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Abstract—The plane motion of a solid in a uniform gravity field is studied. The solid is suspended on
a weightless inextensible thread, which remains stretched during the motion. It is assumed that the

length of the thread is large (”’871/ 2) and the distance from the point of solid suspension to its center of
gravity is small (~€). The equations of motion are presented as equations of a system with one rapidly
rotating phase. This system is analyzed using classical perturbation theory and KAM theory. It is
shown that for all values of time, the movement differs little (by ~€) from the slow oscillations of the
thread in the vicinity of the descending vertical and the solid rotation relative to the suspension point
with an almost constant angular velocity. The measure of the set of motions, different from the above

motions, is estimated from above by the value of the order of exp (—c/€) (¢ > 0 = const).
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INTRODUCTION

We consider a solid having a weight mg and suspended by an inextensible weightless thread of length ¢.
The motion of the solid is such that the velocity vectors of all its points are parallel to the fixed vertical
plane OXY passing through the solid’s center of gravity C and its suspension point A (see Fig. 1). We
believe that the thread is stretched during the motion.

The material system under consideration has two degrees of freedom. We set the angle 6 that makes the
direction of the thread OA with the vertical axis OX and the angle y between the segment AC and the
horizontal axis OY as generalized coordinates.

The aim of the article is to study the evolution of motion within an infinite time interval under the fol-
lowing two assumptions: the distance » from point A4 to the center of gravity C is small, the length of the
thread / is large. The analysis is carried out using classical and modern methods of perturbation theory
[1—4].

Currently, the dynamics of a solid suspended on a weightless, ideally flexible, inextensible thread
(string) is being developed rapidly. The problem on the existence, stability, and bifurcations of periodic,
stationary, and precessional motions has been investigated in detail; the case of non-ideal string has also
been considered [5—S8]. In articles [9, 10], some problems on dynamics of solids that deal with a thread as
an ideal unilateral constraint are investigated.

1. EQUATIONS OF MOTION

The kinetic and potential energies of the solid are calculated by the formulas
T = %m(x2 + 77+ %chﬁ, I = —mgx,, (1.1)
x, =fcosO+rsiny, y.=/,sinB+rcosy. (1.2)
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Fig. 1.

Here, the dot denotes the differentiation with respect to time 7, and J, is the moment of inertia of the solid
about the axis passing through its center of gravity perpendicular to the plane OXY

Using (1.1) and (1.2), we have an expression for the Lagrange function L =7 —I1:
L= %(Jc + mrz)lif2 — mrlsin(® + Yyl + %mﬁzez + mg(f cos 0 + rsiny).

In what follows, we use the Hamiltonian form of the equations of motion. The Hamilton function I is
given by the equality I' = 7" + I1, on the right-hand side of which the quantities \y and 6 must be expressed
in terms of generalized momenta p,,, p:

_dL _9dL
p\y awa pe ae *
Having performed simple calculations, we get the Hamilton function in the following form:

_ 1
r= 2 2
2lJ. +mr°cos (0 + )]

— mg(£cos 0 + rsin y).

ch +mr’
(1.3)

Py +25sin(@ + W)p, py + ——— p;
V4 ml

2. SMALL PARAMETER. REPRESENTATION OF THE HAMILTON FUNCTION AS A SERIES
Instead of Dy> Do WE introduce dimensionless momenta Py»> P using the canonical (with valence

(mf@)_l) transformation of the form

py = (miNgh) ' p,,  py=(mJely ' P, w=x 6= Q.1
and pass to the new (dimensionless) independent variable T:
T = (mlgl/J ). (2.2)
The new variables correspond to the function G calculated by the formula
G=J. /g, (2.3)

where I' is the function (1.3) in which the substitution (2.1) is made.
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In accordance with the accepted (see Introduction section) assumptions, we introduce a small param-
eter € (0 < € <€ 1) into the equations of motion by setting

r=¢ga, [(= 8_1/2‘/Jc/m, (2.4)

where a is a quantity of the order of unity that has the dimension of length.
Hamilton function (2.3) can be represented as a series in powers of the parameter € as follows:

G =G, +£G, +€°G, + OE), (2.5)
1 1d’ , 1
G, = —p;, G = ——a—zpi cos’ (8 + ) + ngpS sin(8 + %) + = ps — cos &,
2 27 l 2
: la* 2 4
G, = -%siny +-L p’ cos* (S +
2 . X 264 px ( X)

3 2
_ %pxpa $in(® + ) cos2(d + ) + %% P2 sin’(8 + ).

3. SIMPLIFICATION OF THE HAMILTON FUNCTION

The system with Hamilton function (2.5) has a rapidly rotating phase . Using the classical perturba-
tion theory, one can construct a canonical transformation y, 9, Pys Ps = X, ¥, Px, Py,» Which is close to the
identity and excludes the dependence of the Hamilton function on the fast phase in any finite approxima-
tion in €. Let us give an explicit form of the canonical substitution, which excludes the fast phase in terms

up to the second power of € inclusive. We set the generating function S(p,, p,,, 0) in the form

S=pax+ 0B +ES(pe 1% O) + €SP 2, D). 3.1)
From (3.1) and the relations

a5 a8 _9dS _9dS

x:apxa y:aa px_axa pS_ﬁ

it follows that

X=x—8?+0(82), 5=y—8za£+0(82),

px py (3.2)
ps = b, +E23 1+ 0D,
y ay
9S, (98, 985,98, 9°S, 9, 3
+e—+¢| 2-——L-—L—11+0(), 3.3
P = P SBx ¢ (Bx ox> Ip, oxdy dp, €) -3)

where S; = S;(p, p, X, ) (i =1, 2).

