ISSN 0025-6544, Mechanics of Solids, 2018, Vol. 53, Suppl. 2, pp. S15—S525. © Allerton Press, Inc., 2018.
Original Russian Text © B.S. Bardin, E.A. Chekina, 2018, published in Prikladnaya Matematika i Mekhanika, 2018, Vol. 82, No. 4, pp. 414—426.

On the Constructive Algorithm for Stability Investigation
of an Equilibrium Point of a Periodic Hamiltonian System
with Two Degrees of Freedom in First-Order Resonance Case

B. S. Bardin®?* and E. A. Chekina®+**

% Moscow Aviation Institute (National Research University),
Moscow, 125993 Russia

b Mechanical Engineering Research Institute of the Russian Academy of Sciences,
Moscow, 101990 Russia

*e-mail: bsbardin @yandex.ru
**e-mail: chekina_ev@mail.ru
Received July 26, 2017

Abstract—We consider a non-autonomous Hamiltonian system with two degrees of freedom, whose
Hamiltonian function is a 2n-periodic function of time and is analytic in the neighborhood of an equi-
librium point. It is assumed that the system exhibits a first-order resonance, i.e., the linearized system
in the neighborhood of the equilibrium point has a unit multiplier of multiplicity two. The case of the
general position is considered when the monodromy matrix is not reduced to the diagonal form, and
the equilibrium point is linearly unstable. In this case, a nonlinear analysis is required to draw conclu-
sions on the stability (or instability) of the equilibrium point in the complete system. In this paper, a
constructive algorithm for the rigorous-stability analysis of the equilibrium point of the above-men-
tioned system is presented. This algorithm has been developed on the basis of a method proposed by
Markeev. The sufficient conditions for the instability of the equilibrium position, as well as the condi-
tions for its formal stability and stability in the third approximation, are expressed in terms of the coef-
ficients of the normalized map. Explicit formulas are obtained that allow one to calculate the coeffi-
cients of the normal form of the Hamiltonian in terms of the coefficients of the generating function of
the symplectic map. The developed algorithm is used to solve the problem of the stability of the reso-
nant rotation of a symmetric satellite.

Keywords: Hamiltonian system, stability, resonance of essential type, symplectic map, normalization,
resonant rotation of a symmetric satellite
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The main idea of the methodology proposed by Markeev [ 1] and used below in the development of the
stability analysis algorithm, consists in constructing and normalizing the symplectic map generated by the
phase flow of the system under consideration.

1. INTRODUCTION

Consider a mechanical system with two degrees of freedom whose motion is described by a non-auton-
omous canonical system of differential equations

dg . dp.

iza_H’ ﬂz_a_H, =12 (1.1)

dt  dp; dt dq,
We assume that the Hamiltonian H is a 2r-periodic function of time #, analytic in the neighborhood of the
equilibrium point of the system, which coincides with the origin of coordinates ¢, = ¢, = p, = p, = 0. This means

that in a small neighborhood of the origin, the Hamiltonian can be represented as a convergent series
H=H,+H;+H,+ ..., (1.2)

where H,, is the form of degree m with coefficients 2r-periodic in 7.
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If, among the roots of the characteristic equation of the linear canonical system with the Hamiltonian
H,, there is a root with an absolute value that is not equal to unity, then the equilibrium point is Lyapunov
unstable [2, 3]. If the critical case takes place when all these roots are equal to unity in absolute value, a
nonlinear analysis taking into account the terms of degree higher than two in the expansion of the Ham-
iltonian (1.2) is required to draw conclusions on the stability of the equilibrium point.

The most general approach to the study of the stability of the equilibrium point of Hamiltonian systems
in critical cases is constructing a canonical change of variables that reduces the system (1.1) to a form con-
venient for stability analysis, for which the expansion of the Hamiltonian (1.2) to terms of some finite
degree has the simplest form, the normal form (NF). The conclusions regarding the stability or instability
of the equilibrium point can be drawn on the basis of the sufficient conditions [4], which are written in the
form of inequalities containing the NF coefficients of the Hamiltonian (1.2). In the general case, these
coefficients can only be calculated numerically. Both the classical Birkhoff method [5] and the Deprit—
Hori method [6] lead to calculations that are rather cumbersome from an algorithmic point of view.

