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Abstract—A quaternion method for the regularization of differential equations of the perturbed
spatial restricted three-body problem is developed. It is closely related, from the methodological
point of view, to the quaternion method for the regularization of the differential equations of the
perturbed spatial three-body problem in Kustaanheimo—Stiefel variables that was earlier proposed
by the author of this article.

Various local and global regular quaternion differential equations of the perturbed spatial restricted
three-body problem (both circular and non-circular problem) i.e. equations that are regular in the
vicinity of the first or second body of finite mass and equations that are regular at the same time
both in the neighborhood of the first and second body of finite mass are obtained. The equations
are systems of nonlinear nonstationary differential equations of the tenth or eleventh or nineteenth
order with respect to the Kustaanheimo—Stiefel variables, their first derivatives, Kepler or total
energies, or variables that are Jacobi integration constants in the case of the unperturbed spatial
circularrestricted three-body problem, as well as with respect to time and auxiliary time variable. The
equations obtained allow one to construct different regular algorithms for integrating the differential
equations of the perturbed spatial restricted three-body problem.

This study is an extension of [1, 2].
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1. THE INITIAL DIFFERENTIAL EQUATIONS OF THE PERTURBED SPATIAL
RESTRICTED THREE-BODY PROBLEM. STATEMENT OF THE REGULARIZATION
PROBLEM

Consider three material points My, M1, and My with the masses mg, m1, and mq, respectively. They
mutually attract each other according to the Newton’s law of universal gravitation. The unrestricted
three-body problem consists [3] in defining and studying all possible motions of material points
My, M7, Ms. The restricted three-body problem is the problem [3] of the motion of a material point
My = M with zero mass my = 0 (more precisely, with a mass my =m which is negligibly small compared
to the masses mg and m; ). According to the Newton’s law, this point is attracted by two other material
points My, M7 having nonzero masses mg and my.

The restricted three-body problem is [3] the limiting form of the unrestricted three-body problem. It
has found wide application both in classical celestial mechanics (for example, the theory of the motion of
the moon) and in the mechanics of space flight (for example, the problem of reaching the moon).

We introduce vectors rg = MgM,r1 = M1 M, ro1 = MogM 1, r19 = M1 My = —rp;. The projections
of the vectors rop and r; on the axis of the inertial coordinate system O&n( are respectively equal to

§2 —&0,m2 — Mo, G2 — Go and & — &1,m2 — M1, G2 — (1, where &g, Mo, Co; 1,11, ¢1 and &2, m2, (2 are the
Cartesian coordinates of material points My, M7, and My = M in the inertial coordinate system O&n(¢.
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634 CHELNOKOV

Using the introduced vectors ry and r; as the vector variables, we write the vector differential
equations of the perturbed spatial restricted three-body problem in the following form [2]:

d’rg fmo fmq fmq

2 - - 3 ro — 3 ry — 3 r01+p7 (11)
dt g Ty oy
d’ry fmo fmq fmo

9 =~ g3 To— " 4 Ti— ' 4 Tipt+P, (1.2)
dt o Ty o1
rgp =rop—ry, rip==ry—ro=-ro, ro=|rol|, ri=|ri|, 701 =|ro1|=|r10]-

Here rg1, 79, r1 are the mutual distances between the points My and My, My and M, My and M,
respectively; f is the gravitational constant, p is the vector of perturbing acceleration of a material
point M from the other forces acting on a point M that are not caused by forces of gravitational attraction
acting from the points My and M;.

The differential equation (1.1) describes the movement of a point Min the coordinate system
My XoYoZy having an origin at a point My and the coordinate axes My X, MYy, MoZy parallel to
the axes of the same name of the inertial coordinate system O&n(, and the differential equation (1.2)
defines the movement of this point in the coordinate system M; X1Y; Z; having an origin at a point M;
and coordinate axes My X1, M1Y1, M Z; that are also parallel to the same inertial axes O¢, On, OC.

Differential equation (1.1) can be considered independently of the differential equation (1.2), if we use
the relation r1 = rg — ro1 and take into account that the vector r¢; satisfies the differential equation

d2r01 f(mo + ml)
- w

of the unperturbed two-body problem (Mj and M) that, as is known, is integrable. Therefore, we can
assume that the vector rg; appearing in equation (1.1)is a known function of time: ro; =rp1 (¢). Similarly,
the differential equation (1.2) can be considered independently of the differential equation (1.1), if we use
the relation rg = r1 — r1g and take into account that the vector rig = —rg; is a known function of time.

Equations (1.1) and (1.2) can also be considered as a system of two differential equations with
unknown vector variables rg and ry.

Note that the equation (1.1) in coordinate form coincides (for p = 0) with the equations of the
restricted three-body problem (6.1)[4].

The vector equations (1.1) and (1.2) of the perturbed spatial restricted three-body problem contain
singular points ro = 0, r; = 0, at which these equations degenerate. The problem of eliminating these
singularities (both the separate exclusion of one of these singularities , and the simultaneous exclusion
of both singularitie ) is the subject of the regularization of the differential equations of the perturbed
spatial restricted three-body problem. Note that the simultaneous fulfillment of the conditions ro = 0,
r1 = 0 is impossible in the most problems of celestial mechanics and astrodynamics. Nevertheless,
it is of both theoretical and practical interest (from the point of view of constructing effective high-
precision algorithms for the numerical integration of differential equations of the three-body problem.
These algorithms are necessary for a high-precision prediction of the motion of celestial and cosmic
bodies) to obtain such regular equations that do not degenerate under simultaneous fulfilling these
conditions.

In this article, we develop a quaternion method for the regularization of differential equations for a
perturbed spatial restricted three-body problem that is closely related from the methodological point of
view to the quaternion method for regularizing differential equations for a perturbed spatial restricted
three-body problem proposed by the author of this study in [5, 6] (see also [7—11] ). In the first part of the
study [2], the following points were considered: the original Newton equations of the perturbed spatial
restricted three-body problem and the formulation of the problem for regularization of these equations;
the energy relations and differential equations describing the change in the energies of the system in the
perturbed spatial restricted three-body problem, as well as the first integrals of the differential equations
of the unperturbed spatial restricted circular three-body problem (Jacobi integrals); the equations of the
perturbed spatial restricted three-body problem written in rotating coordinate systems and the rotation
quaternions (Euler (Rodrigues—Hamilton) parameters) used to describe the angular motion of these
coordinate systems; differential equations for the moments of the quantities of motion in the three-body
problem under study.
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In the present article, which is an extension of [2], the local regular quaternion differential equations
of the perturbed spatial restricted three-body problem are obtained. These equations utilize the Kepler
energy or total energy of the system as an additional variable. In addition, the regular quaternion
differential equations of the perturbed spatial restricted circular three-body problem have been derived.
These equations utilize a quantity, that is a constant of the Jacobi motion in the unperturbed spatial
restricted circular three-body problem, as an additional variable.

The obtained equations are systems of nonlinear nonstationary differential equations of the eleventh
order with respect to the Kustaanheimo—Stiefel variables, their first derivatives, Kepler or total energy
or variable, which is the Jacobi integration constant in the case of the unperturbed spatial restricted
circular three-body problem, and also with respect to time and the auxiliary time variable .

The constructed sets of differential equations of the perturbed spatial restricted three-body problem
allow us to construct a regular algorithm for integrating these equations, in which one of the systems of
differential equations of the eleventh order is used to study the motion of a body M with a negligibly small
mass in the vicinity of the body My (when the distances rg, 71 between bodies M and My, M and M;
satisfy the inequality m173 <mgr?), and another system of differential equations of the same order is used
when studying the motion of a body M in the vicinity of the body M; (when the distance r; and r¢ satisfy
the inequality mor% < mlrg)(ln the above inequalities, mg and m; are the masses of bodies My and M7).

This article continues the study of the problem of constructing local regular quaternion differential
equations of a perturbed spatial restricted three-body problem, and also deals with the problem of
constructing global regular quaternion differential equations of a perturbed spatial restricted three-body
problem; that is, the equations that are regular under simultaneous fulfillment of conditions 7o =0, 71 =0
orrg — 0,77 — 0. The construction of systems of differential equations used to solve these problems is
based on the equations and ratios given in the first part of the study [2].