Substituting expressions (3.2) and (3.3) into the right-hand side of equality (2.5) and carrying out sim-
ple calculations, we find that to eliminate the fast phase x from the terms up to the second power inclusive

in the expansion of the new Hamilton function F(p,, p,,x,y,€) in a series in €, the functions §, and S,
should be set as follows:

2
S, = %py cos(x + y) + é% D, sin(2x + 2y),

2
S, =——L cosx——|L p2+38 2)cos x+y)——Lcos(x+2
2= " 0, 8€px(£2p py (x+y) 20p ( y)
1d 1d°(a
+—=p.cosBx+3y)——=| = p, +6p, [sin(2x + 2
24€3p ( Y) 16%2&21) pyj ( »)
4
- 213% P, sin(x + 4y).
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New Hamilton function is written as follows:

2
F= %Aopi - %82 %pxpy + 8(%175 —cos y) + € F(py, Py X, 1,€), (3.4)
where the notation is introduced
1.4 9 24
=l--e=5+=¢ =. 3.5
“ 207 32 ()

The structure of the Hamilton function (3.4) can be simplified by making a univalent canonical trans-
formation x, y, p,, p, — Wy, q, 1y, p by the formulas

2 2
x:wo_%gz_zq: y=4q px:[OD py=p+%8%[0' (36)

Transformation (3.6) suppresses the second term in function (3.4) and in terms of new variables the
equations of motion are given by the Hamilton function

4
F=lalivellp - cosg|+ it pmae). 4=F-1%0 3.7)

Here, F; is the function from (3.4), in which the substitution (3.6) is made.
An even greater simplification can be achieved by setting T« = 4,7 as an independent variable. This
leads to dividing the Hamilton function (3.7) by 4,. If instead of ewe introduce a new small parameter |Lby

the formula W = €/4,, then instead of the function F from (3.7) we obtain a function H of the form
H = HOUo) + uH " (p.q) + WH Ly, p.wo, 4.1, (3.8)

HO = %13, HO = % P2 —cosg. (3.9)

4. ANALYSIS OF THE SYSTEM WITH THE HAMILTON FUNCTION (3.8)

In an approximate system with a function H o4 wWH (1), the variable /, is a constant and the angular

coordinate w, changes uniformly with time. Variables g, p correspond to the motion of the mathematical
pendulum. We assume that the oscillatory mode of its motion is realized. The vibration amplitude is
denoted by ¢, (0 < gmax < T/2). To describe the oscillations, we introduce the action-angle variables 7,
w. The variable [ is calculated [11] by the formula

1 :7—8t[E(k)—(1—k2)K(k)]. 4.1)
Hereinafter, the generally accepted notations for elliptic integrals and functions are used. In (4.1)
k = sin(g,,./2) (0 < k> <1/2).
The canonical transformation g, p — w, [ is given by the formulas [11]:
q = 2arcsin(ksn(u, k)), p=2kcen(u, k), u=QK(k)/mT)w, “4.2)
where k = k([) is the function inverse to function (4.1).
Now the Hamilton function (3.8) can be written in the form
H = H () + Wl ") + W H (o, p, o, 4, 1) (4.3)
Here, H" = -1+ 2k2(1 ), this function can be represented by a convergent series in powers of /. The vari-

ables p and ¢ in the function H ® must be replaced by formulas (4.2).

Function (4.3) is analytic in all its arguments and 27 is periodic in w, and w. In addition, the case of
intrinsic degeneracy takes place [1], since for i = 0 there is only one nonzero frequency in the system:

0)
350 =1, #0. (4.4)
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The derivatives of the function H) from (4.3) satisfy the inequalities

aH(l) aZH(l)
W0, s (4.5)
In fact,
(0)]
oH” __m_ _y 1, 3 p_ 5 piogtyso,

oI 2K(k) 8 256 2048

27y (1 —Fk?
PH __pEO-Q=KIK® __1_3 ;15 p oy
oI 16k%(1 - kDK (k) 8 128 2048

Since the approximate system with the Hamilton function H o4 wWH O satisfies conditions (4.4) and
(4.5), then [2] in the complete system with the Hamilton function (4.3) the action variables [, I for
all values of ¢t remain close to their initial values and differ from them by magnitudes of the order of
U (or order of €, which is the same). In this case, the measure of the invariant tori of the approximate

system that are vanished when the perturbation H 9 in (4.3) is taken into account, is of order of
exp(—c/g) (¢ > 0 = const).

Main result of the analysis. Summing up the above, it follows that for small €, the motion of a solid sus-
pended on an ideal thread in a uniform gravity field is stable with respect to perturbations of quantities 6,
0, \y. In particular, if the initial values of 6 and 6 have, for example, the order of g™ (0<o<l),then®
and 6 for all 7 remain small quantities of the same order.

Remark. The article [12] dealing with the dynamics of the Maxwell pendulum states that “the deviation
of the pendulum from the vertical has a finite swing at the corresponding arbitrarily small initial values of
the coordinates and velocities of the thread. The reason for this instability is the rather fast transient

motion of the pendulum when its motion changes from bottom to top”. The attempt to present an argu-
ment for this statement made in [12] contains inaccuracies and the statement itself is invalid.
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