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Abstract—The present paper is aimed at studying the influence of gravity field on the general model of
the generalized thermo-microstretch equations for a homogeneous isotropic elastic half-space solid.
The problem is in the context of the Lord-Shulman and Green-Lindsay theories, as well as the cou-
pled theory. The Finite Element Method is used to obtain the exact expressions for the displacement
components, force stresses, temperature, couple stresses and microstress distribution. The variations
of the considered variables perpendicular to the axis of rotation are illustrated graphically using MAT-
LAB software. Comparisons are made with the results in the presence and absence of gravity field of
a particular case for the generalized micropolar thermoelasticity medium (without microstretch con-
stants) between the three theories. The results obtained are agreement with the previous results
obtained with neglecting the new external parameters that predict new results applicable and useful for
the related topics as geophysics, biology, acoustics, ..., etc.
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1. INTRODUCTION

In recent years, more attentions have been given to the interaction between the thermoelastic and
microstretch, because of its utilitarian aspects and applications in diverse field as geoloy, geophysics,
astronomy, physics, acoustic, and engineering. The linear theory of elasticity is of paramount importance
in the stress analysis of steel, which is the commonest engineering structural material. To a lesser extent,
the linear elasticity describes the mechanical behavior of the other common solid materials, e.g. concrete,
wood and coal. However, the theory does not apply to the behavior of many of the newly synthetic mate-
rials of the elastomer and polymer type, e.g. polymethyl-methacrylate (Perspex), polyethylene and poly-
vinyl chloride. The linear theory of micropolar elasticity is adequate to represent the behavior of such
materials. For ultrasonic waves i.e. in the case of elastic vibrations characterized by high frequencies and
small wavelengths, the influence of the body microstructure becomes significant. This influence of
microstructure results in the development of new types of waves, which are not in the classical theory of
elasticity. Metals, polymers, composites, solids, rocks, concrete are typical media with microstructures.
More generally, most of the natural and man-made materials including engineering, geological and bio-
logical media possess a microstructure. The effect of gravity in elastic media was studied by Bhattacharyya
and De [1]; De and Sengupta, [2]. Thermoelastic and magneto-thermoelastic plane wave propagation in
an infinite non-rotating medium was studied respectively by Agarwal, [3]. The gravitational effect along
with the rotational effect on generalized thermoelastic and generalized thermoelastic medium with two
temperature respectively, was studied by Ailawalia et al. [4]. Sethi and Gupta, [5] discussed the gravity
effect in a thermo-viscoelastic media of higher order. These problems are based on the more realistic elas-
tic model since earth; moon and other planets all have gravitational effect.

3346



GENERALIZED THERMO-MICROSTRETCH ELASTIC SOLID 3347

The theory of thermo-microstretch elastic solids was introduced by Eringen [6]. In the framework of
the theory of thermo-microstretch solids Eringen established a uniqueness theorem for the mixed initial-
boundary value problem. The theory was illustrated through the solution of one dimensional waves and
comparing with lattice dynamical results. The asymptotic behavior of the solutions and an existence result
were presented by Bofill and Quintanilla [7]. A reciprocal theorem and a representation of Galerkin type
were presented by Cicco and Nappa [8]. Cicco and Nappa [9] extended the linear theory of thermo-
microstretch elastic solids to permit the transmission of heat as thermal waves at finite speed. Iesau and
Nappa [10] studied the problem of the plane strain of microstretch elastic solids. The basic results and an
extensive review of the theory of thermo-microstretch elastic solids can be found in Eringen’s book [11].

The classical uncoupled theory of thermoelasticity predicts two phenomena not compatible with phys-
ical observation. First, the equation of heat conduction of this theory dose not contain any elastic terms
contrary to the fact that elastic changes produce heat effects. Secondly, the heat equation is parabolic type
predicting infinite speeds of propagation for heat waves.

Biot [12] introduced the theory of coupled thermoelasticity to overcome the first shortcoming. The
governing equations for this theory are coupled, eliminating the first paradox of the classical theory. How-
ever, both theories share the second shortcoming since heat equation for the coupled theory is also para-
bolic.