2. DIFFERENTIAL EQUATIONS OF THE PERTURBED SPATIAL RESTRICTED
THREE-BODY PROBLEM WRITTEN IN ACCOMPANYING NONHOLONOMIC
(AZIMUTHALLY FREE) COORDINATE TRIHEDRONS. INTRODUCING ROTATION
QUATERNIONS AND KUSTAHANHEIMO—-STIEFEL VARIABLES INTO THE
EQUATIONS OF MOTION

We write the vector differential equations of the perturbed restricted three-body problem (1.1), (1.2)
in the quaternion form:

d’Ry fmo fma fma
= — Ry — R, — R P 2.1
a2 3 0 rd 1 v 01+ P, (2.1)
d’Ry fmo fma fmo
= — Ry — R, — R P 2.2
dt? e 0 3 ! S 10+ % (2.2)
R, =xi+uyj+zk =01, (2.3)
Ro1 = zo1i + yo1j + 2ok, Rio=—Ro1, P =pii+ poj + psk. (2.4)

Here i, j, k are the Hamiltonian vector imaginary units; differentiation is performed under the
assumption that the orts of the hypercomplex space are unchanged i, j, k; (z;, y;, z; (i = 0, 1) are the
Cartesian coordinates of a point M in the coordinate system M;X;Y;Z; (the projection of the vector r;
on the axis of this coordinate system); xo1, yo1, 201 are the projections of the vector rg; on the axes of the
same coordinate system (coordinates of a point Mj in the coordinate system My XoYpZo); p1, p2, p3are
the projections of the vector of disturbing acceleration p on the axis of the coordinate system My XYy Zy
(they are equal to the corresponding projections of this vector on the axis of the inertial coordinate
system, as well as on the axis of the coordinate system M; X1Y777).

A quaternion R,; characterizes the position of a pointM in the coordinate system M; X,;Y; Z;.

Let us introduce into consideration two rotating coordinate systems My X, Y, Z, and M, X, Y; Z; with
the origins at the points My and M, respectively. Further in these coordinate systems we will write down
the equations of the spatial restricted three-body problem. The axes My X, and M; X of these coordinate
systems are directed along the radii—vectors rg and ry, respectively. We denote the vectors of absolute

angular velocities of rotation of the coordinate systems MyX,Y, Z, and M;X,Y; Z; (in the inertial
coordinate system O&n() by wg and w1, and the projections of these vectors on the axes of the coordinate
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systems MOX(']YO' Z(') and MlXinlZi by wp; and wy;, respectively. Note that when writing the equations
of the spatial restricted three-body problem in such coordinate systems, the projections wp; and wy; of
the angular velocity vectors wg and w; on the directions of the radius vectors rg and ry are the arbitrarily
specified parameters.

To describe the orientation (angular position) of the coordinate system My X, Yy Z, in the coordinate
system MyXoYpZy (and, therefore, in the inertial coordinate system O&n¢), we use the normalized
rotation quaternion A, and to describe the orientation of the coordinate system M;X,Y; Z; in the
coordinate system M7 X1Y7 Z; (and, therefore, in the inertial coordinate system O&n() we use normalized
rotation quaternion A;:

Xi=No+ i+ A+ sk, [N P= 5+ 0+ )05 +)05=1, i=0,1,

where \;; (j = 0, 3) are the components of the quaternion A; (Rodrigues—Hamilton (Euler) parameters

[12—16]) that characterize the orientation of the coordinate system M; X;Y; Z; in the inertial coordinate
system.

We complete a definition of the motion of the coordinate system M; X,Y; Z; by setting an arbitrarily
given projection wj;; of absolute angular velocity vector w; on the direction of the radius vector r;
(axis MZ-X;) to zero:

wi1 = 2(= Xt hio + Mot + Aishiz — AisAiz) =0, i =0, 1. (2.9)

Here one upper point and further two upper points mean the first and second derivative with time ¢,
respectively.

The coordinate system M; X,Y; Z, in this case rotates with an absolute angular velocity w; collinear
to the vector ¢; of the moment of velocity v; of a point M in the coordinate system M; X,;Y;Z; relative to
the point M;:

w; = TZ'_QCi, C,=1I; X I‘Z =T; X Vj;, 1= O, 1. (26)
Such a coordinate system is called a nonholonomic (azimuthally free) accompanying coordinate trihe-
dron.

We note that the kinematic relation (2.6) was used in the first part of this work [2] to construct regular
quaternion equations for the perturbed spatial restricted three-body problem in a different way.

The quaternion R; defined by the relation (2.3) and characterizing the position of a point M in the
coordinate system M; X,;Y;Z; is associated with variables r; and A; by the relation

R, = z;i+vyij+ zk =riXAjoioN;, i=0, 1. (2.7)

Hereinafter, the symbol o denotes quaternion multiplication, the top line specifies the conjugate
quatemion, for example, AO = )\00 — )\01i — )\ogj — )\031{.

Let us denote the projections of the velocity vectors vy = dro/dt and vi = drq /dt of the point M in the
coordinate systems My XYy Zy and M7 X1Y171 on the axes of the coordinate systems My XYy Zy and
M, X1Y1 77, respectively (these projections coincide with the projections of the vectors vy and v; on the
axes of the inertial coordinate system) by vo; and vyx. We introduce velocity quaternions V; composed of
these projections:

Vi =vii+vpj +visk = i+ 9§ + 2k, i=0, 1. (2.8)

Differentiating relation (2.7) with respect to time and taking into account (2.8), we obtain the following
expression for the velocity quaternion V; in terms of the variables r; and \; and their first derivatives with
respect to time:

\'Z :Rz :”f’i)\iOiOS\i+2Ti>\iOiO$\i—QT’iSCEﬂ(}\iOin\i), 1=0, 1. (29)
Here, the equality a — a = 2(a — scal a) is taken into account, where a is an arbitrary quaternion, scal a
is the scalar part of the quaternion a. _
The scalar part of the quaternion (\; o i o \;), by virtue of (2.5), is equal to zero:
1

SC&I(AZ' oio Xz) = _>\i1>.\i0 + )\iO}\il + )\2‘3}\1'2 - )\Z'2>.\Z'3 = 9 Wil = 0. (210)
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Therefore, from (2.9) and (2.10) we have
Vi=R; = Xioio(fh +2r\;), i=0, L (2.11)

Differentiating (2.11) with respect to time ¢ , using the relation (2.10) and substituting the result of
differentiation, as well as equality (2.7) into equations (2.1), (2.2), we obtain

Agoio[2rg Ao +470 Ao — ZioAgorgoioXo+ (7o + fmorg2)Ae]=—fmi (r Ry +75 Ro1 ) +P, (2.12)
A10io[2r1 Aq +471 Ay —2rio Ao Ay oio Ay + (71 + fmary 2) A1) = —Fmo(ry *Ro+r5PRao) +P. (2.13)
Using the kinematic quaternion equation of the rotational motion of the coordinate system

M;X,;Y; Z; [13—16]
2dA

dt
and equality (2.5), it can be shown that

=0, Qi =waitwejtwsk, i=0,1

3
— . - _ . = . 1
. . _§ 2 _ 2 — P —
IOAiOAiOIOAi = (AZOAZ)AZ, AZOAZ = : 0)\2] = 4(.07;, W; = |w2|, 1= 0, 1. (214)
]:

Taking into account (2.14) from (2.12) and (2.13), we obtain the equations

1 < .~ _ _
) rowg) Ao = ioAgo [fmi(ri* Ry + 752 Ro1) — P, (2.15)

1 3 .3 _ _

0 rwi)A =io Ao [fmo(rg®Ro + 7y Rio) — P].  (2.16)
In the quaternion equations (2.15) and (2.16) we pass from the Rodrigues—Hamilton parameters
Xij (i = 0,1; j = 0,1,2,3) to the Kustaanheimo—Stiefel variables w;; [17—19] by using the formulas
[5, 6, 10, 11]

2roAo + 470 Xo + (Fo + frmorg 2 —

211 + 4 Ay + (i1 + fmary 2 —

>\i0 = T;l/zuio, )\ik = —T-_1/2’LLZ']<;, 1= 0, 1; k= 1, 2, 3. (217)

)

The formulas (2.17) in the quaternion form are:
S\Z' = ri_l/2ui, XZ = XNio — A1l — NiaJ — Aisk,  w; = w0 + und + upj +uisk, i=0,1. (2.18)

Substituting the relations (2.18) into equations (2.15) and (2.16), we obtain the quaternion differential
equations of the perturbed spatial restricted three-body problem in Kustaanheimo—Stiefel variables:

W .. 1 51 501 _ 1, - _
u0+7’01r0u0—2r02< e+t Tgwg—fmor()l)uo:2r0110uoo[fm1(rl3R1+7’013R01)—P], (2.19)

2 2
. 1. . 1 /1.5 1 _ 1 _4. _ _
iy 47 Lijay — 27’1 2<2 7’%+ 5 T%w%—fmlrl 1>u1: 5 ] 110ulo[fm0(7“0 3Ro+r013R10)—P]. (2.20)

Here, the quaternions R;, Ro1, R10, and P that appear in the right-hand sides of equations (2.19),
(2.20) are defined by relations (2.7), (2.4).

