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Abstract—The general relations of the torsion theory of inhomogeneous rods made of an ideal rigid-
plastic material are considered. In the case of the linearized yield criterion, integrals are obtained that
determine the stressed and deformed states of an ideal rigid-plastic inhomogeneous rod during tor-
sion. The field of characteristics of the basic relations is constructed, the lines of stress rupture are

found.
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Torsion is one of the types of deformation of solids, characterized by mutual rotations of its cross sec-
tions under the influence of the moments acting in these sections. Torsion of rods is quite common in
engineering practice, especially in mechanical engineering. The torsion theory of isotropic and anisotro-
pic rods made of an ideal rigid-plastic material is described in [1—4]. The transition to the case of a rod
made of an inhomogeneous material leads to certain difficulties: the problem in the general case cannot
be integrated. The torsion of composite prismatic and cylindrical rods is considered in [5, 7]. In [6], gen-
eral relations of the torsion theory of rods made of an ideal rigid-plastic material were investigated.

The relations between the torsion theory of inhomogeneous cylindrical and prismatic rods made of
ideally plastic material [6] can be written in the form:
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where G, are stress components, Sij are strain rate components,
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Fig. 1.

Let us assume that the yield curve (3) is replaced by a closed polygonal line M\M, M, ... M, M, (Fig. 1)

Aisz + BiTyz = I(iﬂ (6)
9 9
Where Ai f (T yza OzyO) B = f (T X7 yz:xoayo) f(T X7 yz:-XO:yO) = Oa
Xz aTyz
a a
K AT + BzTyz’ Ai f (T X7 yzrx )’) Bi f (T X7 yz’x J/),
asz aryz

f('r;z,‘r;z,x,y)=0, uw=const, i=L12,...,n

Criterion (6) represents on a certain segment the linearized yield criterion (3). Differentiating
equation (6) with respect to the variable y, we obtain

ot .817yz _9K;

A—=+B L @)
dy Jdy 9y
Taking into account (2), from equation (7), we have
o, 817 ok;
4P _ g 9T _ 0K, ®)
dy ax dy

The system of equations for determining the characteristics of relation (8) and relations along the char-
acteristics has the form

dx _ dy dez
AT ©)
dy
It follows from (9) that the straight lines
Ax+ By=C, (C, = const) (10)
are characteristics of relation (8). The following relations hold along characteristics (10)
0K, oK.
Aisz = I_I(a’y)dy’ _Bisz = —l(X,f))dX, (11)
dy dy

1 1
where a = —(C; — By), B =—(C; — 4x).
A(ll y),B B( 1 = Ax)

i i
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Similarly, differentiating equation (6) with respect to the variable x, taking into account (2), we obtain
that along the characteristics (10) the following relations are valid for the stress components

oK, _ [IK,
—At,. = Ia—x(a,y) dy, Brt, = J. 8 L(x,B)dx (12)
Considering criterion (6) as a plastic potential, instead of (4) we obtain the relation
Ex D 13
T (13)

Integrating relation (6) and part of relations (4) and taking into account that at the initial moment of
torsion, the strain components e; are equal to 0, we obtain

G % 4 o —e ze =0, (14)

From (14) it follows that
Be, — Ae, = 0. (15)
Let us assume that the displacement components u«, v, w have the form
u=0yz, v=-0xz, w=w(xy), (16)

where 0 is the twist, w is the warping.
Expressing strain components in terms of displacement components

e, = (aw au) e, = [aw E)vj (17)
ox 0z 2\dy 09z
from (15) and (16), we obtain

B4 4%~ (4x+ By). (18)
"ox 9y

It follows from (18) that straight lines (10) are characteristics. Along characteristics (10), the following
relations hold:

Bw+0Cx=C, or Aw-0C,y=Cs, (19)

where C;,,C;; = const along the characteristic.
Differentiating relation (18) with respect to the variable x, we obtain the equation

B9 (aw) 149 (aw) 0A,. (20)
"ox \ox "oy \ox
From equation (20) it follows that along characteristics (10) the following relations are valid:
aW+eAx_c. or gw By = Cys, (1)
X

where C,,,C;s = const along the characteristic.
Similarly, differentiating relation (18) with respect to the variable y, we obtain the equation

-B < J [BWJ+A J (awj 0B. (22)
"ox\ dy dy\ dy
From Eq. (22) it follows that along characteristics (10) the following relations are valid:
MWL gr=C, or ALY W _gp 'y =C,y, (23)
0x "9y

where Cy,C;; = const along the characteristic.
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Using the second relation (21) and the first relation (23), we obtain that along the characteristics (10)
the relations

1 1
e,—0y= EC,-S, e, + Ox 25 6 (24)
are valid.
It should be noted that relations (24), (10), (15) imply
ACis — BC;s = 20C,. (25)

Let us consider the torsion of a rectangular cross-section rod m m,m;m, with sides 2a and 2b (Fig. 2).
On the contour of the section, the shear stress vector T = (sz, Tyz) is parallel to the contour.

In the case of an isotropic ideally plastic material, the characteristics are directed perpendicular to the
contour. In the case under consideration, the direction of characteristics (10) is fixed; therefore, for a given
contour of the bar section, it is always possible to choose a linearized yield criterion (6) so that the char-
acteristics remain perpendicular to the contour. For this, 4,, B; in criterion (6) must be chosen so that the

vector n; = (A;, B;) is parallel to the segment m;m; , ; of the contour (Fig. 2).