Two generalizations to the coupled theory were introduced. The first is due to Lord and Shulman [13],
who obtained a wave-type heat equation by postulating a new law of heat conduction to replace the clas-
sical Fourier’s law. This new law contains the heat flux vector as well as its time derivative. It also contains
a new constant that acts as a relaxation time. Since the heat equation of this theory is of the wave type, it
automatically ensures finite speeds of propagation for heat and elastic waves. The remaining governing
equations for this theory, namely, the equations of motions and constitutive relations, remain the same as
those for the coupled and the uncoupled theories. Othman [14] studied the dependence of the modulus
of elasticity on the reference temperature in a two dimensional generalized thermoelasticity with one
relaxation time. This theory was extended by Abbas and Othman [15] to study the plane waves in general-
ized thermo-microstretch elastic solid with thermal relaxation using finite element method. The second
generalization to the coupled theory of thermoelasticity is what is known as the theory of thermoelasticity
with two relaxation times or the theory of temperature-rate-dependent thermo-elasticity. Miller [16], in
review of the thermo-dynamics of thermoelastic solids, proposed an entropy production inequality, with
the help of which he considered restrictions on a class of constitutive equations.

A generalization of this inequality was proposed by Green and Laws [17]. In 1972 Green and Lindsay
[18] developed the theory of generalized thermoelasticity with two relaxation times which is based on a
generalized inequality of thermo-dynamics. This theory does not violate Fourier’s law of heat conduction
when the body under consideration has a center of symmetry. In this theory both the equations of motion
and of heat conduction are hyperbolic but the equation of motion is modified and differs from that of the
coupled thermoelasticity theory. Othman et al. [19] studied the plane waves analysis through magneto-
thermoelastic microstretch rotating medium with temperature dependent elastic properties. Datta [20]
discussed the influence of gravity field on Rayleigh wave propagation in homogeneous elastic medium.
On the other hand, Das et al. [21] discussed the influence of gravity on Rayleigh wave propagation in an
inhomogeneous isotropic elastic solid medium. Zenkour [22] investigated the two-temperature general-
ized thermoelastic interaction in an infinite fiber-reinforced anisotropic plate containing a circular cavity
with two relaxation times. A non-linear generalized thermoelasticity of temperature dependent materials
or ramp-type heating using finite element method is discussed by Abbas and Yossef [23] and [24]. Abo-
Dahab et al. [25] studied the effect of relaxation time and mode-I crack on the wave through the magneto-
thermoelasticity medium with two temperatures.

Some new contributions about variable thermal conductivity, hyperbolic two-temperature theory
during magneto-photothermal, semiconductor induced by laser pulses and other external parameters dis-
cussed in [28—32]. In [33—40], the interaction between the microstretch and elastic or thermoelastic with
a new external parameters is discussed considering some new models about generalized thermoelasticity.

The purpose of the present paper is to obtain the normal displacement, the temperature, the normal
force stress and the tangential couple stress in a microstretch elastic solid under magnetic field, gravita-
tional effect and initial stress. The variations of the considered variables perpendicular to the axis of rota-
tion are illustrated graphically using MATLAB software. A comparison of the temperature, the stresses
and the displacements are carried out between three theories for the propagation of waves in a semi-
infinite microstretch elastic solid for different cases. The finite element method was used to obtain the
numerical solution for the physical quantities.
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NOMENCLATURE
. e are the parameters to heat conduction equation
Ce is the specific heat per unit mass
e is the dilatation
G are the components of strain tensor
g is the earth gravity
j is the micro-inertia moment
K(=20) is the thermal conductivity
k,a, B,y are the micropolar constants
m;; is the couple stress tensor
t is the time
Ty is the initial temperature
. -7
T is the absolute temperature, <1
0
u is component of displacement vector
oo, Ao» A4 are the microstretch elastic constants
Oly, Oy is the thermal expansion coefficients
) is the Kronecker delta
&ijr is the alternate tensor
0] is the rotation vector
o* is the scalar microstretch
0 is the ratio of the coefficients of heat transfer
AU are the Lame’s constants
p is the density of the material
T is the function of the depth
T, is the stress components
T, Ty are the mechanical relaxation times
; is the rotation

2. FORMULATION OF THE PROBLEM

We obtain the constitutive and the field equations for a linear isotropic generalized thermo-micro-
stretch elastic solid in the absence of body forces. We use a rectangular coordinate system (x, y, z) having
origin on the surface y = 0 and z-axis pointing vertically into the medium. The surface of the half-space is
subjected to a thermal shock which is a function of y and 7. Thus, all the quantities considered will be func-
tions of the time variable f and of the coordinates x and y. We begin our consideration with linearized equa-
tions of slowly moving medium to give

