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Abstract—In the framework of the theory of large deformations, a solution is obtained for the defor-
mation of a material with nonlinear elastic, plastic and viscous properties located in the gap between
two rigid coaxial cylindrical surfaces. The outer surface remains stationary, and the inner rectilinearly
moves with variable speed. With uniformly accelerated surface motion, initially irreversible strains
accumulate due to the viscous properties of the material as creep strains, and when the stressed state
exits to the loading surface, the appearance and development of the viscoplastic flow region are con-
sidered. The further development of the flow at a constant speed and its deceleration at equally slow
motion of the surface to a complete stop were investigated. The parameters of the stress-strain state of
the medium are calculated, and stress relaxation after a complete stop of the cylinder is investigated.
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1. INTRODUCTION

The research is devoted to the study of the processes of intense deformation of materials when the irre-
versible deformations accumulated by them can be both creep and plastic deformations. An example of
such a technological process is cold forming [1], when irreversible deformations accumulate due to the
slow creep process, however, this does not exclude the occurrence of local areas of plastic flow, usually at
the points of contact between the wrought material and the tooling. The presence of such regions leads to
a significant redistribution of stress fields and, therefore, affects the creep process. Thus, when modeling
such processes, it is necessary to use the creep theory while taking into account the possibilities of the
emergence and development of plastic flow zones. Taking into account elastic deformations allows one to
calculate the elastic response during unloading, including residual stresses and their relaxation after com-
plete unloading.

Given that in most technological processes, the deformations acquired by the material are usually
large, the corresponding model should be a model of large deformations of materials with elastic, plastic
and viscous properties.

There are a lot of mathematical models of large elastoplastic deformations [2—13]. Here we will use a
mathematical model in which reversible and irreversible strains are determined by differential equations
of change [9, 12]. The model is generalized to the case when large irreversible strains sequentially accu-
mulate first under creep and then plastic flow conditions recently [14, 15]. It is proposed to separate the
irreversible deformations accumulated in the material into creep and plastic deformations by the mecha-
nism of their production. Thus, the equation for changing irreversible strains is one and the same for creep
and ductility strains, the difference is only in specifying the source of irreversible strains. For creep strains,
the source is creep strain rates, and for plastic strains, plastic strain rates. At elastoplastic boundaries, the
mechanism of accumulation of irreversible deformations changes from viscous to plastic and vice versa.
Continuity in such an increase in irreversible deformations is ensured by the corresponding assignment of
creep and ductility potentials.

The first solutions to boundary value problems that take into account the sequential accumulation of
irreversible creep and ductility strains within the framework of the model of large elastic-viscoplastic
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strains were obtained in [15, 16], without taking viscosity into account in plastic flow, a similar approach
was applied in the case of small strains in [17]. Here, using the model of large strains with a sequential
change in the mechanism of accumulation of irreversible strains, we present a solution to the boundary-
value problem of antiplane deformation of a cylindrical layer under creep conditions followed by plastic
flow.

2. BASIC MODEL RELATIONSHIPS

In a rectangular system of spatial Cartesian Euler coordinates x;, the kinematics of the medium is given
by the relations [12]

1 1
d; = E(ui, st — ey ) = e+ py— Eeikekj — €y Py — PikCij t Cik DimCmj»

De; _ 1
Ft =& — vV — 5((8,-/( =Y + Zua)ey T eun(€y — Yig — Ui))s

Dp; Dn, dn;
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g, = E(Vi,j +v), v = ?tl = a_tl+ui’jvj’ u,; = g,
J 2.1)
1
rp=wy+ 25 (&), Wy = E(Vf,j —Vji)s
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A =8—8E, +3E — E, —%Eﬁ +%E3, 4 =2—E,
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Here u;, v; are the components of the displacement vectors and the velocity of the points of the medium;
d; are the components of the Almansi strain tensor; e; and p; are their reversible and irreversible compo-
nents; D/ Dt is the operator of the used objective derivative of tensors with respect to time, which is written
for an arbitrary tensor ,; r; are the components of the rotation tensor. Sources y; and €}, = g; — v, in the
equations of change of reversible and irreversible deformations are the rates of their accumulation. For
Y; = 0 the components of the tensor of irreversible deformations change in the same way as when the
coordinate system is rotated or, as when the medium moves without deformation, i.e. Dp; / Dt = 0. The
rotation tensor r; differs from the classical vortex tensor tensor w;; by the presence of a nonlinear part ;.