The procedure for finding the NF of the Hamiltonian is essentially simplified if we normalize not the
Hamiltonian system itself, but the symplectic map generated by it. Knowing the generating function of the
normalized map, we can obtain the Hamilton function of the corresponding canonical system of differ-
ential equations. The Hamiltonian function thus constructed will be the desired NF of the original Ham-
iltonian. An algorithm for constructing the NF of the Hamiltonian (1.2) was proposed, based on the sym-
plectic mapping method [1]. It was developed for the case when the system parameters lie inside the linear
stability region of the equilibrium point, i.e., when all the roots of the characteristic equation of a linear
canonical system with the Hamiltonian H, are simple and their absolute values are equal to unity. A sim-
ilar algorithm [7] was developed for the case when the characteristic equation has two simple roots with
modules equal to unity and a double root equal to —1 (the case of a second-order resonance). This algo-
rithm was used in the problem of the orbital stability of plane oscillations of a satellite-plate in a circular
orbit [8].

In this paper, it is assumed that the system (1.1) has a first-order resonance, i.e., its characteristic equa-
tion has a double root equal to unity. This means that the system parameters lie on the boundary of the
stability region of the equilibrium point. In what follows, we will consider only the case of general position,
when the monodromy matrix of a linear system has nonsimple elementary divisors. In this case, the linear
system with the Hamiltonian H, is unstable; however, this does not imply the instability of the equilibrium
point in the complete nonlinear system. Rigorous conclusions on the stability of the equilibrium point of
the system (1.1) may be drawn from analysis of the NF coefficients of the Hamiltonian (1.2) [9].

The goal of this paper is to develop an efficient algorithm for constructing the NF of the Hamilto-
nian (1.2) in the presence of a first-order resonance in the system.

2. LINEAR NORMALIZATION

In the case of first-order resonance, the characteristic equation of the linear system with a Hamiltonian
H, can be written as

4
(=10 -2ap+D=0; a= 35,001 ld<l Q.1
s=1
where x(¢) are the diagonal elements of the fundamental matrix X(¢) of a linear system. This matrix sat-
isfies the differential equation

0 E,
E, 0

X _1H,X; 1= H

2.2
il (2.2)

with the initial condition
X(0) = E,.
The Hess matrix of the Hamiltonian H, of the linear system is denoted by H,, E,, and E, are the identity
matrices of order two and four, respectively.
In addition to the multiple root p = 1 the characteristic equation (2.1) has two simple complex conju-

2k

gate roots px and p, where px = ¢'”"", and the quantity A is found from the relation cos 2nA = a.
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Consider the following symplectic map generated by a linear system with the Hamiltonian H,:

) (0)

a9 9
(1) (0)
“ 1= xem|® |, (2.3)
LK P
P PO
where qj.o) pﬁo) denotes the initial values of the variables g, p;, and qj.l), pj.l) denotes their values at r = 21
(j=12).
By making a linear canonical change of variables,
9 0}
N (2.4)
P
b 1
1%} P,

we can reduce the map (2.3) to a simpler form:

1“) 1(0’ 1 0 9, 0

oy _ Q§0>; _ 0 cos2mo 0 sin2mo 2.5)
pl(n p1<0) 0 0 1 0

pzﬂ) 132<0) 0 —sin2no 0 cos2mo

=8 & =sgn'lv), §,=sgn(r Is),

where r and s denote, respectively, the real and the imaginary part of the eigenvector, which corresponds
to the simple complex root p = ¢?™ of the Eq. (2.1), and u and v denote the eigenvector and adjoined vec-
tor, which correspond to the multiple root p = 1.

