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Abstract—Performance measures have been utilized for numerous applications in robotics research.
In this paper, the manipulability and dexterity indices have been focused. These indices have been
used successfully when parallel robots have either completely revolute or prismatic joints. But, in a
manipulator with both revolute and prismatic joints, these may not be used because of the dimensional
inconsistency of the components in the Jacobian matrix. Moreover, in the kinematic or dynamic case,
for manipulability and dexterity analysis, the Euclidean norm for the velocity inputs is considered
while the velocity inputs for active joints are generally independent; therefore, the manipulability and
dexterity indices are explained based on the infinity-norm. Thus, the final solution is represented by
the new concept of mixed manipulability polytope. Next, an example of the 3-RPC parallel robot is
analyzed based on the notion of this index. As an application, the index is applied for trajectory plan-
ning in multi-objective optimal control. For this, one of the direct methods of optimal control,
dynamic programming (DP), is selected. But for the DP, the genetic algorithm (GA) is used for
searching the optimum path. This analysis is applied for a novel PU-3RPR redundant parallel manip-
ulator. First, the parallel mechanism is introduced, and the kinematics and Jacobian analysis is dis-
cussed. Then the objective function that minimizes the pseudo kinetic energy and maximizes the
index, is adopted for an optimization problem. Finally, the trajectory of the PU-3RPR redundant par-
allel mechanism is planned by the proposed GA-DP method.

Keywords: parallel mechanism, manipulability, trajectory planning, dynamic programming, optimal
control, genetic algorithm
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1. INTRODUCTION
Performance indices for measuring robot manipulator’s design performance have been commonly

studied in [1, 2]. Indeed, the most general and useful of these indices widely used, are the inverse condi-
tion number, dexterity, and manipulability. These indices are frequently used since they are easy to calcu-
late and prepare knowledgeable vision into various designs. As mentioned before, for the parallel manip-
ulators, the application of these indices are increasing recently. For example, Kucuk and Bingul surveyed
these indices to optimize the workspace of parallel mechanisms. It is pointed out that the manipulability
index cannot be an appropriate index for ill-conditioning Jacobian matrices [3]. The dexterity of seven
3-DOF planar parallel mechanisms with two kinematic chains is evaluated by Kucuk [4] with two aims:
decreasing the possibility of interference and growing the robot’s workspace. Zhang investigates the dex-
terity performance index of a PS-RRS-2RUS parallel structure. Finally, the mobility analysis and the
workspace of the mechanism with fixed orientation are computed, and yet, its dexterity is estimated [5].
Though, in some instances, these performance measures cannot take the whole complication of a manip-
ulator’s kinematic and dynamic characteristics. Among, most remarkable example are the robots which
have mixed rotational and translational DOF. In these cases, the Jacobian matrix has inhomogeneous ele-
ments [6, 7]. In the case of existing prismatic and revolute joints, Jacobian meets the problem of inhomo-
geneity. Gosselin resolves the inhomogeneity problem of Jacobian by another formula of the end-effector
velocity. This method was developed to evaluate the force transmission capability of a parallel kinematic
manipulator [8].
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Additionally, other research methods suggested separating the translational and the rotational element
of the Jacobian to define isolated performance measures [9]. Also, Mirshekari et al. [2] have resolved the
problem of inhomogeneity by defining the characteristic length, but this idea lacks a direct geometric
interpretation. Compare to the methods mentioned above, Mansouri resolved the puzzle of inhomogene-
ity by the power manipulability idea [10]. Hence, the apparent power manipulability was introduced to
produce a manipulability index, which is equivalent to translation and rotation. Bowling and Khatib sug-
gested dynamic capability equations to model the relationship between actuator torque capacities and the
acceleration and force capabilities, because they treat linear and angular quantities in a consistent and
physically meaningful way [7, 11]. Also, Kim and Ryu [12] present a new formulation of a dimensionally
homogeneous Jacobian matrix for parallel manipulators with a planar mobile platform by using three end-
effector points that are coplanar with the mobile platform joints. Altuzarra et al. [13] (numerically) and
Pond et al. [14] (algebraically), on the other hand, obtained a square Jacobian with homogeneous units.
They used a velocity equation that relates all kinematic variables of the mechanism, including active and
passive joint velocities.