Note that in equations (2.19) and (2.20) obtained as a result of the transition from the Rodrigues—
Hamilton parameters \;; to the Kustaanheimo—Stiefel variables w;; in equations (2.15) and (2.16), the
terms containing the second derivatives #; of the modules 7; of vectors r; have been reduced; the Kepler
energies of the motion of a pointM in the coordinate systems My XoYyZy and M; X1Y1 7, (expressions
in round brackets before the variables ug and u;) have been distinguished in explicit form.

3. LOCAL AND GLOBAL REGULAR DIFFERENTIAL QUATERNION EQUATIONS
OF THE PERTURBED SPATIAL RESTRICTED THREE BODY PROBLEM
THAT USE KEPLER ENERGIES AS ADDITIONAL VARIABLES
In the equations (2.19), (2.20) we pass from the independent variable ¢ to the new independent
variables 7; (¢ = 0, 1) using the formulas

d2 ) d2 _ _3d7"i d

dt = r;dr;, g = T

: =0, 1. 3.1
bodr? i dr; dr;’ ! ’ (3.1)
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We obtain
d*u 1, 1. _ _
20 — houo = _7rplougo [fml(rl 3 R1 + 7“013 R()l) — P], (32)
dry 2 2
d*u 1, 1 . _ _
21 — h1U1 = _rijlroujo [me(’r'O 3 Ry + 7“013R10) — P] (33)
dri 2 2

Here R} (i = 0,1) are the Kepler energies defined by the relations

hi = ! 2+ ! r2w? — fmgrt = ! vi? — fmyr;t, =0, 1. (3.4)
2 2 ! 2 ¢
[t is seen that in this transition to the new independent variables 7;, the summands of the left-hand sides
of equations (3.2) and (3.3), that contain the first derivatives with respect to the independent variable 7;
from the quaternion variable w;, are reduced, and each of equations (3.2) and (3.3) becomes regular with
respect to distances ¢ and r; respectively , that is, they are local regular ones.

In the equations (3.2) and (3.3) we exclude quaternions R; and Ry by using quaternion relations

Ri =Ro—Roi, Ro=Ri+ R,

iougoR; = —rgug—iougoRyg;, ioujoRy = —rjuj+iou;oRy,
we get
d*u 1., 1 _ 1, _ _
20 — _houg = — fmlrgrl 3ug+ _rpiougo [fml(rm?’ -] HRo, — P, (3.5)
drg 2 2 2
d’*u 1, 1 _ 1, _ _
21 - u = — fmor%ro 3up 4+ _rmiougo [fmo(r 3 r013) Ry — P, (3.6)
dry 2 2 2

where quaternions Rg; and P are defined by the ratios

Ro1 = zo1i + yo1j + 201k, P = pii+ poj +p3k

The equations (3.5) and (3.6) coincide with local regular quaternion equations (7.10) and (7.11) of
the perturbed spatial restricted three-body problem in the Kustaanheimo—Stiefel variables that were
obtained in the first part of this work [2] in a different way.

The quantities hj and h] (Kepler energies), that appear in these equations and are defined by
relations (3.4), are considered as additional variables. These variables satisfy the differential equations
(7.14),(7.15)[2]:

dh} _q . _ _

dto = —fmar3roro + fma(ry® —rg) (vo - ro1) + vo - p,
dhj 3. . 3 3

P —fmory ity + fmo(rgy — o) (v1 - ro1) +v1 - p,

which (after the transition to the new independent variables 7;) take the form

dhé . _3 d?"(] _3 _3 dI'o dr(]
dro = —fmar{°ro dr +fm1(7"1 —To1 )<d7‘0 I'01) + dr b, (3.7)
dhf{ . -3 drl -3 -3 dI‘1 drl
in fmorg°r1 i, + fmo(re” —rg )<d71 P01) + g P (3.8)

In these equations and further, the center point is the symbol of the scalar product.
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In the equations (3.5), (3.6) and (3.7), (3.8)

9 2 2 2 2 9 2 2
T = Uit U U T U3, T = Tor T Yo1 T 201,

d?“i d’LLZ'() duﬂ duig duig
~2(u | | 21,
dTZ' Hio dTZ' + U dTZ‘ + U2 dTZ‘ + His dTZ'
dI'Z' r 9 ( d’LLZ'() n duil duig duig )
. = 4% U; U; — Uy — U,
dTZ' 01 o1 0 dTZ' i dTZ‘ 2 dTZ‘ B dTZ‘ (39)
(dui duo duio du;3
23 (s 22 B0y, )
+ Yo1 | U2 dTZ' + U1 dTi U;3 dTZ' U50 dTZ'
duy; du; du; duy;
+ 2201 (UiS T e g >7 1=0, 1.
dTi dTi dTi dTZ'

The scalar product (dr;/dr;) - p has the form of the third relations from (3.9), in which, one need to take
P1, P2, p3 instead of zg1, yo1, 201, respectively.

Differential equations (3.5) and (3.7) supplemented with the differential equations for time ¢ and
"fictitious" time 7y:

dt dr 1

—1
= = 3.10
dmo ro, dmo 0T ( )

as well as by the ratios
ro = Uy + ugy + udy + ugs, 5 = (wo1 — 20)* + (yor — ¥o)* + (201 — 20)%, (3.11)
To = udy +udy — udy — uds, Yo = 2(upruo2 — uooUos), 2o = 2(uo1uos + UooUo2), (3.12)

form the differential equations of motion of a point M that are regular in a neighborhood of a point Mj.
They are a system of nonlinear nonstationary differential equations of the eleventh order with respect
to the Kustaanheimo—Stiefel variables ug; (j = 0, 1, 2, 3), their first derivatives dug;/dry, the energy
variable h, time ¢, and variable ;.
Differential equations (3.6) and (3.7) supplemented with the differential equations
dt dro 1

dry - dm — o (519

and by the ratios

ri=ulo+ul; tul +uls, 15 = (wo1 — 21)” + (yor — y1)* + (201 — 21)%, (3.14)

2 2 2 2
1 = ujy+ui; —ufyp —uis, Y1 =2(uniuiz —uouiz), 21 = 2(unuiz + uou12). (3.15)

form differential equations of motion of a point M that are regular in a neighborhood of a point M;.
They are a system of nonlinear nonstationary differential equations of the eleventh order with respect
to the Kustaanheimo—Stiefel variables uy; (j = 0, 1, 2, 3), their first derivatives duy;/dr, the energy
variable hJ, time ¢, and variable 7.

These sets of differential equations of the perturbed spatial restricted three-body problem allow us
to construct a regular algorithm for integrating these equations [2]. The equations (3.5), (3.7), (3.10)—
(3.12) of this problem, supplemented with the relations (3.9) (for i« = 0), are used in this algorithm
when studying the motion of a point M in a neighborhood of a point My (when the distances r¢ and r;
satisly the inequality mq79? < mgr?), and the equations (3.6), (3.8), (3.13)—(3.15) of this problem that
are supplemented with the relations (3.9) (for ¢ = 1) are used in studying movement of point M in a
neighborhood of a point Mj (when the distances r1 and rq satisfy the inequality mor? < mqr3).

Remark I. In the described algorithm for integrating the constructed regular differential equations
of the perturbed spatial restricted three-body problem we assume that the projections xg1, yo1, 2010f the
vector rg; on the axes of the inertial coordinate system (coordinates of a point M; in the coordinate
system My XYy Zp)that are included in this algorithm are known functions of time ¢. In particular,
this is the case of the spatial restricted circular three body problem. In the general case, to find the
projections xo1, yo1, 201 in the differential equations systems (3.5), (3.7) and (3.6), (3.8), it is necessary to
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additionally include the vector differential equation (1.3) having made a transition to a new independent

variable 7 or 71 by using the second formula of (3.1). However, in the differential equation obtained from

(1.3), a term —(1/r;)(dr;/dr;)(droy /dT;) suspicious for irregularity appears. It has a distance r; in the

denominator. Passing in this term from the “time” 7; to the time ¢ using the formula dt = r;d7;, we get
1 d"f’i drO]_ ' d?‘i dI‘Ol

T dr dn | ar odt

From this relation, it can be seen that for r; = 0 the indicated term does not tend to the infinity in time ¢,
but is equal to zero.