The matrix (2.4) of the linear change has the form

1 _ 1
\/|uTIv|’ “ \/|rTIs|.

This can be shown by an immediate verification. The coefficients ¢, and c, are obtained from the con-
dition that the change (2.4) be univalent.

N = (§,qu, 8,01, v,0,8); ¢ =

(2.6)

It is straightforward to show that in a linear system with the following Hamiltonian

o
2P S + B, (2.7)
4n 2

one can choose as a linear canonical system whose phase flow generates a map (2.5), which indicates the
NF of the quadratic part H, of the initial Hamiltonian (1.2).

F2:

3. NONLINEAR NORMALIZATION

We show how, in the case of a first-order resonance, using a non-linear symplectic map generated by the
phase flow of the initial canonical system, obtain the NF of Hamiltonian (1.2), up to terms of degree four
inclusive.

Having performed the linear change of variables (2.4), we arrive at the canonical system with the Ham-
iltonian H*, which is obtained by substituting the linear change formulas into the Hamilton function (1.2).
Following the method of [1], the symplectic map generated by a canonical system with the Hamiltonian

H*, in variables Q;, P; (j = 1,2) can be obtained in the form
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0" 1
o0l _ 107 00 = 0® _yp | 9B _ o’F, 0F, . OF, ‘0
PO ool = T E + an(o) 521,281’1-(0)8QS(0) ap© apj(o) 45 G.1)

Q) & (P,_), %y ==l

Here and what follows, O, denotes convergent power series of canonical variables that contain no terms
of degree lower than k.

The forms F, (k = 3,4) are

0 A0 pO) pO) _ 0)1 02 1(0)/1 (0)2. _
FQO7,0,,F,Ph7) = Jinjih 1() é) P]() Pz() s i = Ginji, (2T0).

ht+h+ji+h=k

The functions ¢,, ; . (¢) are defined by solving equations

@%MZ&MM i+ + i+ j, =34 (3.3)
with the initial conditions
q)i,iz Jih2 0)=0.
The quantities g;; ; . on the right-hand sides of Egs. (3.3) are coefficients of the forms
G ULV V= D g U 'OV, k=34, (3.4)
h+h+ ji+ =k

Explicit expressions for coefficients g;; . . of the forms G, are obtained from the relations:

2
o, 0D
G =-I; G,=-T,- 33 3.5
3 3 4 4 ; V.90, 3.95)
where
(I)3(U17U27 I/b I/27t) = 2 (piljzj]J'ZUl[IUzizyllezjz- (36)
h+i+ ji+ =3
The forms T, (U,,U,,V,,V,,t) have been obtained by substituting
o U,
Q2 U2
=Y(t 3.7
P (?) v (3.7)
P, Y,

into the forms H, ,:k 0,0, B, B) (k =3,4). Elements of the matrix Y(7) satisfy the differential equations
dyy _OHY s _OHY

, ; Hél) = Hz*(YmY21aJ’31aY41J)§ (3.8)
dt ays+2,1 dt ays,l ’ o

s=12;, [=12734,

with the initial condition
Y(0) = E,.
Thus, the coefficients of the forms F; and F, are obtained as a result of numerical integration on the
interval [0, 2] of a system of 71 equations (55 equations (3.3) for ¢,, ., and 16 equations (3.8) for y, ).
We now make a linear univalent change of variables using the formulas

O=x, O= %(xz +»), R=y, B= %(xz - ), (3.9)

where i is the imaginary unit.
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In the new variables x;, y;, (j = 1,2), the map (3.1) takes the following form:

1 ~(0 ~
xl() ()+81 (0), (

_ 2@, (D) _ ~(0) o _ 1 o (3.10)

)
=P N =V, N _Eva

2
20 = X0y [323 Z 07, 07,  9Z,

+ 0 9(x‘s% ) g (J"‘,%_),
ay(()) & ay/())ax(()) ay(()) ay;(])] 4 J o+ J

where

k 2 %k 2 *
Z,=F, z,=F (06 ) _100h ) 1 oF" OF, (3.11)
ax( ) ay(o) 2ax(0) ay(O)