Except for power manipulability, the work by Kim and Ryu, and the method by Altuzarra and Pond,
all of the solutions cannot solve the problem of inhomogeneity in the case of existing both types of actu-
ators. Despite all the solutions, the researchers discussed the effectiveness and accuracy of conventional
manipulability and dexterity when they have applied these indices to practical design problems. A com-
prehensive overview is represented in [15]. This research has presented that even when all the actuators are
the same, the inverse condition number and manipulability cannot comprehensively and correctly figure
the main aspects of manipulator performance. Standard indices are inadequate for specifying general
design characteristics based on worst-case performance. In general, in the mentioned researches, for
investigating the manipulability and condition number, the 2-norm is used while the infinity-norm
addresses the limitations of the 2-norm [16]. Other kinds of performance indices have been established
recently and pointed out in reference [17]. Screw theory is applied in this research to generate kinematics
and force indices.

This paper aims to determine some restrictions on the traditional indices and suggest the indices that
eliminate these restrictions. The authors of this paper provide a method for evaluating indices when trans-
lational and rotational actuators exist in a manipulator. Also, when translational task space and rotational
task space exist, this method can be practiced by defining angular and axial manipulability. Moreover, uti-
lizing infinity-norm, which is inspired by olds [16], this technique considered the whole robot joint space.

After describing the new index, this can be applied for problems such as structural design, robot anal-
ysis, and trajectory planning. One of the strategies in path planning is improving the available path based
on the potential function. Using redundancy, the path is bettered according to the designer’s aim [18, 19].
This function is the new manipulability index in this work. The trajectory planning problem can be stated
as an OCP, which is commonly solved by direct methods. The direct method transforms the trajectory
planning problem into a parameter optimization problem accomplished by discretizing dynamic variables
containing states and controls [20]. The dynamic programming approach can be used for trajectory plan-
ning based on the minimum energy objective function. Solutions include iterative dynamic programming
and energy optimization of trajectories for high-level scheduling in Refs. [21, 22] for four six-link manip-
ulators. The energy functions in [21] are based on a similar time scaling of the manipulator trajectory.
In [22], it is presented a dynamic time scale to provide an optimal energy trajectory for the operations in
a manufacturing sequence. DP is a time-consuming algorithm. As a solution to the DP problem, instead
of searching throughout the whole area, the influential GA can be applied. In this paper, the parameter
optimization problem which is resulted from DP is solved by GA.

Therefore the article is structured as follows: the manipulability is concisely explained in Section 2,
which will start generating the idea of the new manipulability and dexterity definition. In part 3, the pro-
posed plan is discussed. Then the reformulation based on infinity-norm and final solution based on mixed
manipulability polytope are represented. Also, the idea is extended to manipulators with rotational and
translational DOF. In Section 4, a 3-PRC parallel manipulator ((R) revolute, (P) prismatic, and (C)
cylindrical) is introduced then studied as a case study. In part 5, the validity of the new index is examined.
In Section 6, trajectory planning for the redundant robot is discussed. First, improving the trajectory in a
multi-priority task control by redundancy is explained. Then the dynamic programming method is wholly
explored. In part 7, the GA-DP technique is studied. In part 8, the new PU-3RPR redundant parallel
platform is introduced, and the forward kinematic and Jacobian of the platform are surveyed. At last, the
results for trajectory planning for this redundant robot by the GA-DP method are expressed. Finally, the
paper’s conclusion and outlook are explained.
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2. MANIPULABILITY

The manipulability has been presented to investigate the kinematic transmissibility of a manipulator.
For manipulability calculation, it is supposed 2-norm for the joint space velocity; therefore, the joint
velocities are dependent on each other. Manipulability results from the ellipsoid definition, as follows:

(2.1)

where σi is the ith singular value of the Jacobian matrix. The robot can take a considerable manipulability
in a specified configuration. Nevertheless, it may not generate the same velocity in all directions. Thus the
kinematic isotropy or the kinetostatic conditioning index (KCI) is defined while κ–1 is computed as the
inverse of the Jacobian condition number, named dexterity.