Nevertheless, it seems that in the general case the vector differential equation (1.3) is appropriate to
integrate separately over the time ¢ with a variable step equal to the difference of time values t that is
calculated at the previous and current moments of “time” 7; (the current moment ¢ is calculated as a
result of integrating the first equation of (3.10) or (3.13) over the “time” ;).

Remark 2. To use the constructed regular differential equations of the perturbed spatial restricted
three-body problem, it is necessary to determine their initial integration conditions, i.e. It is necessary
to determine the initial values of the Kustahanheimo—Stiefel variables u;; (7 = 0, 1, 2, 3) and their first
derivatives du;;/dr; via the given initial values of Cartesian coordinates z;,y;, z; of a point M in the
coordinate system M;X,Y;Z; and the initial values of the projections &;, ¥;, Z; of the velocity vector v;
of a point M in the coordinate system M; X;Y;Z; on the axis of the same coordinate system. The many-
valued algorithms for solving this problem (problems with initial conditions) were proposed in [19, 5].
A single-valued algorithm for solving a problem with initial conditions was proposed by the author of the
article in [20] (see also [9—11]). It is based on the relations (7.25)—(7.30) of the first part of this work [2].

The radius vector r; characterizing the position of a point M in the coordinate system M;X,Y;Z;,
its modulus r;, and the velocity vector v; of a point M in this coordinate system are found in terms of
variables u; and du; /dr; in accordance with quaternion formulas [6] (see also [9—11]):

Ri:ajii—l—yij—l—zik:ﬁioioui, 7"2-:uioﬁi:ugo—l—u?l—l—u?z—l—u?g, 1=20,1, (316)
dR; du; du;
Vi = vji+ vp0j +visk = dtZ =2u;0io ;Z = QTZ-_lﬁZ- oio d:: , 1=0,1, (3.17)
The formulas (3.16) and (3.17) in the scalar form are

2 2 2 2 ,
Ty = Uiy + Ui —upH — Uiz, Y = 2(unti2 — wiotis),  Z = 2(uiiuis + wiouiz), =0, 1,
vl = & = 2(UioUio + Ui Wil — Uioliz — Uizl;3)
1 duo du;y dugo du;3
=2r; (Ui + Uit — Ui2 — U3 )
dTZ‘ dTZ' dTZ' dTZ‘
vig = Ui = 2(uinli1 + wi1 Uiz — Uizlio — Uioli3)
1 dugy dugo duo du;3
=2r; (Ui + ui1 — U3 — Usp .
dTi dTZ' dTZ' dTZ‘
vig = Zi = 2(Uizli1 + uin iz + witlio + Uioliz)

-1 duﬂ duig d’LLZ'() duig
= 2Ti Ui3

dTi + ui1 d’Ti + ujo d’Ti + Ui dTi
These formulas allow one to find the Cartesian coordinates x;, y;, z; of a point M in the coordinate
system M; X;Y;Z; and the projection of the velocity of a point M in the coordinate system M; X;Y;Z; on
the axis of this coordinate system via the variables u;; and their derivatives 1;; or (du;; /dT;).

From the equations (3.5), (3.7) and (3.6), (3.8), local regular equations (8.1), (8.2) and (8.3), (8,4)[2]
of the perturbed spatial restricted three-body problem can be obtained using the total energy hg and h;
of motion of a point M in the coordinate systems My XYy Z and My X1Y1 7, as the additional variables.
They are determined by the relations

). i=o01,

fri 1, fmo  fmy

ho = hY — = — 3.18
0 0 r 2”0 ro ro ( )
1
o=y Ao L Smo fm (3.19)
70 2 i) 1
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dro . dr1

dt’ dt -~

where vg and v; are the velocity vectors of a point M in the coordinate systems MyXyYpZp and
My X1Y1 71, respectively.

The usage of these equations to study the motion of a point M in a neighborhood of a point My or
M can be carried out by the same methodology as using equations (3.5), (3.7), (3.10) and (3.6), (3.8),
(3.13) containing Kepler energies hj§ and hj.

From equations (3.5), (3.7) and (3.6), (3.8) the local regular equations (8.5), (8.6) and (8.7), (8.8)
[2] of the perturbed spatial restricted circular three-body problem can be obtained using as additional
variables Hy and H; (we call them Jacobi variables) defined by the relations (3.15) and (3.16) [2]:

Hy = ho + fmarg; (ro - ro1) + n(yoto — zodo)

vo = |vo|, Vo= v =|vi], vi=

1. . ) m m m ) ) (3.20)
=, (0 + 90° + %0°) — frmo _ g + f3 ! (wowor + yoyor) + (oo — Todo),
70 T T
Hy = hy + fmorg; (r1 - t10) + n(yrdn — 2191)
1. . . m m m . Lo (321
ol (1% +91° + 4% — fmo _ frm + f3 * (@110 + 11910) + n(y1d1 — z151).
To 1 To1
The variables Hy and H; satisfy the differential equations (3.13), (3.14)[2]:
dHQ dI‘Q
_ dro - — zopy), 22
gt g P wors — zopy) (3.22)
dH dr
dtl = dtl P+ n(Yibe — T1Py),  Pa =D1, Py = P2, (3.23)

and are the Jacobi costants of motion for the unperturbed spatial restricted circular three-body problem.

The reduced local regular quaternion equations of the perturbed spatial restricted three-body problem
contain the oscillatory forms of quaternion differential equations in the Kustaanheimo—Stiefel variables.
We obtain new forms of local and global regular quaternion equations of the perturbed spatial restricted
three-body problem and global regular quaternion equations of the perturbed spatial restricted circular
three-body problem. They contain normal forms of quaternion differential equations in Kustaanheimo—
Stiefel variables.

We introduce new quaternion “velocity” variables

dui
dt ’
Let us write the quaternion differential equations (2.19), (2.20) of the perturbed three-body spatial

restricted problem in the Kustaanheimo—Stiefel variables by taking into account the notation (3.24)
in the normal Cauchy form:

duo

8; =1 = i=0,1 s;=si0+sul+sio) +sisk, Wi = o + wind + U] + tisk.  (3.24)

5t = 80, (3.25)
dso | o1 L2peg = Loy SR, +r3Rg) — P 3.26
dt +2rg (uO'SO)SO_ 2740 oo = 27“0 louoo[fml(rl 1+79 01)— ] ( .26)
1 _ 1 . _ _
==y fmar] 3ug + 2r0 Yougo [fml(r013 -] 3) Ry — P,

du

dtl = sy, (3.27)
dst | 9,1 L2y, = Lo 3Ry + 73 Ryg) — P 3.98
gt +2r; (ug - s1)s1 — 2T1 u; = 2T1 iouy o [fmy(ryg”° Ro + 74" Rig) — P] (3.28)

1 _ 1 . _ _
= fmor, Sup + 27’1 You o [fmo(r, 3 r013) Ry — PJ.
Here the scalar products are
d’LLZ'j

(W5 - 8i) = inSi0 + Uil Si1 + UiaSi2 + Ui3Si3, Sij = Ujj = g i=0,1, j7=0,1,2,3. (3.29)
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Passing in equations (3.25), (3.26) and (3.27), (3.28) to new independent variables 79 and 7 by using
the formulas dry = rgzdt and dr = rl_2dt and supplementing the obtained equations with the differential
equations for Kepler energies hj and hj, which follow in this case from the equations for these energies
given before the equations (3.7) and (3.8), we obtain the following sets of normal local regular quaternion
equations of the perturbed spatial restricted three-body problem:

duo

. r2so, (3.30)
dSO 1 ¥

dTO + 2T0(U0 . SO)SO — 9 hOU_Q (331)

1 _ 1 . _ _
= — 5 fmlrgrl 3u0 + 5 roioug o [fml(r013 -7 3) Ry — PJ,

dhzk] 2 _3 d'f’o _3 _3 dr(] dr(]
=ro|—fmar{°r + fm(ry” —r "To1) + Pl 3.32
dro 0[ fma 1 7o dt f 1( 1 01)( dt 01) dt P] ( )
o 0 dmy 0T 559
2, 3.34

drt s1 (3.34)
d; 1

dS1 + 27“1(111 . Sl)Sl — h“{ul (335)