Here, F,:‘< denote the forms F; in which Q;, P, are expressed in terms of x;, y;, through the formula (3.9)

Let us construct a canonical change of variables x;,y; — € ;»M;» which allows a simplification of the
form of the symplectic map (3.10). We will search for the generating function of this change in the form

R=xm +xn,+ R+ R, (3.12)
Ry= D hgpxionimg. (3.13)
i+t ji+h=n

The old and new variables are related in the following way:

IR _OR

B Jj = B
ox; am;
Taking into account the structure of the generating function R, we have from Egs. (3.14) the following
explicit formulas that express the old variables in terms of new ones:

v, = j=12 (3.14)

oR 9°R, OR, 0
x; =8 —n, (8—113 - le W'&nj aﬁ‘f] O, (x,&;,%,) & (¥,,M;,%). (3.15)
J s=1, J s J
Substituting these expressions into the map (3.10), we get
an — ‘250) " 51ﬁ§0)a i(” ps E}(z(n’ ngl) _ ﬁiO), n<21> _ pi ﬁ(zm’ (3.16)
*
20 _ ¢ | OW; W, oW, oW,
- + +0,, E;,n) e M,n).
& =5 (angm S MU0 m® " on® (S n;

Here,
Wy =R +Z,— RS,

~ OR, 9Z, W, OR’ IREY
W,=R+Z,—Rf+ Z:z( é(g) an(g) 803) Bn‘%)J _Sl[agé)j , (3.17)
s=1, 1

R/:k = Rk[ lng()) &(0) (20)’n(10)’n2 j’ k = 3’4'

k

The still undetermined coefficients 7, ; ; of the forms R; and R, are defined from Egs. (3.17) in such a
way that the maximal number of terms in the forms W; and W, vanishes. Calculations show that for the

specified choice of the coefficients 7, ; , of the forms W; and W, they will have the form

3
— 0 (0)£(0),,(0)
Ws = Wsooof,i T+ w6 My

4 (0)2£01(0) ©2(0)2 (3.18)
W= Wagool® + Woioi£” G + Wooo P
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where
W00 = S30000  Witor = i(fi002 + Si200)>

1,2 2 3 1 1 2 (3.19)
Wag00 = Z(fzom + /2100) COL UG + fag00 — Efsooo(flozoﬁl + fa010) — Efzomleoo +§f201081
Since the formulas for the coefficients wy,,, and w,,,, are rather cumbersome, they are presented sep-
arately in Section 5.

Formulas (3.16) and (3.18) define the explicit form of the normalized map (3.1) up to third-degree
terms inclusive. On the other hand, the initial map (3.1) is generated by the phase flow of the canonical
system with the Hamiltonian A*. Therefore, by an appropriate choice of canonical variables, the Hamil-
tonian H* can be reduced to a form in which it will correspond to the normalized map (3.16). Note that
that the above-mentioned choice of variables (and hence the type of the Hamiltonian) is not uniquely
defined [4]. In particular, the Hamilton function corresponding to the map (3.16) can be searched for in
the form

Sy

K = 4—n12 +icEm, + Ky + K, + K©, (3.20)
T
where
K,= Y ky&Eming, m=34 (3.21)
i +iy+ ji+ jp=m

and the still undefined coefficients ;, ; ; are taken to be constant. Here, K ® denotes a convergent power

series that begins with terms of degree at least five in the canonical variables M, (J =1,2) whose coeffi-
cients 2n-periodically depend on ¢.