(2.2)

(2.3)

3. THE PROPOSED IDEA

3.1. The Problem

In the manipulators with both rotational and prismatic joint actuation, the conventional manipulabil-
ity or dexterity indices, due to the dimensional inconsistency of the Jacobian matrix, may not be used
[6, 23]. Moreover, for the indices' analysis, the 2-norm for the velocity inputs are considered while the
velocity inputs for active joints are generally independent. Some possibilities are not covered in the anal-
ysis [15, 16]; this is explained in the next part. Thus, the appropriate norm for the vector space of velocity
inputs for the active joints is the infinity-norm. Also, for the indices developed in screw theory, although
this approach has been used in recent years, it is more complicated. It has a specific application, and the
natural simplicity of the indices is missed [16]. Consequently, the new index as one solution for these
problems is developed further.

3.2. The Solution

As mentioned before, κ−1 has been used to identify the KCI or dexterity of the manipulator in a partic-
ular configuration. However, according to [15], in the condition number analysis, it is used the 2-norm to
quantify the magnitude of the end-effector velocity and the joint velocities. But the bounds of the active
joint velocity are independent of each other; consequently, the infinity-norm is selected for the vector of
active joint velocities. When measuring the KCI of an orthogonal Cartesian 2-DOF robot, this issue is
manifested. As presented in [15], Jacobian matrix is the identity matrix; and this manipulator is fully iso-
tropic. But, if the infinity-norm is employed when selecting a unit velocity for the joints, the minimum
possible end-effector velocity is 1 (one of the joints has unit velocity, and the other has zero velocity),
though the maximum feasible end-effector velocity is  (both joints have unit speed and the end-effector
moving at a 45° angle relative to the joints). In this evident and insignificant instance, κ−1 does not agree
with any of the preceding major physical design specifications; therefore, this index has a deficiency in
practical specification-based design [16]. In general, the KCI, κ−1, and manipulability have failed for
designing manipulators based on worst-case conditions. It can be resolved to use the appropriate norm
[15]. Hence, through the infinity-norm for active joint velocities, the ellipsoid converts to polytope (see
Fig. 1) and a new index ι for dexterity can be extracted. First, μmin and μmax are defined as follows:

(3.1)

(3.2)

 is the velocity vector of the joint space, μmax and μmin are the maximum and minimum distance from the
origin in the end-effector velocity space (see Fig. 1). They are the maximum and minimum capability of
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Fig. 1. 2-norm limits (Left) and infinity-norm limits (Right) on the joint velocity space. Resulted manipulability ellipsoid
and polytope are presented for the Jacobian [16].
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the manipulator for moving in an arbitrary direction. The distances depend on the Jacobian. The defini-
tion of a new dexterity is as follows:

(3.3)

where ι is the new dexterity index, therefore, when a manipulator is in the singular configuration, ι
becomes zero. For a completely isotropic manipulator μmin = μmax makes ι = 1 (see Fig. 1).