Oie.c = PUjy- 2.1

The basic governing equations of linear generalized thermoelasticity with gravity in the absence of body
forces and heat sources are

u | *w %u , d’u 00, 210" | ( 0 )BT ow _ _du
A — 4= bD—+==|-k—+A— =71 =|— —=p—, 2.2
( +”)(ax2+axazJ+(“+ )(ax”af 9z Thgy Ty e eEg TR P
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u |, w w , dw|, , 99  , I¢* ( a)aT du _ 9w
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2
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>
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Gy = (Mo@* +Au, )0, + (u + k)ug,; + W, ¢ — ke, @, — Y16y,
my = o, 0 + B, + Y9, ;,

}\'i = OCO(pj’
du , dw 1
e=a—x+a—z, mjjzi(uj,i_ui,j)a
290 9
where ¥ = 3\ +2u + k)a,, ¥, = GA+2u+ ko, , V :?JFF'
X z
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(2.3)

(2.4)

2.5)

(2.6)

2.7)
(2.8)
(2.9)

(2.10)

The constants ¥ and ¥, depend on the mechanical as well as the thermal properties of the body and the
dot denote the partial derivative with respect to time, o, and o, are the coefficients of linear thermal

expansions.
We study the above basic equations for the following three different theories

Theories T T, ) ¢y )
(i) Classical and Dynamical coupled theory (1956) (CD) 0 0 1 1 0
(ii) Lord and Shulma’s theory (1967) (LS) 0 >0 1 1 1
(iii) Green and Lindsay’s theory (1972) (GL) >0 >0 1 1 0
The state of plane strain parallel to the xz-plane is defined as follows
u =ulx,z,t), U, =0, u3=wxzt), O =0;=0, @ =0Q,(x,z17), O =0 xz1?). (2.11)
The constitutive relation can be written as:
0 ow
G, :x0¢*+(x+2u+k)—”+xlv—y(1+r, @)T, (2.12)
ox oz ot
0 ou
C.. =lo(p*+(7»+2},t+k)—w+7\.—u—y(l+’r, Q)T, (2.13)
0z dx ot
0 0
O, = u—u+(u+k)—w+ ko,, (2.14)
dz dax
0 0
O, :u—w+(u+k)—u+ kQ,, (2.15)
dx 0z
00,
my, =Y—=, 2.16
Y Y a X ( )
my, = oy (2.17)
0z
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For convenience, the following non-dimensional variables are used in the following form

— — — _ o
fi = @xia 1’71 = pfﬂui’ t = (D*l, Tl = Ojkrla T2 = Ojkﬂcz; T = Z; (_Slj == - )
& e T i
2 2 2
n_/li/' = gmij’ @2 = eﬁ(pb Xi = 0,\)* i o= lfﬁ(p*a o = ch*cz >
YT YTy YTy YTy K
g=-8, 6 g-Arautk
c,* p

Using Eq. (2.18), Egs. (2.2)—(2.6) become (dropping the dashed for convenience)
(wk‘jvzu +(u+ k]ae k 09, A 9g" O ow_ 9w

pc2 Ix pl oz plox ox Sox ol

[”*kjvzw+[“+ﬂJ%+L%+ ho 99* 0T _ qu _3'w

2 2 N
pc

pe) dz pc; 0x pcy 0z 0z gax_?’

jpc%&_vz _ 2ke; N ke; [a_u awj

Y o P e P e

s a9 :
R Ve - *— e+ q,] =0,
b 9 9 9 Jg*
where
> 1 2 204, 2 20 22N
c =—, 3= 4= s =—
Ho€o 3pj 9%/ 9/
_ 75 _ K* _ Ko _ G
Q=5 o LT 7%, &=/, &= 0
p Ce( pCeGs pCeGs p Cro* G,

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Assuming the scalar and vector potential functions, respectively @(x,z,¢) and Y(x,z,t) defined by the rela-

tions in the non-dimensional form

u:@+8_\|1 w=@ A e = V0.

dx dz’ dz ox’
Using Eq. (2.25) into Egs. (2.19)—(2.23), (2.12)—(2.17) and (2.9), we obtain
2 0
(V2 - ao%]R - a7 + a¢* - gaoa—zl: =0,