The symplectic map generated by the phase flow of the canonical system with Hamiltonian (3.20) has
the form (3.1). Since the quadratic part of the Hamiltonian (3.20) does not explicitly depend on 7, one can

solve analytically Egs. (3.3) and (3.8) and obtain expressions for the coefficients f; of the forms F; and

hbjij
F, in terms of the coefficients k;; ; ; of the Hamiltonian (3.20), which should obviously be chosen in such
a way that the equalities

B=W, F=W, (3.22)
are satisfied identically.

Equating the coefficients with equal monomials in the left-hand and right-hand sides of Egs. (3.22),
one can obtain a system of algebraic equations from which the coefficients k;, ; ; of the Hamiltonian (3.20)
are uniquely defined in terms of the coefficients w;; ; ; of the forms W; and W,. The explicit form of the
coefficients k;; ; ; is presented in Section 5.

The canonical univalent near-identity change of variables & »M,; = u;,v; (j =1,2) which is given by the
generating function

S=Ev,+&v, + 55+ 5, (3.23)
The Hamiltonian (3.20) is reduced to the NF

H =181y +Loox? + v - Lwox? Lo 0,002 + 1)
4r 2 21 ar
1 1
———(8Wyp09 — 381W32000)X14 - _bzlolez(Xz2 + Yzz)
16w 4T

L G620, + 24win0) (X2 + YD) + 0, (3.24)
1921

where b,,9; = fi002 T fi200, and the expression for b, is given in section 5 (see Egs. (5.2)). Real variables
X, Y, are introduced by the formulas

w=2X, U= _%("Xz + Yz)7 vi="N, v= _%(in _Yz) (3.25)

The expressions for the coefficients s,

iy jija

of the forms S5 and S, are given in Section 5.
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The problem of the stability of the equilibrium point of a system with the Hamiltonian (3.24) was inves-
tigated in detail in [9]. Using the results obtained in [9] and the notations therein, we formulate sufficient
conditions for stability and instability as follows. If w;,, # 0, then the equilibrium point is unstable.
If wygp0 = 0, however, when 8,w,,,, > 0 the equilibrium point is unstable, when 8,w,,, < 0 there is stabil-
ity when the terms of degree higher than four in the Hamiltonian (3.24) are taken into account, and when
the inequalities &,w,y,, < 0 and 8,0 > 0 are satisfied simultaneously, the equilibrium point is formally
stable. In the case of wyy,, = W, = 0 an additional analysis is required to solve the stablhty problem.
It can be performed by taking into account terms of degree higher than four in the expansion of the
Hamiltonian (3.24).

Conclusions on the stability of a system with a normalized Hamilton function (3.24) also hold for a
system with an initial Hamilton function (1.2). Thus, the problem of investigating the stability of the trivial
equilibrium point of system (1.1) amounts to the following. It is necessary to construct a symplectic
map (3.1) generated by the phase flow of system (1.1) and, using formulas (3.19), to calculate the coeffi-
cient wy, and if it turns out to be zero, then the coefficient w,,,,. Then, based on the above-mentioned
sufficient conditions, to draw conclusions on the stability of the equilibrium point.

4. ON THE STABILITY OF THE RESONANT ROTATION
OF A DYNAMICALLY SYMMETRIC SATELLITE

Consider a satellite moving in a central Newtonian gravitational force field. The satellite is modeled by
a dynamically symmetric rigid body. To describe the motion of the satellite with respect to the center of
mass, we introduce an orbital coordinate system OXYZ and a satellite-fixed coordinate system Oxyz. The
axes X, Y, and Z of the orbital coordinate system are directed along the radius vector of the center of mass
relative to the attracting center, along the transversal and along the normal to the orbit, respectively.

The axes of the coordinate system rigidly connected with the satellite Oxyz are directed along its prin-
cipal central axes of inertia; the axis z is directed along the axis of symmetry. The orientation of the satel-
lite-fixed coordinate system relative to the orbital coordinate system is given by the Euler angles v, 0, .