Also, the Jacobian matrix’s inhomogeneity appears in coexisting rotational and prismatic joint actua-
tion. To tackle this problem, the authors offer a new approach. If the manipulator has two linear DOF ( ,

) and four actuators, two rotational [ , ] (rad/s) and two linear [ , ] (m/s), the relation between
joint velocities and end-effector velocity is:

(3.4)

A solution that is represented here is evaluating Jq and Jθ separately, then analyzing them altogether.
Thus in this state, there is no inhomogeneity in each of the two Jacobian matrices. For the system describ-
ing in Eq. (3.4), there are two spaces. The rotational and linear velocity joint space is transmitted to the
task space by Jθ and Jq, respectively. Similar to the analysis of conventional manipulability, rotational and
linear joint velocities,  (rad/s) and  (m/s), are bounded in [–1,1]. Therefore, the joint space is two
squares that are converted into two polytopes by Jθ and Jq [16]. Each polytope represents the admis-
sible velocity with the same unit in task space. The new idea suggests that manipulability is composed
of two polytopes. Depends on rotational or linear speed, one polytope can move on the perimeter of
another polytope; Thus, the admissible distribution of the robot’s speed is obtained in Fig. 2. Con-
sequently, the area of mixed ellipsoids directly relates to the robot manipulability, such as conven-
tional manipulability index analysis. Also, dexterity is the maximum distance from the perimeter of
the mixed figure of ellipsoids to the minimum one (see Fig. 2). By this definition, the problem of
inhomogeneity is merely solvable

(3.5)

in which m is manipulability and ξ is dexterity.

3.3. Special Case, Rotational And Linear DOF Problem

When the robot has mixed axial and angular DOF, then the Jacobian is as follows:

(3.6)
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Fig. 2. Dexterity and manipulability. The manipulability is the whole area of the resulted figure, and the dexterity is the
minimum magnitude of the velocity to the maximum one.
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where ω and v are the rotational and linear velocity. Also,  (rad/s) and  (m/s) are the rotational and lin-
ear DOF. The Jacobian J is inhomogeneous. The idea is to separate angular and axial terms and the new
definition of angular and axial manipulability. Accordingly, the first column space of Eq. (3.6) presents
the axial manipulability  and the second one shows angular manipulability ω =
[JωqJωθ][  ]T. Thus, in this case, the analysis is the same as subsection 3.2 for manipulability. According
to manipulator design, the robot parameters can be set to gain maximum angular or axial manipulability.
In section 5, the authors will apply this new method for the parallel 3-RPC-manipulator with three similar
linear DOF and both prismatic and revolute actuators.

4. PARALLEL 3-RPC-MANIPULATOR, A CASE FOR MANIPULABILITY ANALYSIS

For surveying the method which is introduced in subsection 3.3, a 3-RPC parallel mechanism is intro-
duced. This robot includes an end-effector that is coupled to a base platform by three similar kinematic
chains. Each chain consists of a revolute (R), a prismatic (P), and a cylindrical (C) joint providing a trans-
lational movement. This parallel kinematic manipulator (PKM) provides mixed translational and/or rota-
tional actuation. This robot has three translational DOF. To certify a completely translational movement,
the joint alignment must be selected regularly. Kong and Gosselin [24] represent the rules for the RPC-
robot. In each limb, the axes of the revolute joints must be parallel. But, for the structure of the PKM,
which has three similar chains, revolute joint axes should not be parallel. Moreover, the prismatic joints'
orientation and the revolute joints axes should not be perpendicular [25].

4.1. Forward Kinematics

According to the manipulator kinematics, the closed-loop relation can be written as follows:

(4.1)

where ai is the vector pointing from R0 to the first revolute joint of limb i, and Pbi is the vector from point
P to the origin of the cylindrical joint (see  Fig. 3). Both vectors are constant throughout the robot move-
ment where di is the vector from the revolute joint of limb i to the present position of the cylindrical joint.
di0 is the unit vector of limb i, where di is referred to its length. The stroke length of the cylindrical joint of
limb i is given by the vector si. The vectors ai and Pbi are known due to geometrical consideration. Also, the
unit vector of a cylindrical joint axis and the displacement of the cylindrical joint of limb i are specified by
si0 and si [26].