T1 2

1 _ 1 _ _
=-, fmor, 37‘%u1 + 5 riiouy o [fmo(rg 3 r013) Ry — PJ,

th 2 -3 d'r]_ -3 -3 drl drl

i = ri[—fmory °r1 gt + fmo(rg;” —ro°)( g ro1) + gt -l (3.36)
dt 2 dTO -2 2

drn Y gm0 D (5:37)

2 2 2 2 2 2 2 2

Ti = U0 + Ui + Ujp + Ui, To1 = To1 + Yo1 T 2015

d’l"i

P 2(uinSio + wi1Si1 + Ui2Si2 + Ui3Si3),

dI'Z‘

g Y01 = 201 (wiosio + i1 Si1 — Wi2Si2 — Ui3Si3) + 2yo1 (Wi2si1 + i1 Si2

— U;3Si0 — UinSiz) + 2201 (UizSi1 + wi1Si3 + Ui2Sio + UioSi2), (3.38)

dr;

dtz P = 2p1(wiosio + wi1si1 — Wi2Siz — wi3Si3) + 2p2(uiesit + ui1Sio

— u;3Si0 — UinSi3) + 2p3(wizsin + wirsiz + ui2sio + wioSi2), =20, 1.

The method of using normal forms of local regular equations (3.30)—(3.33) or (3.34)—(3.37),
supplemented with the relations (3.29), (3.38), to study the motion of a point M in a neighborhood
of a point My or M7 can be performed by the same methodology , as the use of oscillatory forms of local
regular equations (3.5), (3.7), (3.10) and (3.6), (3.8), (3.13). The main difference between normal forms
of local regular equations and oscillatory forms is the use of various independent variables. If in normal
forms of local regular equations time transformations, that contain raised to the second power distances
from a body of negligibly small mass to two bodies of finite mass, are used, then in oscillatory forms
time transformations containing the first powers of these distances are used. Note also that the left -
hand sides of equations (3.31) and (3.35) of normal forms are more complicated than the left-hand sides
of equations (3.5) and (3.6) of oscillatory forms because they contain additional terms 27 (ug - so)so
and 271 (uy - $1)s1, and the right hand sides of these equations are the same. In addition, in the right-
hand sides of equations (3.32) and (3.36) for Kepler energies that complement the normal forms of the
equations, in contrast to equations (3.7) and (3.8) for Kepler energies that complement the oscillatory
forms of the equations, the factors rZ and r? are additionally included. Therefore, the reduced normal
forms of local regular equations (3.30)—(3.33) and (3.34)—(3.37) of the perturbed spatial restricted
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three-body problem are simpler than the oscillatory forms of local regular equations (3.5), (3.7), (3.10)
and (3.6), (3.8), (3.13) of this problem. At the same time, the use of normal forms of equations allows
one to obtain normal forms of global regular equations of the perturbed spatial restricted three-body
problem.

Passing in equations (3.25), (3.26) and (3.27), (3.28) to a new independent variable 7 by using
the formula dr = 7, ?r; 2dt and complementing the equations obtained with differential equations for
Kepler energies h{; and hj that follow from the equations for these energies and are given before the
equations (3.7) and (3.8), we obtain other sets of local regular quaternion equations of the perturbed
spatial restricted three-body problem (3.39)—(3.42) and (3.43)—(3.45), (3.42) in the normal Cauchy
form:

duo
4 =Toriso, (3.39)
1
Ci;f) + 27“07’%(110 - 80)S0 — 5 r%hauo (3.40)
1 _ 1 . _ _
i fmlrgrl Lug + ) ror%z o ug o [fml(r013 —r] 3)R01 — P,
dhg — dTO _ _ dTQ d”r’o
dTO = 7“8[— fmar] Lro dt + fm(r] L r%rof’)( gt '7‘01) —H’% gt -p], (3.41)
dt
. 7’(2)7“%, (3.42)
d’LLl
g = Torisy, (3.43)
ds 15,
d; + 27“87’1 (ug - s1)s1 — 5 7“8 Tuy (3.44)
1 _ 1 . _ _
== fmorg lrful + 5 7’87‘11 ouy o [fmo(r 3 T013)R01 — PJ,
dh* _ d?“l _ _ d?“l d’l"l
dTl = r%[— fmorg Ly di + fmo(rgrof’ -1y 1)( dt -7“01) —l—r(z) dt 'p]. (3.45)

The procedure of using normal forms of local regular equations (3.39)—(3.42) or (3.43)—(3.45), (3.42),
supplemented with the relations (3.29), (3.38), to study the motion of a point M in a neighborhood of a
point My or M can be carry out by the same methodology as the use of oscillatory forms of local regular
equations (3.5), (3.7), (3.10) and (3.6), (3.8). (3.13) (as well as the use of normal forms of local regular
equations (3.30)—(3.33) and (3.34)—(3.37)). Normal forms of local regular equations (3.39)—(3.42) and
(3.43)—(3.45), (3.42) differ from the normal forms of local regular equations (3.30)—(3.33) and (3.34)—
(3.37) in greater complexity and use more complex time transformations containing the product of the
raised to the second power distances from the body of negligibly small mass to two bodies of finite mass.
However, in normal forms of local regular equations (3.39)—(3.42) and (3.43)—(3.45), (3.42), in contrast
to the normal forms of local regular equations (3.30)—(3.33) and (3.34)—(3.37) and oscillatory forms of
local regular equations (3.5), (3.7), (3.10) and (3.6), (3.8). (3.13), we use not two different independent
variables 79 and 71, but one independent variabler, that is their advantage.

Let us pass in equations (3.25), (3.26) and (3.27), (3.28) to the new independent variable 7 by using
the formula dr = ro_?’rl_?’dt and supplement the obtained equations with the differential equations for
Kepler energies hj and hj, that follow from the equations given before the equations (3.7) and (3.8).
As a result, we obtain the normal global regular quaternion equations of the perturbed spatial restricted
three-body problem (3.46)—(3.49) and (3.50)—(3.52), (3.49):

duo

g = Toriso, (3.46)
d 1

dS: —|—27“8r£1)’(u0 - 80)S0— 5 rori’héuo (3.47)

1 5. _
rglouoo [fml(rm?’rif— DR —ri)’P],

1 3
— 2fm1r0u0+ 9
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Cgf =3 [ — fmarg d;“to + fmi(1 —rirg?) ( d(;() -rm) + 73 d(;o : p]’ (3.48)

Z =rgri, (3.49)

ddil = ririsi, (3.50)

ddsTl +2rgri (g - s1)s1 - ;ré”nh*{ul (3.51)
=— ; fmoriug+ ;r%ioulo[fmo(l—rglg’rg’)Rm —r3P,

Cgf = ri| = fmory CZ;I + fmo(riroy’ = 1)(621 xo1) + 7 djtl p|. (3.52)

The equations (3.46)—(3.49), supplemented with the relations (3.29), (3.38) and (3.11), (3.12), and also
the equations (3.50)—(3.52), (3.49), supplemented with the same relations (3.29), (3.38) and (3.11),
(3.12), are two different normal forms of global regular equations of the perturbed spatial restricted
three-body problem. They form systems of nonlinear differential equations of tenth order with respect
to the Kustaanheimo—Stiefel variables u;; (j = 0, 1, 2, 3) (component of a quaternion variable u;), their
first derivatives with respect to time s;; = du;;/dt (component of a quaternion variable s; = du; /dt),
Kepler energy A} and time ¢ (¢ = 0, 1). Any of these systems can be separately used as a closed system
of differential equations for regular study of the motion of a point M both in a neighborhood of a point
My (when distances o and ry satisfy the inequality myr2 < mgr}) and to study the motion of a point M
in a neighborhood of a point M; (when distances g and r; satisfy the inequality mor? < myrd).

Note thatin[21](R. Roman, . Szucs—Csillik, 2014 ) a generalization of Levi—Civita regularization in
the unperturbed plane restricted three-body problem was given. For the regularization of the equations of
the problem, complex Levi—Civita variables and a time transformation dt = r3r$dr analogous to (3.49),
that contains the product of raised to the third power distances from a body of negligibly small mass to
two bodies of attraction with finite mass, were used.

