YT g2 W, ()
ou u=ay, ,
Thus,
2
[0
_ , 52 k,v
U= Qpy,+ 47"(2)
Cy— Cy
< 2 (WV—2,V(U) + Wy,zx—2(u)) + +2 (Wy+2,y(u) + Wy,zx+2(u))>
x N v + 0(6?)
oW, (u) '
8u U=
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Because u = srg, we obtain
2 3

ak’,l/ ak’,l/
= ré 220 ra
0 20
Cy42 (WV+2,V(U) + WV,V+2 (u)) +cv—2 (WV—2,V(U) + WV,V—2(U)) 2
X OW, (1) + 0(6%).
ou U=ag

The lemma is proved.
%262
Let a=A_,(q),v € N,g = 4 and suppose that se,(p,q) is the odd solution to the angular

Mathieu equation with the specified parameters a,q. Recall that for small ¢ the expansion holds (see
[11, Section 2.2, pp. 122—124]):

sey(,q) = ¢y sinve + qeyqasin (v + 2)¢ + gey—2 sin (v — 2)¢ + 0(q).

The possible values 52 are determined from the condition that the radial Mathieu function vanishes on
the boundary ellipses. Namely, we put R(p) as the solution to the radial Mathieu equation with the same
parameters and the boundary condition R(pg) = R(p1) =0, po < p1.

Lemma 3. Let 7o = § cosh pg, 71 = dcosh p1, A = :1 and suppose that oy, is the kth zero of the
0

function W, ,(u), then »* depends on § as

3

«
k7
2 + 522 V4
7'0 I/CVT'O

2
«
k,v
%2 =

(v = 2)cy—2 (Wy—ap(u) + Wip—2(u)) + (v + 2)cpq2 (Wotop(u) + Wipta(u))
oW, (u)

8” U=

X + 0(6?).

Proof. Ata = A_,(q),v € N, the Fourier coefficients of the odd angular Mathieu function se, (¢, q)
are coupled [7], up to a constant factor, with the expansion of the radial Mathieu function Se, (p, q) into
an infinite sum of Bessel functions as follows:

Sey(p,q) = ve,Jy(24/qcoshp) — q(v — 2)ey—2J,—2(24/q cosh p)
- Q(V + 2)CI/+2JV+2(2\/q cosh p) + O(Q)’

We can obtain the second solution to the radial Mathieu equations Ra(p) = Gey, (p, ¢) from the solution
R1(p) = Seu(p,q) by replacing the Bessel functions of the first kind ./, (x) with the Bessel functions of
the second kind Y, (z).

In the boundary condition Ra(po)Ri(p1) — Ra2(p1)Ri1(po) =0 the arguments have the form

2252 .
2,/qcosh ps =2 Y xrs, s = 0,1. Consider the first summand:

Ra(po)Ri(p1) = (ve, Yy (5er0) — q(v — 2)cp—2Yi—2(5er0) — q(v + 2)cuq2Y42(3¢r9) + 0(q))
x (veydy(3er1) — q(v — 2)ev—2Jy—2(3er1) — q(v + 2)cuy2Ju42(3em1) + 0(q))

= 12C2Y,, (serg) J, (ser1) — qyc,,<(1/ —2)ey—o (Yy_a(serg)Jy(5er1) + Y, (5er0) Jy—2(5er1))

F (0 4 2)coso (Yoro(3er0) Jy (3211) + Yy (50r0) Ty o (3em1)) ) + o(q).
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We divide both sides of the expression by v2¢2 and, for convenience’s sake, determine u = srg, A =

n »ry = Au. We write the full expression Ra(po)R1(p1) — Ra(p1)R1(po) = 0 in the same manner as in
To
Lemma 2:

0 = Ra(po)R1(p1) — Ra(p1)Ri(po) = W, (u)
_ U(iy ((U —2)cy—a Wy—a,(u) + Wy p—a(u)) + (v + 2)cvyo (Woga,(u) + Wy,y+2(u))> +o(q).
(9)

Suppose that oy, is the kth zero of the function W, , (u). Then in its sufficiently small neighborhood it

is true that
(u— ozk,,,)2 82WV7,}(U)

oW, (u)
2 Ou?