With this assumption, we have  = J  which J is the Jacobian matrix. In this section, three manipula-
tors are examined. For prismatic actuators, through the velocity loop closure, we have:

(4.2)
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Fig. 3. 3-RPC manipulator [27].
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and for rotary actuators:

(4.3)

To find the Jacobian J for the 3-RPC with both translational and rotary actuators, it is necessary to
both above matrices are combined:

(4.4)

The maximal stroke length is 0.4 m. Therefore, the overall length of the prismatic joint changes
between 0.4 m and 0.8 m. The base platform’s radius set to ra = 0.5 m, and the radius of the end-effector
is rb = 0.2 m [26]. Table 1 shows the geometric and kinematic parameters. The cubic form for the work-
space is selected. The length and width of this cube are set to 0.15 m. Also, this cube’s height is 0.1 m from
0.4 to 0.6m in the z-direction of the reference coordinate. The maximum velocity of the prismatic and rev-
olute joint is set to 0.25 m/s and 0.5 rad/s, respectively.

4.2. Manipulability Analysis

Considering the joint velocity limit, it can be compared to the manipulability of PKMs with a different
configuration of actuators. The manipulability, in this case, is the volume of a resulted cube. For this
mechanism by separating the rotational and translational part, it results:

(4.5)

Like Section 3.2, Jacobian is separated into two parts, Jd and Jθ, representing translational and angular
Jacobian. Due to the existence of three DOF in rotation and translation, each joint velocity space is a
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Table 1. Configuration and parameters of triangular PKM.
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Fig. 4. The manipulability of three types of PKMs. (a) z = 0.4m; (b) z = 0.5m.
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cube. Like Fig. 2, these two cubes convert to another two cubes by Jd and Jθ in the PKM velocity space,
and the final manipulability is the volume of mixed two cubes. One cube moves around the outer surface
of another cube. Therefore the manipulability with both types of actuators is calculated and can be com-
pared with two other PKMs in different configurations. As an example, Figs. 4a and 4b show the results
for the manipulability of three types of PKMs in z = 0.4 m and z = 0.5 m.

For the global index, the new index should be integrated into the workspace and then its average can
be calculated.

(4.6)

The global manipulability index of three PKMs is shown in Table 2. In this case, it can be seen the
manipulability is improved significantly close to four times for a redundant PKM, which has three rota-
tional and three translational actuators relative to other PKMs.
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Table 2. The manipulability of PKMs based on the new index.

PKMs Global manipulability index

PKM with prismatic actuators 0.2412
PKM with rotary actuators 0.2375
PKM with both rotary and prismatic actuators 0.9536
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Table 3. The validity of the new index compared with the conventional index

Z- direction z = 0.4 m z = 0.44 m z = 0.48 m z = 0.52 m z = 0.56 m z = 0.6 m

Conventional manipulability index 0.334 0.367 0.404 0.444 0.489 0.537
New manipulability index 8.018 8.807 9.695 10.676 11.748 12.909
Conventional dexterity index 0.032 0.028 0.025 0.022 0.019 0.017
New dexterity index 0.527 0.506 0.489 0.474 0.462 0.452
5. VERIFICATION OF THE NEW INDICES

For the validity of the new index, 3-RPC PKM with translational actuators is considered. This PKM
has three translational actuators, and it can be analyzed with conventional indices, but for validity, it is
analyzed with the new index, too. In this case, the indices' value is different, but the indices' trend must
be close to each other. It is supposed that joint three is separated from two other joints. As mentioned
before, the Jacobian is presented in Eq. (5.1).

(5.1)

For examination of the new index, d3 is separated from two other angles. The result is:

(5.2)

As an example, for the new index, it is considered that  and  is between –1 to 1 m/s and  is
between –0.25 to 0.25 m/s. The new index and the conventional index are surveyed for 3-RPC robot mov-
ing from z = 0.4 m to z = 0.6 m. The resulted manipulability and dexterity measures for the two indices
are shown in Table 3. When the height is increased from z = 0.4 to z = 0.6, the analytical outcomes from
the conventional index indicate that the manipulability of the manipulator is improved while the dexterity
is decreased. This result can be seen for the new manipulability and dexterity index in Fig. 5. Therefore we
can find the best configuration of the robot concerning both approaches. Thus, the new indices are reli-
able for parallel manipulators with mixed prismatic and revolute joints.