2 oR
(Vz - %}W - a0, gaza—x =0,

2

2 2 2
82V T+ 83V 7’:, = T:tt + SIV R,ft + 84([)?;,
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0 0
GXX:ao(p*+_”+al_w_(1ﬂ1§)r_£, (2.31)
ox oz ot YT,
0 0
0z X ot YT,
Ju ow ow du
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< = (a 3)8x 3 0y 4(8x BZJ ( )
ow ou ou ow
o, =t —+(@+a)—— @@, —a,| ——— |, 2.34
x T h o (a 3)82 30, 4[82 BxJ ( )
my, = ay 392, (2.35)
ox
my, = 0,09 (2.36)
0z
ok
}\'X = agai'i‘aloa&, (237)
ox 0z
o0* o)
A, = ag—— —a, —2, 2.38
= Gy Py 1073 ( )
where
2 A+2u+k o Ao PG _k ke
a = > b = 5> | = h = s 3=, 4y = —,
p c A+2u+k W+ ki u+k Yo’
2 2 2 2 2 o2 (2.39)
c c c c c
aszpj_z’ a6=_32’ Cl7=—4, a8=_55 dy = le'
v Cz W’ o 9w+’
3. INITIAL AND BOUNDARY CONDITIONS
The above equations are solved assuming the following initial conditions
u=w=T=0,=0¢*=0, u,=w,=T,=0,,=¢,=0, at ¢=0. (3.1)
On the other hand, the boundary conditions for the problem may be taken as
T0,z,0) = f(z,0), [0y +7Tul(0,2,0) = —7{)?, [0y, + T, 1(0,2,7) =0,
0
my(0.2.) =0, A,(0.2,1)=0. (3.2)
where the Maxwell’s stress tensor T; is given by
T, =W [Hh + H iy —H-W)J;], i,j=123 (3.3)
which takes the form
T, =W Hie, T, =0. (3.4)

4. FINITE ELEMENT METHOD (FEM)

In this section, the governing equations of generalized thermoelastic with relaxation times (Lord and
Shulman theory) are summarized, followed by the corresponding finite element equations. In the finite
element method, the displacement components «, w and temperature 7 are related to the corresponding
nodal values by:
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u= iNiui(t)a w= iNiwi(t)a T = iNiT;(l‘)s 0, = iNi(Dﬂ(t)ﬁ o* = iNid);k(t), 4.1)
i=1 i=1 i=1 i=1 i=1

where m denotes the number of nodes per element, and N, are the shape functions. The eight-node iso-
parametric, quadrilateral element is used for displacement components and temperature calculations. The
weighting functions and the shape functions coincide. Thus

Su=Y Ndu(), dw=) Ndw(r), dT=D NBT(r), 80=D NBo.(t), 8¢*=) Ndo; (). (4.2)
i=1 i=1 i=1 i=1 i=1

It should be noted that appropriate boundary conditions associated with the governing equations must be
adopted in order to properly formulate a problem. Essential conditions are prescribed displacements u, w,
temperature 7" micro-rotation ¢ and microstretch ¢* while, the natural boundary conditions are pre-
scribed tractions, heat flux, and mass flux which are expressed as

G, h, +0,.n =T, O.n +6,.n =1, qn +qn=g, myn =im An =A\ 4.3)

where n, and n, are direction cosines of the outward unit normal vector at the boundary, T, T, are the

given tractions values, 7 is the given surface heat flux, m and X are the given couple traction and microst-
ress component respectively. In the absence of body force, the governing equations are multiplied by
weighting functions and then are integrated over the spatial domain Q with the boundary I'. Applying inte-
gration by parts and making use of the divergence theorem reduce the order of the spatial derivatives and
allows for the application of the boundary conditions. A shape function is written for each individual node
of a finite element and has the property that its magnitude is 1 at that node and 0 for all other nodes in that
element. We assume that the master element has its local coordinates in the range [—1, 1]. In our case, the
two-dimensional quadrilateral elements are used, which is given by:

Linear shape functions
Ni= 0-90-m, Ny =i0+9A-m, No= i (+HAFM. Ny =11-Ha+m.
Quadratic shape functions

N, = i“ —E(-M=1-E-1), Ns= %(1 —E)1-),

N, = i“ LI -M=—1+E-T), Ny = %(1 +E(1-1),

N, =i(l+§)(l+n)(—1+§+n), N, =%(l—§2)(l+n),
N, = i(l—i)(1+nx—1—§+n), Ny = %(1—@(1—112).

On the other hand, the time derivatives of the unknown variables have to be determined by New mark time
integration method or other methods (Wriggers [26]).