Note also that in an unbounded three-body problem to make a regularization, another time trans-
formation dt = rgridr is often used [22, 23]. It contains the product of the distances from a body of
negligibly small mass to two bodies of finite mass. In [22] (S.J. Aarseth, K. Zare, 1974) it is noted
that for the purposes of regularization, a time transformation dt = r§r$dr containing raised to the third
power distances can also be used. However, the authors of [22] point out that when using this time
transformation, regularization is not actually achieved, because the new time becomes infinite when two
bodies collide. In fairness it must be said that this effect of the infinite growth of the new time also takes
place when using time transformations that contain smaller powers of specified distances, including the
case when using time transformation dt = roridr containing the first power of distances. However, this
growth takes place to a far less degree. Therefore, first of all, it is of interest to construct such local
and global regular equations of the perturbed spatial restricted three-body problem, in which the time
transformations containing powers (less than third)of distances from a body of negligibly small mass to
two bodies of attraction of finite masses are used.

4. GLOBAL REGULAR QUATERNION DIFFERENTIAL EQUATIONS OF THE
PERTURBED SPATIAL RESTRICTED THREE BODY PROBLEM THAT USE THE FULL
ENERGY OR JACOBI VARIABLES AS THE ADDITIONAL VARIABLES

4.1. The Normal Form of the Global Regular Equations of the Perturbed Spatial Restricted
Three-Body Problem that Use the Total Energy

In the normal local regular equations (3.39)—(3.42) and (3.43)—(3.45), (3.42) of the perturbed spatial
restricted three-body problem, we replace the Kepler energies h§ and h] by the total energies hy and
h1 of motions of the point M in the coordinate systems MyXoYpZy and My X Y172, respectively.
Total energies are defined by the relations (3.18) and (3.19) and satisfy the differential equations

(3.2) and (3.3) [2]:
dho

P — fmalrg (Vo - To1) 4+ 773 (vor - 11)] + Vo - P, (4.1)
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dhy

i —fmolro (Vi - T10) + 102 (V1o - T0)] + Vi - P, (4.2)
Vo — dro Vol — dI‘01 R dI‘1 Vi — dI‘10
0= g Y= g0 Vi= o, Vie=

For this replacement of energies, we transform the right-hand sides of equations (3.40) and (3.44) using
the equations
roiougo Ry = —r%uo +ugoRpr o Ry, mioujoRy= —rgul —u; o Ry o Ry.

As aresult of such transformations from equations (3.39)—(3.45) and (4.1), (4.2) we obtain the following
global regular differential equations of the perturbed spatial restricted three-body problem in the normal
Cauchy form:

duo

dT = T%T%SO (43)
ds 1
d: + 27“07“%(110 -80)Sp — 5 r%houo (4.4)
1 _ 1 . _
=, fmar] lug o Ro; o Ry + 5 7’07’%10 ug o (fm1r013 Ro1 — P),
M0 212 frmalrg (v - vor) + 71 ¥ (vor - 11)] + vo - B (4.5)
dr 0”1 mi|To1 (Vo - To1 r1 (Vo1 - TI1 Vo' p .
= —fmalrgrirg’(vo - ro1) + rgry (vor - r1)] + rgrivo - P,
du
dTl — r%r%sl (4.6)
ds 1
dTl + 27“17“8(111 - 81)81 — 5 rghlul (4.7)
1 1 ) _
= 5 fmoro_lul oRijgo Ry + 5 Tlrgl ouj o (fm0r103 Ry —P),
dh _ _
drl = rgri[—fmolrey’ (vi - T10) + 74> (V1o - 7)) + V1 - P] (4.8)
= —fmolrgrirgy (v T10) + 75 71 (Vio - vo)] + 751 v1 - P
dt
ir = 7“(2)7’%. (4.9)

Here r1¢9 = ro1, the quantities R; and r; are determined by the relations (3.16):
Ro1 = zo1i + yo1j + 21k, Rio = —Ro1, P =pii+ poj+ psk,
duij

, =0,1, 7=0,1,2
dt7 ? 077 ,7 07 ) 737

(W - 8;) = UioSio + U1 551 + UiaSio + Ui3Si3,  Sij = Uij =
dI'Z‘

dt
+ 2yo1 (uizsin + uinsio — wizsio — wiosiz) + 2201 (uizsi1 + uisiz + wizsio + wiosi2)  (4.10)

Vi Tgl = —V;-Tg = -To1 = 2201 (Ui0Si0 + Ui1Si1 — Ui2Si2 — Ui3Si3)

.9 2 2 2
Vo1 - T; = —Vig - Ty = To1(Ujp + Uy — Ui — Us3)
+ 2y01 (uirwiz — wiouiz) + 2201 (wirwis + wiouse), @ =20, 1,
dI‘Z'
s P 2p1 (wioSio + wi1si1 — Ui2Siz — wi3Si3) + 2p2(ui2sii
+ w182 — i3Si0 — Ui0Si3) + 2p3(uizsin + ui18i3 + Uiasio + wiosi2), 1 =0, 1.

In the case of a perturbed restricted circular three-body problem, the derivatives Zg1, o1, 201
occurring in (4.10) are determined by the relations (3.8), (3.9) [2]:

Zo1 = —ansin(nt) = —nyo1, Yo1 = ancos(nt) = nxer, 21 =0,
J(mo +my
’I’L2: ( a3 ), a:|r01|.
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The quaternions rflRl and ro_lRo appearing in equations (4.4) and (4.7) correspond to the vectors

rl_lrl and rglro occurring in equations (4.5) and (4.8). The norms and moduli of these quaternions
and vectors are equal to unit. Therefore, the equations (4.3)—(4.9) of the perturbed spatial restricted
three-body problem are global and regular. They form a system of normal nonlinear differential equations
of the 5" order with respect to four quaternion variables g, sg, u;, s; and three scalar variables:
total energies hg, h1, and time ¢. This quaternion system of equations is equivalent to a scalar system
of nonlinear differential equations of 19" order with respect to the Kustahanheimo—Stiefel variables
ui; (j = 0, 1, 2, 3) (component of a quaternion variable w;), their first derivatives with respect to time
sij = du;j/dt (component of a quaternion variable s; = du;/dt), total energies h; and time ¢ (¢ = 0, 1).

4.2. The Normal and Oscillatory Forms of Global Regular Quaternion Equations of the Perturbed
Spatial Restricted Circular Three-Body Problem that Use the Jacobi Variables

Using equations (4.3)—(4.9), we obtain the global regular equations of the perturbed spatial restricted
circular three-body problem, in which the Jacobi variables Hy and H; defined by relations (3.20) and
(3.21) are used instead of the total energies hy and h;. From the relations (3.20) and (3.21) we express
the total energies hg and h; via the Jacobi variables Hy and H; and substitute the obtained relations

ho = Ho — fmurgy (vo - ro1) — n(yodo — xodo),

h = Hy — fmorg (r1 - r10) — n(ydn — z11)
into the equations (4.4) and (4.7). In the differential equations (3.22) and (3.23) for the variables Hy and
H; we pass from time t to new independent variable 7 in accordance with equation (4.9). We use these
obtained equations instead of equations (4.5) and (4.8).

As aresult, we obtain the following global regular equations of the perturbed spatial restricted circular
three-body problem:

(4.11)

duo

4 = ToTIs, (4.12)
ds _ . .
dTO + 273 (up - s0)80 — 5 ri[Ho — fmarg (ro - To1) — n(yodo — Todo)uo (4.13)
1 1
= 9 fmlrl_luo o Ry o Ry + 9 ToT%i ougo (fmlro_13 Ry — P)
dH dr
dTO = dTO P+ nr%r%(yopl — l‘opg), (414)
du
o =rirdsy, (4.15)
ds 1 _ . .
drl + 27178 (ug - 81)81 — 5 rélh1 — fmorgy (r1 - r10) — n(yadn — v191)]w (4.16)
1 1
=, fmorglul o Rig o Ry + 5 Tlrgi ouj o (fmorl_03 R0 —P),
dH1 dr1
g = g PGy — zips), (4.17)
dt
b= réry, (4.18)
ro - ro1 = alcos(nt) g + sin(nt) yo|, r1-r19 = —alcos(nt)xy + sin(nt) y1],

T = ujh +uf —uph —u, Y = 2(uaug — uowig), =0, 1,
— (Vi — i) = Ciz = 2ri[uizsio — ugasi + Ui1si2 — Uosiz), =0, 1.
other values have been explained above.