6. APPLICATION FOR TRAJECTORY PLANNING

6.1. Improving The Trajectory In A Multi-Priority Task Control

Multi-priority task control is a well-known frame to manipulate the tasks in kinematically redundant
robots. Suppose that there are two tasks. The main task is indicated by the first order y1 ∈ Rm1, and the
sub-task is specified by the second manipulation order y2 ∈ Rm2. The basic formulation between the joint
velocity vector  ∈ Rn and the first task y1, and the second subtask y2 is:

(6.1)
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Fig. 5. Trend comparison for the manipulability and dexterity.
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in which l = [l1 l2 l3 d]T is the joint variables. If we suppose , the desired path as the first task, we have
= J . In this case, the general solution for  is obtained from the following equation:

(6.2)

where kd is a positive constant and J+ is the pseudo-inverse of Jacobian. Consequently, we can define two
tasks. The first term on the right-hand side of Eq. (6.2) is the joint velocity to reach the requested trajec-
tory, yd(t). While there are various solutions for  satisfying Eq. (6.2), the second term gives a solution to
make the second task g(l), as high as possible. This is possible by setting the parameter kd by a designer.
Therefore, an application for a new manipulability index, Eq. (3.5), is designing a specific path for max-
imizing the manipulability.

6.2. Dynamic Programming
There are two techniques for solving the optimal control problem (OCP), one is Pontryagin’s Mini-

mum Principle (PMP), and the other is Bellman’s dynamic programming. The main concept of DP is a
discrete, multistage optimization problem. In each finite time intervals, a decision of the design variables
is selected based on the cost function from the sum of possible decisions. The chief issue of DP is based
on the principle of optimality [28].

6.3. Optimal Control Solution Using Dynamic Programming
Let us evaluate the OCP of a discrete-time dynamic. Let the system be defined as x(k + 1) = f(x(k),

u(k), k). The cost function is defined as:

(6.3)

where x(k), u(k) are the n and r state and control vectors, respectively. We displayed the dependency of J
to the start time (k) and state vector (x(k)). We should apply the principle of optimality to obtain the opti-
mal law, u*(k), k = 1, ..., kf − 1, that provides the optimal trajectory x*(k), k = 1, ..., kf, for the system
x(k + 1) = f(x(k), u (k). Let us suppose that we estimated the optimal control for all states, times, and costs
from k + 1 to kf. Then, at each step k, we utilize the principle of optimality to express as:

(6.4)

Equation (6.4) is the analytical form of the principle of optimality as exerted to the plant for searching
the optimal control law. Also, it is named the functional equation of dynamic programming [28]. Thus we
designate the DP method for the continuous-time plant. For a continuous-time system, the procedure is
to discretize the system and apply DP to it. For discretization, we can utilize the famous Euler approach
[29].

7. GA-DP METHOD
We remark that the DP procedure is a computationally intensive technique, particularly with the

growth in the system’s order and the number of time steps. Therefore Bellman named this increased com-
putational burden as a “curse of dimensionality” [28]. However, with the remarkable improvements in
high-speed computational tools, the DP method’s application is increased. As a solution, instead of
searching throughout the whole search space in every state and time steps, the powerful GA search
method can be used. GA method is used in many types of research as a method of solving similar OCP in
trajectory planning [30]. The details of the GA method are pointed out in Ref. [30]. In this paper, the GA
and DP method is combined for solving the OCP.