Here we have four families of characteristics

Ax+ By =C,, (26)
Ax+ By =Gy, (27)
Ax + By =G5, (28)
Ax+ By =C,,. (29)
In order for the characteristics (26) to be orthogonal to the segment m,m, of the contour of the cross-
section of the rod, we should assume 4, = 0, B, = —1. Yield criterion (6) takes the form
T,. =K. (30)
Characteristics (26) will be written in the form
y=-—C (31)
From (25), it follows that
Cs =20C,,. (32)
Then from (11), (30), and (2) along characteristics (31) we have
=K T = aa—];‘(x,—C“)dx - k. (33)
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In order for characteristics (27) to be orthogonal to the segment m,m; of the contour of the cross-sec-
tion of the rod, we should assume A, = —1, B, = 0. The yield criterion (6) takes the form

T ==K, (34)
Characteristics (27) will be written in the form
x =—-Cy, (35)
From (25), it follows that
Cy = —20C,, (36)

Then, from (12), (34), and (2) along characteristics (35), we have
oK.
T =Ky, T = [S2Coy)dy = (37)
ox

In order for characteristics (28) to be orthogonal to the segment msm, of the contour of the cross-sec-
tion of the rod, we should assume A; = 0, B; = 1. The yield criterion (6) takes the form

1, =K. (38)
Characteristics (28) will be written in the form
=G, 39)
From (25), it follows that
Gy = -20G;,. (40)
Then, from (11), (38), and (2) along characteristics (39), we have
0K
T, =K, T,=- a—y3(x,C3,)dx = —ks. (41)

In order for characteristics (29) to be orthogonal to the segment m,m, of the contour of the cross-sec-
tion of the rod, we should assume A, = 1, B, = 0. The yield criterion (6) takes the form

T, = K, 42)
Characteristics (29) will be written in the form
x =Cy;. 43)
From (25), it follows that
Cy =20C,,. (44)

Then, from (12), (42), and (2) along characteristics (41), we have

9K
=K, T, = —ja—;(c4l,y) dy = —k,. (45)

Xz

Special attention should be paid to the stress discontinuity lines (lines m L, m,L,m;N, m,N, LN in
Fig. 2), which arise when two or more characteristics pass through a given point of the cross-section.

Stress rupture lines are a trace of disappearing hard regions. They always satisfy the relations
e, =e,=0. (46)

Curve m, L is the line of stress discontinuity emerging from the vertex m, of the contour of the cross-
section of the rod and formed due to the intersection of the family of characteristics (31) and (43).

From (33) and (45), we have the equation for the stress discontinuity line m ;L
dx _ dy
K4 - kl K] - k4 ’

Curve m,L is the line of stress discontinuity emerging from the vertex m, of the contour of the cross-
section of the rod and formed due to the intersection of the family of characteristics (31) and (35).

(47)

MECHANICS OF SOLIDS  Vol.55 No.6 2020



818 B. G. MIRONOYV, YU. B. MIRONOV

From (33) and (37), we have the equation for the stress discontinuity line m, L

dc _ dy
-k K+k
Curve m;N is the line of stress discontinuity emerging from the vertex m; of the contour of the cross-
section of the rod and formed due to the intersection of the family of characteristics (35) and (39).
From (37) and (41), we have the equation for the stress discontinuity line m;N

(48)

dc _ dy
—k K=k
Curve m,N is the line of stress discontinuity emerging from the vertex m, of the contour of the cross-
section of the rod and formed due to the intersection of the family of characteristics (39) and (43).
From (41) and (45), we have the equation for the stress discontinuity line m,N

(49)

dx _ dy

The NL curve is the stress discontinuity line formed due to the intersection of the family of character-
istics (35) and (43).

From (37) and (45) we get the equation of the stress discontinuity line NL
dx _ _ dy
K4 + K2 _k4 - k2
Let us consider the case when the yield criterion (3) has the form
2
(sz - Yl)z + (Tyz - YZ) = kO’ (52)

where v, = g x + by,v, = a,x + by, k, = const.
According to (6), (33), (37), (41), (45), the stress components are determined as follows:

(50)

(31

—in the region m, Lm,

T, =-b(x—a), T,=-k +ax+by; (53)
—in the region m, L Nmj
T, =k +ax+by, 7T, =a(y+b); (54)
—in the region m; Nm,
T, =-b(x+a), T,=k +ax+by, (55)
—in the region m,NLm,
T, =k +tax+by, t,=a(y->b). (56)
From (53), (54), (55), (56) we obtain the equations for the lines of discontinuity of stresses
mL: a,x’ +2(a, + b)) xy + by’ =2 (ko + ab)x +2(ky — ba)y = r, (57)
myL: ayx” +2(a, + by) xy + by’ = 2(ky —ap) x = 2(ky + ba) y = r, (58)
mN: ayx” +2(ay + b)) xy + by’ +2(ko + ab) x = 2(ky — bya)y = r, (59)
muN: ayx” +2(a, + b)) xy + by’ +2(ky — ap) x + 2(ky + ba) y = r, (60)
LN: —abx + kyy =0, (61)

where r = a,a” — 2k, (a — b) + bb.
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Thus, in the article:

—integrals were obtained that determine the stress and strain states of an inhomogeneous ideal rigid-
plastic rod during torsion for the linearized yield criterion; characteristics of the basic relations and rela-
tions for the components of stresses and strains are found;

—the limiting state of an inhomogeneous ideal rigid-plastic bar with a rectangular cross-section were
investigated: the field of characteristics of the basic relations is determined, relations are found along the
characteristics and the stress rupture line.
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