Introducing the generalized momenta p,,, py, p,, Which canonically conjugate angles y, 6, ¢, we can
write the equations of motion in Hamiltonian form. By virtue of the dynamical symmetry of the satellite
the angle of proper rotation, @, is a cyclic coordinate and, therefore, the corresponding momentum p,
keeps a constant value p, = const on the satellite’s motions.

In what follows, we assume Py =0, that is, we will consider the limited problem of the motion of a
symmetric satellite, assuming that the projection of the absolute angular velocity onto the axis of its

dynamic symmetry is zero. Under this assumption the Hamiltonian of the problem has the following
form [10, 11]:

2 2
—1L+lpi—pw+%®csin2\|;sin29, £=(1+ecosv), 4.1

2¢%sin’0 2¢
where o0 = 3(C — A) /A, e is the eccentricity of the orbit, v is the true anomaly, and A4 and C are, respec-
tively, the equatorial and the polar moment of inertia.
If the parameters o and e satisfy the ratio

o—-2e(0<e<l),

then the system of equations with Hamiltonian (4.1) has an exact solution [12]

* — _1 o 142 * — 1 * _ 4.
\‘r! 2 V’ p\y 2 Q ’ e 2 TC, pe O ( )
and corresponds to the planar motion of the satellite, in which one of its main central axes of inertia is
perpendicular to the plane of the orbit, and the satellite completes one rotation in absolute space during
two orbital revolutions of its center of mass.

The stability of the resonant rotations (4.2) in various formulations was investigated earlier in [13—17].
It was established that as the eccentricity approaches unity, intervals of linear stability and intervals of
instability alternate.

The stability of the resonant rotation (4.2) in the case of a dynamically symmetric satellite was exam-
ined in [17], and five intervals of linear stability were found inside which rigorous conclusions on stability
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for most initial conditions, formal stability, stability in the third approximation, or instability were
obtained based on a nonlinear analysis. The values of eccentricity regarding the boundaries of the above-
mentioned intervals, which correspond to first-order and second-order resonances, remained unex-
plored. The first-order resonance takes place at the following boundary points of stability intervals:

e =0.917910, e, =0.990545,

e; =0.999304, e, =0.9999109.

The problem of the stability of the resonant rotation for these values of eccentricity can be solved using
the results of Sections 2 and 3. As before [17], the stability study will be performed with respect to pertur-

bations that retain the zero value of the projection of the satellite’s absolute angular velocity onto its axis
of dynamic symmetry, i.e., in the framework of the limited problem considered here.

To describe the motion in the vicinity of the resonant rotation (4.2), we introduce the perturbations
q;, p; (j = 1,2) with the following formulas:

4.3)

\If:\lf*"'%s py = Py +Cp +esinvg,
“4.4)
6:6*+q—5, Do = po +(p, +esinvg,.

The canonical equations of perturbed motion have the following form

da . dp.
iza_H’ ﬂz_a_H, j=12. (4.5)
dv  dp; dv dq;
We present the necessary terms of series expansion of the Hamilton function H in the neighborhood
ofg;=p; =0 =12)[17]

2 +4 2
H, :lp12+lp22_leCOSVq1 +1(C e)qz’
R T S

_ lplqzz _lesin\/q1q22 _gesin\/ql3
2 2 2 32 7
2.2 C g 4 C 2 (4.6)
H. = 14, p 1 (3C —2-2)q, _esin Va9, by
4= T 3 + 3
2 ¢ 12 ¢ ¢
1@ +e - Daigs 160083\’%4.
2 g 3¢
For e = e, the numerically found monodromy matrix of the linear system has the form
1 0 0 0
X (2r) 0 —0.81307 0 0.70665 @7
) = .
1.31451 0 1 0
0 —0.47960 0 —0.81307

As a result of a linear change of variables (2.4) with a matrix

b

0 0 087220 0
0 -1.10175 0 0
_ 4.8
N=l_114652 0 0 0 (4.8)
0 0 0 —0.90765

and using the method of Section 3, a symplectic map (3.1) was constructed, for which
Fy, =—-202.390] +303.590] P, —153.28Q,P° —11.1830,0;
+2.7761Q,0,P, — 7.3063Q,P,” + 26.042P° + 5.5613P0;
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—1.4730PQ,P, +3.6835PP,. (4.9)

Because the coefficient wyy,, = f5000 = —202.39 is non-zero, in this case the instability of the resonant
rotation (4.2) takes place.