The resulting system of regular quaternion equations (4.12)—(4.18) is equivalent to a scalar system
of nonlinear differential equations of 19*® order with respect to the Kustahanheimo—Stiefel variables
uij ( = 0, 1, 2, 3) (component of a quaternion variable u;), their first derivatives with respect to time
sij = du;j/dt (component of a quaternion variable s; = du;/dt), Jacobi variables H;, and time ¢ (i =0, 1).
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In the case of an unperturbed spatial restricted circular three-body problem (for p; = pa = p3 = 0) the
variables H; become the Jacobi costants of motion: H;(7) = H;(0) =const. Therefore, the differential
equations (4.14) and (4.17) are out of consideration and the unperturbed spatial restricted circular three-
body problem is described by global regular equations (4.12), (4.13), (4.15), (4.16), (4.18), which are
equivalent to the scalar system of nonlinear differential equations of the 17" order with respect to
the Kustahanheimo—Stiefel variables w;; (7 = 0, 1, 2, 3), their first derivatives with respect to time
Sij = duij/dt and time ¢ (Z = O, 1)

In the quaternion differential equations of the perturbed spatial restricted three-body problem in the
Kustaanheimo—Stiefel variables (2.19) and (2.20) we pass to the new independent variable 7 using the
formulas

d2 d2 d(’r'o’l"l) d
dt = rorid = 27— -3 =0, 1 4.19
roridr, (ror1) 2 (ror1) i g P=O0L (4.19)
and taking into account the equalities
roiougo Ry = —r%uo +ugoRpioRy, miocu; o Ry = —r%ul +u; o Rig o R;.
As a result, we obtain the equations
d2u0 1 2 1 d?“l duo 1 fm1 1 2 fm1
— 2hgug = Ry oR i [ Ro; — P], 4.0
dr2 21T g gr T g gy MOOTIOM Tgroritotoe T3, o1 (4.20)
d?u; 1 5 1 drg dug 1 fmg 1 5 fmg
— rZhyuy = Ry oR i [ Rig — P (421
dr2 o Mol v dr dr 2 1y ug o Ry o Rp + o T17T1 0 U1 © " 10 ( )

Here h; (i = 0,1) are the total energies defined by relations (3.18), (3.19) and satisfying the equations
(4.1),(4.2).

We show that the terms (1/71)(dry/d7)(dug/dr) and (1/rq)(dro/dr)(duy /dT) of equations (4.20)
and (4.21) are finite values for r; — 0 and rg — 0, consequently, under the condition that the velocities
v and v1 of the point M in the coordinate systems My XoYyZy and My XY Z; are finite. In accordance
with (3.17) and (4.19) we have

1 d’l"l duo :_1 drliou oV :7’2T d’l"l duo
r odr dr 2.dr - 00T 0 g g
1 dTo dU1 1 d?“(), 2 dTo dU1
o dr dr 2 dp OWMOVITTI0 4 gy

From these relations it can be seen that the indicated terms are finite quantities under the condition that
the velocities vy and vy have finite values and for r; = 0 and ry = 0 these terms do not tend to the infinity
in time ¢, but are equal to zero.

Using equations (4.20), (4.21), we obtain the oscillatory global regular equations of the perturbed
spatial restricted circular three-body problem, in which the Jacobi variables Hy and H; defined by the
relations (3.20) and (3.21) are used instead of the total energies hg and h;. To this end, we substitute
relations (4.11), which establish the connections of the energies hy and h; with the Jacobi variables Hy
and H; into the equations (4.20), (4.21). Let us supplement the obtained equations with differential
equations (3.22) and (3.23) for Jacobi variables Hy and Hi, having previously passed to the new
independent variable 7 using the formula dt = ror1d7. As a result, we obtain the following global regular
quaternion equations of the perturbed spatial restricted circular three-body problem:

d’*u, 1 _ . .
d7'20 o ri [Ho — fmarg(ro - vo1) — n(yodo — l‘oyo)] ug (4.22)
1 dry dug 1 fmy 1 . fmy
_ R o R [ Ry — P/,
r1 dr dr * 2 nm to o Koy © K + 2 roritetoe 7’81 01
dH dr
o= P mror (yopr — wop2), (4.23)
d*u 1 _ . .
del T 7“8 |:H1 - fm07“013(1"1 "T10) — n(y1dy — 3312/1)]111 (4.24)
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1 drg d 1 1
= "o A + Jmo uoRjgo Ry + rlrgi ouj o fT;%o Rig — P|,
ro dr dr 2 1 2 0
dH1 dr1
= -p +nrori(yipr — z1p2), (4.25)
dr dr
dt
—— (4.26)
dr
R, =xi+yj+zk=u0iou,, ri:uioﬁi:u?0+u?1+u?2+u?3, 1 =0, 1,
ro - ro1 = afcos(nt) g + sin(nt) yo|, r1-r10 = —alcos(nt)xy + sin(nt) y1],
T = uk +ud —uh —uk, oy = 2w — uiouiz), =0, 1,
— (Yoo — xoYo) = ¢ :27“_1[u duoo—u duon +u duOQ—u duoﬂ
Yoxo 0Yo 0z 1 03 dr 02 dr 01 dr 00 dr 1’
—(pd1 — 1) =c¢ :27“_1[u dulo—u dun +u dulz—u dul?’}
Y171 191 1z 0 13 dr 12 dr 11 dr 10 dr
dI‘Z’ 9 |: d’u,io I duil duig d’u,ig }
dr p P1| U0 dTi 21 dTi i2 dTi i3 dTZ'
dug dugo duip du;3
212 L el
+ 2p2 | U2 dr; + ui1 dr; Ui3 dr; Ui0 dr;
du du; du; du; .
+ 2p3 [Uz’?; T e g, ], =0, 1.
dTi dTZ' dTi dTi

The quaternions rflRl and ro_lRo, appearing in equations (4.22) and (4.24), have norms equal to
unit. The terms (1/71)(dry/d7)(dug/dr) and (1/7¢)(dro/dr)(duy /dr) of these equations are, as shown
above, the finite values for r; — 0 and ro — 0 under the condition that the velocities vg and vy are finite.
Moreover, for r; = 0 and rg = 0, these terms do not tend to the infinity in timet, but are equal to zero.
Therefore, the equations (4.22)—(4.26) are global regular ones.

The resulting system (4.22)—(4.26) of global regular quaternion equations of a perturbed spatial
restricted circular three-body problem is equivalent to a scalar system of nonlinear differential equations
of the 19" order with respect to the Kustahanheimo—Stiefel variables ui; (j =0, 1, 2, 3) (component
of the quaternion variable wu;), their first derivatives du;; /dr with respect to a new independent variable
7 (component of the quaternion variable du;/d7), the Jacobi variables H; and time ¢ (¢ = 0, 1). The
advantage of these global regular equations is that they use a time transformation that contains the
product of the first power of the distance from a body of negligibly small mass to two bodies of attraction
of finite masses.

In the case of an unperturbed spatial restricted circular three-body problem, the perturbing ac-
celerations p1, p2, p3 are equal to zero and the variables H; become the Jacobi costants of motion:
H;(m) = H;(0) = const. Therefore, the differential equations (4.23) and (4.25) drop out of consideration
and the unperturbed spatial restricted circular three-body problem is described by global regular
equations(4.22), (4.24), (4.26) that are equivalent to a scalar system of nonlinear differential equations of
17" order with respect to the Kustahanheimo—Stiefel variables ui; (j = 0,1,2,3), their first derivatives
duij/dT and time ¢ (’L =0, 1).

In conclusion, we note that the choice of one or another constructed regular quaternion differential
equations of the spatial restricted three-body problem (both non-circular and circular) can be made
on the basis of numerical integration of these equations and comparing the accuracy of the obtained
solutions. Therefore, one of the directions for the further study of the problem of regularization of
the equations of the spatial restricted three-body problem using the proposed quaternion approach is
connected with the construction and study of numerical solutions of the obtained regular quaternion
equations of this problem.