Note that if component z; of the rotation tensor 7; is equal to zero, the derivative in (2.1) goes over to the
Jauman derivative.

Asin [9, 12], we assume that the thermodynamic potential used (free energy density distribution y) is
an isotropic function of only reversible strains. Then, according to the law of conservation of energy,
stresses in a medium are completely determined by reversible deformations and are connected with them
by a formula similar to the Murnaghan formula in the nonlinear theory of elasticity [18, 19]. For an
incompressible medium, this relation takes the form

0 ==, + 2L (3, -e,). (22)
€ik

In relation (2.2), 6, are the components of the Euler—Cauchy stress tensor, p is the unknown function

of additional hydrostatic pressure. For elastic potential W = p,y (p, is the density), we accept its expan-
sion in the Maclaurin series with respect to the free state

W ==2ul, —ul, + bI} + (b —w) LI, — I} + ...,
1 1 2.3)
I = ey — Eekseska I, = eyey —eeqey + Zeksesfetnenk'

Here p is the shear modulus; b, % are the constants of the material.
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The dissipative mechanism of irreversible deformation is associated with the rheological and plastic
properties of the material. We assume further that irreversible deformations accumulate from the begin-
ning of the deformation process and are initially associated with the creep of the material.

In areas where the stress state has not yet reached the yield surface, or where the plastic flow has but
stopped, the corresponding dissipative deformation mechanism is specified in the form of the
Norton power law of creep [20], in which we assume the rates of irreversible strains vy, to be equal to the

creep rates €,

v (z)

V(o;) = BE'(0,,6,,05), T=max|o,-0,|, y,=¢;= -

(2.4)

i

In dependences (2.4), V' (6;) is the thermodynamic potential; ¢, G,, 6; are the main values of the
stress tensor; B, n are the creep parameters of the material.

Over time, the stress state reaches the yield surface, the dissipative mechanism of deformation changes,

and plastic flow begins in the material. In this case, in the plastic flow suppose y; = 85. Without dividing
the irreversible deformations into components, we assume that the irreversible creep deformations (2.4)
accumulated by the time the plastic flow started (2.4) are the initial values for the plastic deformations that
accumulate further in the flow region. If the viscous properties of the medium during plastic flow are
taken into account, the rates of irreversible deformations must also coincide when the deformation mech-
anism changes from viscous to plastic.

According to the Mises maximum principle, the relation between the plastic strain rates 85 and stresses
is established by the associated law of plastic flow

p Yo
j — €

Ocij=7baa_F’ F(o,0) =k, A>0, o;=¢ i

i

i

where el-vjo are the components of the creep strain rate tensor at the beginning of the plastic flow.

As a plastic potential, we will use the Tresca yield condition, generalized to the case of taking into
account the viscous properties of the material

max |Gi - Gj| = 2k + 2nmax |0(n| 2.5)

in which o, are the principal values of the tensor ¢, k is the yield strength, 1 is the viscosity coefficient.

ij>

3. STATEMENT AND SOLUTION OF THE PROBLEM BEFORE VISCOPLASTIC FLOW

Let the layer of incompressible material be located in the gap between two rigid coaxial cylindrical sur-
faces of radii , and R (r, < R). Consider the process of deformation of the layer during the rectilinear
motion of the inner surface and the immobility of the outer surface. We believe that the adhesion condi-
tions are satisfied on the cylindrical walls. Then, in the cylindrical coordinate system r, @, z the boundary
conditions of the problem take the form

t

0, V| =V, u| =uy, = _[Vodt, G,r|

} | O, u| r=rn D,
0 0

r=R

ay. (3.1)

r=R = r=R =

Here v = Vz(r9 1), u=u, (r,t) are the only non-zero components of the velocity and displacement vec-

tors, respectively, v, = v,(), a, are the specified function and constant. From relations (2.1) in this case,
we establish that the kinematics of the medium is described by the dependences

a ——l(a_”)z’ drz_lau =-w —1lov K, :—28’5(1_6“)

- 3.2
2\or 3-2)

" “20r T 200 e, te, —2

In problems of this class, the diagonal components of the strain tensors are small of a higher order in
comparison with off-diagonal components [21—24]; therefore, in the future, we restrict ourselves to terms
of the first order with respect to diagonal components and the second with respect to off-diagonal com-
ponents. The accepted restriction is not fundamental for solving the problem and is introduced with the
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aim of significantly simplifying the calculations. From relations (2.2) and (2.3) in the case under consid-
eration, we find the stresses in the medium