5. NUMERICAL RESULTS AND DISCUSSION

With the view of illustrating the theoretical results obtained in the preceding sections and concerned
with Lord-Shulman theory, we present some numerical results. The material chosen for this purpose is
magnesium crystal (a microstretch thermoelastic solid). The micropolar parameters are the following
[27], [33]

p=174x10"kg m™>, j=02x10" m’ A=94x10" Nm~,

y=0.779%10°N, k=10"Nm7>, pn=4.0x10"Nm".
The thermal characteristics were taken from are as follows
T =01, T,=298K, o, =0.05x10°K", a, =0.04x10" K,
K=17x10J m™" s K™,

MECHANICS OF SOLIDS  Vol. 58 No.9 2023
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Fig. 1. The distribution of displacement u for different values of g.

Cp =1.04x10° J.kg" K"

The stretch parameters from
Ao =2.1x10"° Nm™>, 2, =07x10" Nm™>, j,=0.19x10" m>, 0o, =0.779%x10" N,

by = 0.9x10" N.

The diagrammatic of the displacements components, temperature, micro-rotation, microstretch,
stresses components, distribution of m,. and A, with different values of the earth gravity with respect to the
x-axis is shown in Figs. 1—10.

From Fig. 1, it appears that the distribution of displacement u increases to its maximum value and
return arriving to the unity with the increased values of the x-axis; also, it decreases with an increasing of
the gravity. From Fig. 2, it is concluded that the displacement component w decreases tending to zero as
xtends to infinity. And decreasing also with an increasing of the earth gravity for small values of xaxis and
for the large values, there is a slight increase of w with variation of g. With the variation of the gravity, it is
seen from Fig. 3 that the distribution of the temperature 7 has a slight increase change with an increasing
of the gravity, and start from unity at x = 0 arriving to zero as xtends to infinity that satisfy the boundary
condition for the temperature distribution. From Fig. 4, it is obvious that the distribution of micro-rota-
tion ¢ doesn’t affect strongly by the difference values of the gravity but increases arriving to zero as x tends
to infinity. Figure 5 shows that the microstretch ¢* affects negatively strongly by increasing of g and tends
to zero as x tends to infinity. From Fig. 6, it is appear that the normal stress G,, decreases with the small
values of x-axis and then increases arriving to zero with the large values of it and has small variation with
an increasing of the gravity g. From Fig. 7, it is obvious that the shear stress o, starts nearly from zero,
decreases with the increased values of x-axis returning to zero with the large values of it and has good vari-
ation increasingly at x nearly equal [0, 0.19] and after that decreases with an increasing of the gravity g.
Figure 8 clears that the normal stress 6, decreases and increases with the small values of x-axis arriving to
zero if xtends to infinity and has strongly variation with an increasing of the gravity g for the small values
of x and then match for the large values of x. From Fig. 9, it is observed that m,, starts nearly from zero,
decreases with the increased values of x-axis returning to zero with the large values of it and has good vari-
ation increasingly at x nearly equal [0, 0.1] and after that decreases with an increasing of the gravity g.
Finally, from Fig. 10, one can see that A, increases with an increasing of x and has a slight change with the
variation of the gravity g.

Physically, the results obtained are agreement with the previous results obtained with neglecting the
new external parameters that predict new results applicable and useful for the related topics as geophysics,
biology, acoustics, ..., etc.
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Fig. 2. The distribution of displacement w for different values of g.
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Fig. 3. The distribution of temperature 7 for different values of g.
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Fig. 4. The distribution of micro-rotation ¢ for different values of g.
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Fig. 5. The distribution of microstretch ¢* for different values of g.
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Fig. 7. The distribution of stress o, for different values of g.
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Fig. 8. The distribution of stress o, for different values of g.
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Fig. 9. The distribution of m,,, for different values of g.
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Fig. 10. The distribution of micro-stress A, for different values of g.
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6. CONCLUSIONS
The effect of all parameters, especially gravity has been expressed theoretically and graphically in this
study and the results obtained can be summarized in the following remarks:

1. The curves in LS theory decrease exponentially with the increasing x, which indicates that the ther-
moelastic waves are unattended and non-dispersive, while purely thermoelastic waves undergo both atten-
uation and dispersion.

2. The presence of the microstretch plays a significant role in all the physical quantities.

3. The solutions based upon finite element method of the thermoelasticity problem in solids have been
developed and utilized.

4. The values of all the physical quantities converge to zero with an increase in the distance x and all
functions are continuous.

5. The presence of gravity plays a significant role in all the physical quantities.
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