Similarly, stability was studied for eccentricity values e,, e;, and e,. Calculations showed that for all
these values the resonant rotation is unstable.

5. CALCULATED FORMULAS
We present formulas for calculating the coefficients of the normalized map (3.16):

1 o
W02 = _5(3f0004 + Jo202 * 3f0400) — El(foou + fozlo)2

9 5
+Z(fooo3f0102 + So0030300 + So201/0300) + Z(fomzflooz + Jo102/0201 + So210/1200)

{ 5 3 2, g2
+= B foo12/1200 T Sor11Si101 "‘?’f(m()flooz)"'—l(floo2 ,fI;OO) Jiion
4 16 sin” 2nG

L [(T2f20s + fioo) + 28(f0s + fion)

" 16sin2n0 (2cos2no +1)
=8 fi101(foor2 = foa10) + 8.ou11(fioor — fiaoo)) €O’ 211G
+ (90(fi003 + foz00) + 18tz + finor) + 36(fo00sfoor + Syioafo300)
— 41010 = fomo) + 4fori(fo2 = fi200)) €08 276 + 18(fonos + a0
+36(fo003.So01 + Sor02S0300) = 6(fo102 + Sion)] (5.1)

Waio1 = Gaio1 + iby15 (5.2)

1
101 = _E(flooz + fi200)2’
1
byior = fao0a + Srao0 + O f2010 (foor2 + Soaro) _561f1020 (fioo2 + Si200)
3 3
_Efooo3leoo - 3f3000 (f0012 + fozlo) - §f0300f2001

1 1 1
—fi101 (fi200  froo2) — Efolozfzom - §f0201f2100 - §f2010 (fioo2 + fi200)

8\(Sooo1 + Soioo)
— froorSfion = Sareofirne + 22U 21000

cos2no —1

1
+ —————[B/0003/2001 T So102/2100 + So201./2001 + 30300 2100
2sin 2nG

2 2
+ (flooa = Si200)” — 2S1011f2100 + Sitor + 2/1110/2001) €08 278G + 3 f003. 2001

+ /01022100 + So201/2001 + 30300 2100 — 21011 2100 T 21110 2001]
to calculate the coefficients of the Hamiltonian (3.20):

3 1
k300 = _thsooo, ka0 = 561“’3000’ ki1 = _Ecwllol,
__1 _ 1
K020 __thsooo’ ko= Ztalwl 1015
&

1
koo = ko0 K010 = 5(481“’4000 = 3W300)>

2
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1 o
ka1 = 4_(W12101 = 2Wy101 + O Wi 101Ws000)s  Kagao =— 5"‘3010-
T . (5.3)
2
ki1 = —=—=(Wi101 — 28;W1101 + Wi101W3000) 5
47
kor02 =_1 (81W12 101 = 12Wpa02),
241
1
ko121 = _(5W12101 — 10w, 01 + 38,W;101W3000) 5
120w
1 2
kooug = —— (14w,900 — 90, W
0040 3 4075( 4000 W3000)
and to calculate the coefficients of the generating function (3.23):
$3000 = _1W3000’ $210 = 18|W3000a Si101 = _anon
2 4 2
1 1 2
81000 = —=Wa000, 53010 — (80 Wa000 — 3Wi000)
4000 5 Wao0o 30105 4( 1Wa4000 3000)
1
$r101 = §(3W12101 —4wy101), (5.4)

1
S = @(1081“’2101 - 551W12101 = 3Wi101W3000) »

1 2
Si030 = —— (Owsggg — 140w, .
1030 420( 3000 1 4000)
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