)

Wy(u) = (u— ag,y) o

)

+ o((u — akﬂ,)z).

u=ayg,,

_l’_

u=ayg,,

2252 P
We put u = ay,, +u1d + u26% + o(8) and substitute ¢ = 4T 4 into expression (9):
To

Wy (u) u}é? + 0(82) O*°W,,, (u)
2 2 : 1 :
(u19 + u26” + 0(6%)) ou e 9 2 o
2 2 2
ak,u5 + 0(5 ) (V - 2)61,_2
B 4rk [( ve, (W2 () + Wo—a(u))
+2)c,
+ v UC)C i (Wygo(u) + Wy,l/+2(u))> + 0(5)} +0(6%) = 0.
v U=k,

We equate the coefficients at each power and obtain

azy 1 —2)en—
L 520 <(” Jev 2 (Wy—a (1) + Wi o (w))

u = Oék,l/ 47‘8 8W,,7,,(u) ve,
ou
v+ 2)c,
U2 )+ Waia) )| old?),
v U=
which, by the definition u = s¢rg, implies the equality
2 3
%2 = ak’u + (52 ak’l/
r% 21/@7‘61
(v =2)cy—2 (Wy—2p(u) + Wyp—2(u) + (v + 2)cpr2 (Wigo,u(u) + Wi pto(u)) 2
X + o(6%).
oW, (u)
8u U=

The lemma is proved.

Let us return to the proof of Theorem 3.
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Case 1: a=\,(q), v= T;, m > 0. Then for small ¢ the even solution to the angular Mathieu

equation ce, (¢, q) can be represented as (see[7])

cosvp + cos (v —2)p — cos (v + 2)p + o(q),

q q
A —1) A(v +1)

veN\{l}orveQ)\Z;

cey(p,q) =
: cosgo—gcos?)go—i-o(q), v=1;

1 1 ¢q

_\/2—\/220052g0+0(q), v=0.

Letv e N\ {1} orv € Q\ Z. Thenc, = 1,¢p42 = e i 1),cy_2 = 4(1/1_ 1 We apply Lemma 2:
i = a%y + 62 a%’:
rH 2ry
L (Waaw) + Waoa@) = L (Wosa () + Wiaspa(u)
y 4(V— 1) v—2,v v,V 4(V—|— 1) v+2,v v,V +O(52)
W, (u) B ’
ou

Suppose that v = 1. Thene¢, = 1,¢p190 = B ,¢y—o = 0, and from Lemma 2 we obtain

8
2 3
9 Oky 2 Y (Woa,(u) + Wy i2(u)) 2
= W _§ ' ’ ’ 6%).
= T Wy (u) + o)

8’LL U=

1
Letv =0. Thene, = ,Cyta =
\/2 +2 2\/2

,cu—g = 0, and by Lemma 2 we have

2 3

5 Y%y 0%y Wigau(u) +Wiypia(u)) 9
o r g 4rg oWy, (u) +0(0%).

au U=
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Case 2: a = A\_,(q),v € N. In this case for small g the odd solution se, (¢, ¢) to the angular Mathieu
equation can be represented as (see [7])

q

sin (v —2)p — s+ 1)

sinvy + sin (v + 2)¢ + o(q),

4v—1)
v eN\{1,2};

seu(p,q) = q
sin 2 — 19 sindp +o(q), v =2;

| singp — gsin3g0+o(q), v=1

1 -1
L 1,2}. Thene, =1,¢,9 = ,Cuto = , from L i
etv € N\ {1,2}. Thenc Cy—2 Ao — 1) Cut2 Ao+ 1) and from Lemma 3 we obtain
2
!
%2 _ k2,z/
o
v—2 v+2
o W2 (u) + Wop—2(u)) — Wit (u) + Wi ga(u))
+52 k,v v—1 V+1 +O(52)
81/7“3 Wy (u) ‘
au U=k,

Suppose that v = 2. Thene, = 1,¢,0 =0,¢c,19 = 19 and by Lemma 3

a? ad (v+2
%2 _ k2,1/ _ 52 k,y( i ) (Wy+2,u(u) + Wy,zx+2(u)) + 0(52)‘
i 24vr oW, (u)

ou U=,y
-1
Letv=1.Thenc, =1,¢c,_0 =0,cp49 = g and from Lemma 3 we arrive at

a? as (v+2
%2 _ k2,1/ _ 52 k,u( ) ) (Wu+2,u(u) + WV,I/—}—Q(U)) 4 0(52).
i 16vr oW, (u)

ou U=k,

The proof of Theorem 3 is completed.

5. CONCLUDING REMARKS
Let us consider another problem formulation. Suppose that a circular ring is given bounded by

. . . .. C
concentric circles with radii vy > rg > 5
2

We consider the mapping F.(z) = z + Zz (an analog of the Zhukovsky function). It transfers our

circular ring to an elliptic one bounded by ellipses with foci at the points (j:;O) and major semiaxes
2 2

c
JFe(r) =m +

FC(T‘Q) =19+ .
4rg 4ry
Using the function F.(z) the Laplacian V2 in the elliptic ring is transferred to the circular ring. The
obtained operator V2 can be considered a perturbation of the original Laplacian V2 = V3.
The asymptotic of the eigenvalues of V2 has additional correction terms compared with our original
problem, because under the action of F,.(z) the semiaxes change. We will dedicate a section in a further

publication to the discussion of asymptotics of eigenvalues of V2.
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