6, =—(p+2u)+2(b+We, +2be, + e, =P+ 2e,,

Ogp = _(p + 2“) +2b (err + ezz) - 2“62 =—-P- 3uerzz’

o, =—(p+20)+2(b+N)e, +2be, + e, = —P +2e (3.3)

peas

G, — O — €y — €
(0

Grz = 2uerz’

e

rz rz

In the framework of the quasistatic approximation, we write the equilibrium equations for the case
under consideration

O,. — O
dG,, " dJo,, 4 2m % — 0, % + aG_zz + Or _ 0. (3.4)
or 0z r or dz r

We integrate equations (3.4) under the assumption that the stresses are finite, i.e. aP/ dz=0:

c,, =M, e, =M, P = f(r1). 3.5)
r 2ur

For the components of the strain tensors and strain rates from (2.1), the following relations are valid:

de,.  Op,.

drz =€, t Py €= a_;z + ; = sz Ve
dp p..—e. 4g,p 1 2
Z Y, z ey T Iz'z 1+ Do — =€ — 2erz Pz | (36)
ot e, 2+e, 2
3 2 2 2
e Eerz - 2erzprz: Pt Py = _2prz5 €, te, =€,

We consider that with an increase in the speed of the inner cylinder, irreversible strains initially accu-
mulate due to the slow creep process.

The potential V' (Gij) in relation (2.4) in a cylindrical coordinate system takes the form

V(o;) = Bl4o,, + (o, — o))"

In this potential, we restrict ourselves to terms of the order of stresses due to the remark described before
the dependences (3.3). Then for the creep strain rates and the component p,, from formulas (2.4), (3.3),
(3.5) and (3.6) we obtain the relations

v n-1
—1 g.e,. —e —1 n ~n—l C
8:1 = ji(cn 5r)a Err = _EZZ = iu’ fi(cn 9r) = (_1) 2” Bn n-1°
2 e, r
(3.7)

t
_ L
P, = filen,r), ¢f(f)= Ic" dt, c¢= (¢)n1.
0

From dependences (3.2), (3.5)—(3.7) and the sticking conditions (3.1) on the surface » = R the rela-
tions for speed and displacement follow

v = fz(c',r,R)+f3(c"71,r,R), u=f,(c,r,R)+ fs(c;,r,R),
(-1)" 2" B¢, (_ 1 j (3.8)
2—n ’

Hereinafter, the point on top means the time derivative.

f(e,r,R) = InL, fi(e,r,R) =
n R

n-2 n—2
r R

Taking into account the boundary conditions (3.1) on the inner wall r = r, from (3.8) we obtain the
ordinary differential equation for the unknown function ¢, (¢)

& = 17" (L, R) (uy + 3 (cn R)"™ . (0) =0. (3.9)
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Differential equation (3.9) and system (3.6) are solved numerically in the Wolfram Mathematica pack-
age. The stress component G,, is found from the first equilibrium equation (3.4) using the boundary con-
dition from (3.1). Further, from the relations (3.3), the additional hydrostatic pressure P and the stress
tensor components G, and G, are determined.

With an increasing speed of the inner cylinder v, the obtained solution of the problem will be valid up
to a certain point in time ¢ = #,, at which, in the vicinity of the inner wall r = 7, the plasticity condition
(2.5) is satisfied, which in our case takes the form ¢ = —k . From the first relation (3.5) we obtain an

’Z|r=r0

equation for determining the moment of time ¢ = ¢, at which the viscoplastic flow begins: c¢(¢;) = —k7;.

4. VISCOPLASTIC FLOW

The region of viscoplastic flow 7, < r < m(t) developing from moment of time ¢ = ¢, is bounded by sur-
faces r = ry and r = m(¢). Viscoelastic deformation still occurs in the region m(f) < r < R, i.e., the surface
r = m(?) is the moving boundary of the viscoplastic flow region.

In the region m(¢) < r < R, by integrating the equilibrium equations (3.4) under the sticking conditions
(3.1) onthe surface ¥= R, we establish that the dependences (3.5) continue to hold with the unknown inte-
gration function c¢(7). Also in this area, relations (3.7) and (3.8) remain true.

Integrating the equilibrium equations in the viscoplastic flow region # < r < m(f) and using the con-
dition for the continuity of the stress components at the elastoplastic boundary » = m(r), we find that
dependences (3.5) also hold in this region.