As can be seen, if we have one variable q (q ∈ 0, 1, 2, 3, 4, 5) with time t (t ∈ 0, 1, 2, 3, 4, 5), the search
zone can be divided into many areas (see Fig. 6a). In this meshgrid, as an example, q12 means the value 1
of variable q in discrete-time 2. If there is a continuous-time system, it can be discretized to get the dis-
crete-time system. There are many trajectories between point 1 (q00), and point 2, (q55). For example, the
green path can be considered as (q00, q12, q23, q34, q45, q55). The DP searches all of the possibilities, which
are 68 possible trajectories, based on the OCP’s objective function. But in GA-DP, it is considered the pri-
mary population of trajectories. By mutation, crossover, and natural selection on these primary populations,
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� dy �l �l
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=
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Fig. 6. (a) Meshgrid of the search space; (b) f lowchart of the GA-DP for trajectory planning
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Fig. 7. The structure of the parallel PU-3RPR robot
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the next trajectories are built, and the GA is going on until finding the optimum solution (see Fig. 6b).
By this algorithm, GA finds the optimum solution at a lower time than conventional search. This method
is applicable when the variables and time steps are very much, so the curse of dimensionality is solved.

8. PU-3RPR PARALLEL PLATFORM

To implement the strategies, a parallel PU-3RPR cable platform is selected. The PU-3RPR is shown
in Fig. 7. This platform has three-degree-of-freedom with one degree of redundancy. It is inspired by the
robot of Khakpour et al. [31]. But due to the use of modifications made to it, it is considered a new plat-
form. In this structure, the prismatic actuator is fixed to the base platform and attached to the moving
platform using a Cardan joint. It moves the end-effector up and down, and three cables are designed to
guide the moving platform. The pneumatic cylinder, by handling the weight of the end-effector, improves
the robot’s dynamic agility while no need to use high tensioners for guiding the end-effector through the
cables. As mentioned, the cylinder is connected to the mobile platform through a universal connection.
Thus it does not have a roll movement about the Z direction. The choice of three cables instead of two
cables is also due to redundancy in design.

8.1. Kinematic

For analysis, the XYZ reference frame is connected to the base at point O, and the xyz is connected to
the Pm, the center of mass of the end effector. The coordinates of the end effector are expressed in [z, α, β]T.
z denotes the height of the center of mass of the end effector, α denotes the pitch angle of the end effector
around the x-axis, and β denotes the yaw angle of the end effector around the y-axis. In reverse kinematic,
MECHANICS OF SOLIDS  Vol. 56  No. 2  2021
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these coordinates are considered. The joint coordinate is [l1 l2 l3 d ]T. li is the length of the cables, and d is
the position of the prismatic joint, Pm. Since the jack is fixed to the base, z = d. To obtain the length of the
cables, we form the following equations:

(8.1)

OSi is a constant vector. Also, OPi = z + PmPi, in which z is known. For PmPi, we have PmPi = Pi.  = RPR =
Ry(β)Rx(α) is the pitch-roll rotation matrix of the moving platform relative to the base. Also, Pi is the pri-
mary position of the vector PmPi. Thus the inverse kinematic equations are:

(8.2)

8.2. Jacobian
By velocity loop closure, the Jacobian is calculated. I, J, K are the unit vectors of the fixed frame, and

i, j, k are the unit vectors of the moving frame, which is attached to the moving platform. The joint veloc-
ities and the end effector velocity is explained in the following equation:

(8.3)

First, we notice the next equation established in every closure loop of the parallel platform.

(8.4)
In the next step, we differentiate from each term of Eq. (8.4). First, by considering prismatic joint,

. With pitch – yaw rotation, we have:

(8.5)

Also, OSi is a constant vector. As a result . At last:

(8.6)

The unit vector in the direction of the cables is si. The angular velocity vector of the cables  is per-
pendicular to si, and cables do not rotate around themselves. As a result:

(8.7)

Therefore the final equation for velocity loop closure is rewritten as:

(8.8)
For calculating J, the cross product of the vector si satisfies the following equation.