We also note that each of the systems of local regular quaternion equations for the perturbed three-
body spatial problem in the Kustaanheimo—Stiefel variables (3.5), (3.7), (3.10)—(3.12) and (3.6), (3.8),
(3.13)—(3.15) is close to a linear system of differential equations when considering the movement of a
body under study M in the vicinity of an attracting body My or M. Indeed, in the absence of perturbing
accelerations pi, p2, ps and body M; (for m; = 0), the Kepler energy hj =const and quaternion
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differential equation (3.5) becomes equivalent to the equation of motion for a single-frequency four-
dimensional harmonic oscillator, and the differential equation (3.7) for Kepler energy h{ drops out of
consideration. Similarly, in the absence of perturbing accelerations py, p2, ps and body My (for mg = 0)
the Kepler energy h] = const and quaternion differential equation (3.6) becomes equivalent to the
equation of motion for a single-frequency four-dimensional harmonic oscillator, and the differential
equation (3.8) for Kepler energy h} drops out of consideration. Therefore, in the case of small perturbing
accelerations p1, p2, p3, the movement of the body under study M in the vicinity of the attracting body
My or Myis described by the above mentioned equations , which are close to linear differential equations,
since the terms of these equations that describe the effect of the body M; or My on the body under study
M in these cases are also small.

[f the mass of the body M; or My is equal to zero, each of the systems of regular quaternion equations
(3.5), (3.7), (3.10)—(3.12) and (3.6), (3.8), (3.13)—(3.15) coincides with the known regular quaternion
equations of the perturbed spatial two-body problem in the Kustahanheimo—Stiefel variables that were
proposed by the author of this study in [6] (see also articles [9—11]). These regular quaternion equations
of the two-body problem in scalar form coincide with the well-known regular equations of the perturbed
spatial two-body problem obtained by P. Kustaanheimo and E. Stiefel [19] (coincide with the regular
equations of the two-body spatial problem in variables, which are now called Kustaanheimo—Stiffel
variables). E. Stiefel, G. Sheyfele, T. V. Bordovitsyna and other scientists [19, 24, 25] state that using
the regular equations of the perturbed two-body problem in the Kustaanheimo—Stiefel variables makes
it possible to increase the accuracy of the numerical solution of a number of problems in celestial
mechanics and astrodynamics (for example, the problems of the motion of an artificial satellite of the
Earth in orbits with large eccentricities) from three to five orders of magnitude compared to solutions
obtained using classical (Newton) equations in the Cartesian coordinate system.

Taking into account the influence of the body M7 on the movement of the body under study M with
a negligibly small mass in the vicinity of the body My or, conversely, taking into account the influence
of body My on the movement of the body under stud M with a negligibly small mass in the vicinity
of the body M;, in the above mentioned local regular quaternion equations of the spatial restricted
three-body problem that have the same order as the perturbations taken into account in the well-
known equations of the two-body problem in the Kustaanheimo—Stiefel variables. Therefore, in view
of this qualitative analogy between the well-known regular equations of the spatial two-body problem
in the Kustaanheimo—Stiefel variables and the regular equations of the spatial restricted three-body
problem (3.5), (3.7), (3.10)—(3.12) and (3.6), (3.8), (3.13)—(3.15), it is arguable that the numerical
integration of these local regular equations of the perturbed three-body problem in the Kustahanheimo—
Stiefel variables is more effective than the numerical integration of the three-body problem equations
in rectangular coordinates from the point of view of integration accuracy. However, the degree of
effectiveness of these and other quaternion equations for numerical integration of the spatial restricted
three-body problem that have been proposed in this article should be studied further.

REFERENCES

1. Yu.N. Chelnokov, “Quaternion Regularization for the Equations of the Two-Body and Restricted Three-Body
Problems,” in Proc. of 9-th All-Russian Congress on Fundamental Problems of Theoretical and Applied
Mechanics (1zd-vo Kazan Federal. University Kazan’, 2015), pp. 4051—4053 [in Russian].

2. Yu.N. Chelnokov, “Quaternion Regularization of the Equations of the Perturbed Spatial Restricted Three-
Body Problem: 1,” Izv. Akad. Nauk. Mekh. Tv. Tela, No. 6, 24—54 (2017) [Mech. Sol. (Engl. Transl.) 52(6),
613—639 (2017)].

3. V.K. Abalakin, E.P. Aksenov, E. A. Grebenikov, et al., Reference Manual in Celestial Mechanics and
Astrodynamics (Nauka, Moscow, 1976) [in Russian].

4. G.N. Duboshin, Celestial Mechanics: Methods of the Theory of Motion of Artificial Celestial Bodies
(Nauka, Moscow, 1983) [in Russian].

5. Yu.N. Chelnokov, “To Regularization of Equations of Spatial Two-Body Problem,” Izv. Akad. Nauk SSSR.
Mekh. Tv. Tela, No. 6, 12—21 (1981).

6. Yu.N. Chelnokov, “On Regular Equations of Spatial Two-Body Problem,” Izv. Akad. Nauk SSSR. Mekh.
Tv. Tela, No. 1, 151—158 (1984).

7. Yu.N. Chelnokov, “Quaternion Regularization and Stabilization of Perturbed Central Motion. Pt. 1,” Izv.
Ross. Akad. Nauk. Mekh. Tv. Tela, No. 1, 20—30 (1993).

8. Yu.N. Chelnokov, “Quaternion Regularization and Stabilization of Perturbed Central Motion. Pt. 2,” Izv.
Ross. Akad. Nauk. Mekh. Tv. Tela, No. 2, 3—15(1993).

MECHANICS OF SOLIDS  Vol.53 No.6 2018



650

10.
11.
12.
13.

14.
15.

16.
18.
19.
20.
21.
22.
23.
24.

25.

CHELNOKOV

Yu.N. Chelnokov, “Analysis of Optimal Motion Control for a Material Point in a Central Field with
Application of Quaternions,” Izv. Akad. Nauk. Teor. Sist. Upr. No. 5, 18—44 (2007) [J. Comp. Sys. Sci.
Int. (Engl. Transl.) 46 (5) 688—713 (2007)].

Yu. N. Chelnokov, Quaternion Models and Methods of Dynamics, Navigation, and Control of Motion
(Fizmatlit, Moscow, 2011)[in Russian].

Yu. N. Chelnokov, “Quaternion Regularization in Celestial Mechanics and Astrodynamics and Trajectory
Motion Control. [,” Kosmich. Issled. 51(5), 389—401 (2013) [Cosmic Res. (Engl. Transl.) 51(5), 350—361
(2013)].

A. L. Lurie, Analytical Mechanics (Fizmatgiz, Moscow, 1961) [in Russian].

V.N. Branets and 1. P. Shmyglevskii, Application of Quaternions in Problems of Attitude Control of a
Rigid Body (Nauka, Moscow, 1973) [in Russian].

A. Yu. Ishlinskii, Orientation, Gyroscopes, and Inertial Navigation (Nauka, Moscow, 1976)[in Russian].
Yu. N. Chelnokov, Quaternion and Biquaternion Models and Methods of Mechanics of Solids and Their
Applications (Fizmatlit, Moscow, 2006) [in Russian]

V. Ph. Zhuravlev, Foundations of Theoretical Mechanics (Fizmatlit, Moscow, 2008) [in Russian].

. P. Kustaanheimo, “Spinor Regularization of the Kepler Motion,” Ann. Univ. Turk. Ser. A. 73, 3—7 (1964).

P. Kustaanheimo and E. Stiefel, “Perturbation Theory of Kepler Motion Based on Spinor Regularization,”
J. Reine Angew. Math. 218, 204—219 (1965).

E. Stiefel and G. Scheifele, Linear and Regular Celestial Mechanics (Springer, Berlin, 1971; Nauka,
Moscow, 1975).

Yu. N. Chelnokov, “Application of Quaternions in Theory of Orbital Motion of Artificial Satellite. II,” Kosm.
Issled. 31(3), 3—15(1993) [Cosmic Res. (Engl. Transl.) 31(6), 409—418 (1992)].

R. Roman and I. Szucs—Csillik, “Generalization of Levi-Civita Regularization in the Restricted Three-Body
Problem,” Astrophys. Space Sci. 349, 117—123 (2014).

S.J. Aarseth and K. Zare “A Regularization of the Three-Body Problem,” Cel. Mech. 10, 185—205.(1974).
S.J. Aarseth, Gravitational N-Body Simulations (Cambridge University Press, Cambridge, 2003).

T. V. Bordovitsyna, Contemporary Numerical Methods in Problems of Celestial Mechanics (Nauka,
Moscow, 1984)[in Russian].

T. V. Bordovitsyna, and V. A. Avdyusheyv, Theory of Motion of Artificial Satellites of the Earth. Analytical
and Numerical Methods (1zd-vo Tomsk. Univ., Tomsk, 2007) [in Russian].

MECHANICS OF SOLIDS  Vol. 563 No.6 2018