The plastic potential (2.5) in our case is written in the following form

o, =—k+nE.—e?), e=-2""k""Bn (4.1)
From relation (4.1) we determine the rate of plastic deformation
g = l(@ + k) — 2"k Bn, (4.2)
n\ r

From the condition that the rates of irreversible strains coincide on the elastoplastic boundary r = m(¢)
from (4.2) we find

c(t) = —km(r).
From dependences (3.2), (3.5), (3.7), (4.2) and the boundary condition for the velocity on the surface
r =1y (3.1), we find the velocity in the viscoplastic flow region

V= fz(é,",’b) +ﬂ(c,r,7b)+V0,

)= ek )i o3

0

4.3)

The position of the elastoplastic boundary » = m(r) at each moment of time is determined by the ordi-
nary differential equation following from (3.8), (4.3) and the continuity condition for the velocities of the
points of the medium at this boundary

Jo (—km,ry, R) + fg)((—km)'H ,m, R) — fi (—km,m,ry) = v,. 4.4)

In the region of viscoelastic deformation m(f) < r < R equations (3.6) remain valid for irreversible and
reversible deformations.

Integrating the plastic strain rate €/, (4.2) over time with allowance for (3.5) and (3.7), we find the com-
ponent of irreversible strains p,, in the flow region r, < r < m(¢)

t

D = fs(t,r)+ g(r),  fi(t,r) = %1(02—0) + kt) - (2/()"_l Bnt, o(f) = Ic(t)dt. (4.5)
r )

Here g(r) is the unknown integration function, which we find from the continuity condition for irrevers-
ible deformations (3.7) and (4.5) on a moving elastoplastic boundary:

g(r) = £i(a(©.r) - £5(Cr)
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in which the function { = {(r) is determined from the ordinary differential equation

SRk r, R = [y (kr,r,r) = vo (O) = £ (ksrp, R),  §(n) =t (4.6)
For components of reversible and irreversible deformations in the viscoplastic flow region

ry < r < m(t), system (3.6) is valid.
Taking into account relations (3.2), (3.5), (3.6), (4.5) and the condition for continuity of displacements

at the elastoplastic boundary » = m(t), we find the expression for displacements in the viscoplastic flow
region

u=f,(c,r,R)+ fi(¢,,mR) + tf4(t_lc2,r, m) + 2J‘ g(rydr.

When the inner cylinder moves at a constant speed from moment of time 7 = ¢, > ¢,, the viscoplastic
flow region continues to develop according to the law (4.4). The solution obtained above remains valid

both in the region r, < r < m(¢) and in the region m(f) < r < R. A change in the boundary condition will

only lead to a change in the function {(r): in the region m(t) < r < m(¢), it is now determined from the
differential equation

CA((kr)" ™, R) = £, (=kr,r,1) = vo (1)) = f (ko1 R),  §(m(4)) =1, (4.7)

while in the region 7, < r < m(%,) it is still a solution of equation (4.6).

5. INHIBITION OF VISCOPLASTIC FLOW AND UNLOADING OF THE MEDIUM

The initial decrease in the speed of movement of the inner surface, starting from time ¢ = ¢, > ¢,, does
not lead to significant changes in the deformation process. Unlike the case when the cylinder moves at a

constant speed, the function {(r) in the region r, < r < m(t,) is found from equation (4.6), in the region
m(t,) < r < m(t,) it is found from (4.7), and in the region m(t,) < r < m(¢) it is again from (4.6) with the
boundary condition {(m(t,)) = t,.

At the calculated moment of time ¢ = ¢; > ¢,, the growth of the viscoplastic flow region ceases. A new
boundary r = m(t) appears, moving from the stationary surface » = m(t;) to the inner surface r = r; and
separating the decreasing flow region 5, < r < m(¢) from the unloading region m(r) < r < m(t;), in which,
like in the region m(t;) < r < R, irreversible creep deformations now accumulate.

In the viscoelastic strain region m(#;) < r < R and in the flow region , the relations valid in the time
interval ¢, < ¢ < ¢, remain valid.

In the region m(¢) < r < m(t;), relations (3.5) and (3.6) are satisfied for the stress components and the
rates of irreversible strains.

From (3.2), (3.5), (3.7) and the condition for the continuity of velocity at the elastoplastic boundary

r = m(t;), we establish that in the region m(r) < r < m(t;) the velocity is calculated from the first depen-
dence (3.8).

From the condition of continuity of velocities at the elastoplastic boundary r = m(t), we obtain the
equation for its change of the form (4.4).