(8.9)
It is considered PmPi = Ei. And simplifies to:

(8.10)
Rewriting in a matrix form results in:

(8.11)
and finally for i = 1, 2, 3, the manipulator Jacobian matrix can be derived as:

(8.12)
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Fig. 8. (a) Length of the cable 1; (b) length of the cable 2; (c) length of the cable 3; (d) cylinder’s position; (e) objective
function V.
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8.3. Optimal Trajectory by Solving the Multi-Objective OCP with GA-DP Method

The optimization problem considered in this section can be written as:

Minimize  Subject to:

(8.13)

which  is the joint velocity, [ , , , ]T and m, is the new manipulability index from Eq. (3.5). Also, the
positive constant n is a design coefficient. The manipulator passes yd, but its configuration changes to
improve the second subtask, V. The optimization process which is the path planning by GA-DP finds the
parameter kd for optimizing the subtask V. Minimizing the integral of pseudo kinetic energy with maxi-
mizing the manipulability is considered as the multi-objective function for the second subtask. The
pseudo kinetic energy criterion was suggested by Whitney and applied in the book of Nakamura [32]. It is
defined as the quadratic form of the joint velocities of the manipulator. Also, the inverse of manipulability
is considered as a second term in the multi-objective function. In this simulation, one goal is decreasing
the pseudo kinetic energy, and the second is increasing manipulability; therefore, normalization is needed
for unifying the effect of the two goals. The size of n is arranged for considering the importance of the
manipulability relative to pseudo kinetic energy.

Two scenarios for n = 0, 1 are simulated. Minimum pseudo kinetic energy is considered in the first sim-
ulation and the second one, solve the minimum pseudo kinetic energy and maximum manipulability with
the factor n = 1. By discretization, kd as a design parameter and t, the DP method can solve this optimi-
zation problem. But instead of searching every state and time, GA-DP searches the best redundancy fac-
tor, kd, to minimize Eq. (8.13). The lower and upper bound of kd is 0 and 1. The details of the method are
discussed in Section 7. Due to verify solution, the result for kd = 0.2 is plotted in Fig. 8. It is shown that
the objective function V in Eq. (8.13) is increased toward optimum value kd = 0.

In the second simulation, minimum control effort, and maximum manipulability with the factor n = 1 leads
to an optimized solution kd = 0.051. It is compared with kd = 0 for n = 0. As can be seen in Fig. 9, the joint
position is changed; the cost function V and pseudo kinetic energy are increased. Maximizing manipula-
bility in equation (8-13), leads to increase in pseudo kinetic energy.
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Fig. 9. (a) Length of the cable 1; (b) length of the cable 2; (c) length of the cable 3; (d) cylinder’s position; (e) objective
function v; (f) pseudo kinetic energy; (g) Manipulability
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9. CONCLUSIONS

This article illustrates the performance index for the parallel actuated manipulators regarding coexist-
ing translational and rotational actuators. As a result of inhomogeneity, general Jacobian based perfor-
mance indices are not appropriate for these manipulators. Consequently, the new manipulability and dex-
terity concept is applied to estimate the performance of these PKMs. This approach uses infinity-norm
instead of 2-norm; therefore, the old manipulability and dexterity index is upgraded. This concept is used
very simply, based on standard analysis, and this is no need for defining new analysis. As a case study, the
manipulability of three types of 3-RPC parallel mechanisms with different actuator configurations is ana-
lyzed and compared. Also, this index is validated successfully in Fig. 5; in the next section, the application
of this new index in the trajectory planning by a GA-DP method for a parallel redundant platform is dis-
cussed. First, the role of redundancy in improving robot performance is explained, then the DP method
for solving OCP is expressed. The DP has the problem of the curse of dimensionality; thus, for improving
the DP method, the GA algorithm is combined with the DP. Then the new PU-3RPR platform is entirely
introduced as a case for surveying this method. Finally, optimal trajectory planning by solving the multi-
objective OCP with the GA-DP method for a parallel redundant PU-3RPR platform is expressed in Sec-
tion 8.3. For the objective function of the OCP, the new manipulability is used. The results are shown in
Fig. 8 and Fig. 9. By the GA-DP method, it is possible to survey various objective functions, including the
new manipulability in the path planning problem.
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