Integrating the dependence (3.7) over time in the unloading region m(f) < r < m(t;), we obtain the
relation for the component of irreversible deformations in this region

P = fila,r)+ &(r). (5.1

In expression (5.1), we find the unknown integration function g;(r) from the condition for the conti-
nuity of irreversible strains on the elastoplastic boundary » = m(¢)

&(r) = fi(a(©),r) + £ (5 r) + g(r). (5.2)
Here, the function { = {(r) satisfies the ordinary differential equation (4.6) with the initial condition

C(m(8)) =t
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Integrating the second equation (3.2) in the region m(t) < r < m(t;), taking into account relations (3.5),

(3.6), (5.1) and the continuity condition for the displacements on the boundary r = m(t;), we find the dis-
placement component

r

u=f(c,r,R)+ f;(c,,r,R) +2 j g,(r)dr. (5.3)
m(ts)

In the region 5, < r < m(z), from the second equation (3.2), taking into account (3.5), (3.6), (4.5) and
the continuity condition for the displacements on the boundary r = m(¢), we find

u=f(c,r,R)+ £y (ci,m,R) + tf,(¢ ey rm) + 2 j g(r)dr +2 j g/(r)dr. (5.4)
m m(t;)
At moment of time ¢ = #, > ;, the inner cylinder will stop (v,(#,) = 0). The velocity in the viscoplastic
flow region r; < r < m(t) will be calculated as

v=rf¢6rn)+ filern).

The equation for calculating the position of the elastoplastic boundary » = m(r) takes the form
fo (ki ry, R) + fy((=km)"™ ,m, R) — f, (~km,m,1,) = 0.

In the region m(#;) < r < R, the component of irreversible strains is calculated from (4.5), in the region
m(t) < r < m(ty), from (5.1). The function g,(r) has the form (5.2), in which { = {(») in the region
m(t,) < r < m(t;) is found from equation (4.6) with the initial condition {(m(t,)) = t,, and in the region
m(t) < r < m(t,) it is calculated from the equation

CUA(kr)™ s r, R = fy (=kr,rny ) = f; (Koo, R), - §(m (1)) = .

For displacements in regions m(¢) < r < m(t;) and 1, < r < m(t), dependences (5.3) and (5.4) continue
to hold.

At some moment of time 7 = #, the elastoplastic boundary » = m(t) coincides with the inner surface
r = ry and the viscoplastic flow in the cylindrical layer ceases. For velocity throughout the layer, the first
relation (3.8) will be satisfied, in which the function c(¢) will take the form

1

—1 E
cm:[m%(ﬂ”m%+ﬂ3w“mm”—R*ﬁa—m)] .

The displacements in regions m(#;) < r < R and ry < r < m(t;) are calculated by relations (3.8) and
(5.3), respectively.

The function v, in the calculations was chosen as follows:
Et, 0<r<y,
_ gltl’ tl Sts< t2:

Cen =& (t-1), <t<u,
0, 11,

Vo

The calculations were carried out in dimensionless variables 7 = r/ R, 1=§&¢ / ry with the following
values of the constant parameters k/u =0.003, r,/R=0.2, n = 3, Buz,m)/il =3, §/§ =05,

(/M /& = 10, @y = 10~°. The graph of the elastoplastic boundary 7 = m/ R in the interval from T, =
0.0097 to t; = 0.1121 is shown in Fig. la, in the interval from t; to T; = 5.756 is shown in Fig. 1b.

Note that 1, =0.03, 1, = 0.1, T, = 0.4391. The distributions of the velocities and displacements of
points of the medium along the layer at different instants of time are shown in Fig. 2a and 2b, respec-

tively. Figure 3 illustrates the change in irreversible deformations at points of the inner surface r = ; in
the interval 0 < T < 75. Relaxation of the stress components 6,, and the largest of the diagonal 6, is shown
in Fig. 4a and 4b, respectively (1, = 1000, T, = 10000).
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6. CONCLUSIONS

The solution to the problem of the deformation of the material of the cylindrical layer that occurs

during rectilinear uniformly accelerated movement of the inner cylinder, its subsequent movement with
constant speed and equally slow motion until it stops completely, while the outer cylinder remains station-

ar

y, is constructed. Under conditions of rigid adhesion of the material to the boundary walls, the case is

considered when the accumulated irreversible deformations are both creep and plastic deformations. The
progress of the elastoplastic boundary separating the regions with different acting laws of accumulation of
irreversible deformations is studied, the parameters of the stress-strain state of the medium are calculated,
and stress relaxation occurring after the cylinder stops is observed.
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