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Abstract—We develop a quaternion method for regularizing the differential equations of the per-
turbed spatial restricted three-body problem by using the Kustaanheimo—Stiefel variables, which is
methodologically closely related to the quaternion method for regularizing the differential equations
of perturbed spatial two-body problem, which was proposed by the author of the present paper.

A survey of papers related to the regularization of the differential equations of the two- and three-
body problems is given. The original Newtonian equations of perturbed spatial restricted three-body
problem are considered, and the problem of their regularization is posed; the energy relations and the
differential equations describing the variations in the energies of the system in the perturbed spatial
restricted three-body problem are given, as well as the first integrals of the differential equations
of the unperturbed spatial restricted circular three-body problem (Jacobi integrals); the equations
of perturbed spatial restricted three-body problem written in terms of rotating coordinate systems
whose angular motion is described by the rotation quaternions (Euler (Rodrigues—Hamilton)
parameters) are considered; and the differential equations for angular momenta in the restricted
three-body problem are given.

Local regular quaternion differential equations of perturbed spatial restricted three-body problem in
the Kustaanheimo—Stiefel variables, i.e., equations regular in a neighborhood of the first and second
body of finite mass, are obtained. The equations are systems of nonlinear nonstationary eleventh-
order differential equations. These equations employ, as additional dependent variables, the energy
characteristics of motion of the body under study (a body of a negligibly small mass) and the time
whose derivative with respect to a new independent variable is equal to the distance from the body of
negligibly small mass to the first or second body of finite mass.

The equations obtained in the paper permit developing regular methods for determining solutions, in
analytical or numerical form, of problems difficult for classical methods, such as the motion of a body
of negligibly small mass in a neighborhood of the other two bodies of finite masses.
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1. REGULARIZATION PROBLEMS FOR DIFFERENTIAL EQUATIONS
OF PERTURBED SPATIAL TWO-BODY PROBLEM
AND PERTURBED BOUNDED THREE-BODY PROBLEM

1.1. Kustaanheimo—Stiefel Regularization of Differential Equations
of Perturbed Spatial Two-Body Problem

The celestial mechanics and astrodynamics are based on the vector Newtonian differential equation
of perturbed spatial two-body problem

d?r

dt?

+f(m+M)r_3r:p<t,r, ZZ), (1.1)
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614 CHELNOKOV

where r is the radius vector of the center of mass of the second body (under study) which is drawn from
the center of mass of the first (central) body, » = |r|, m and M are the masses of the second and first
bodies, f is the gravitation constant, p is the vector of perturbing acceleration of the center of mass of
the second body, and # is the time.

This equation degenerates in collision of the second body with the central body (when the distance r
between the bodies is zero), and hence it is inconvenient to use this equation to study the motion of the
second body in a small neighborhood of the central body or its motion in strongly elongated orbits. The
singularity at the origin creates not only theoretical but also practical (computational) difficulties.

The problem of removing this singularity, which is known in the celestial mechanics and astrody-
namics as the problem of regularization of differential equations of perturbed two-body problem, dates
back to L. Euler [1] and T. Levi-Civita [2—4], who solved the one- and two-dimensional problems of
collision of two bodies (in the cases of rectilinear and plane motions). The most efficient regularization
of equations of perturbed spatial two-body problem, the so-called spinor or KS-regularization, was
proposed by P. Kustaanheimo and E. Stiefel [5, 6]. This regularization is a generalization of the Levi-
Civita regularization of equations of plane motion, and its most complete presentation is given in the
widely known monograph by E. Stiefel and G. Scheifele [7].

The KS-regularization is based on a nonlinear non-unique transformation of Cartesian coordinates
of the body under study, the so-called KS-transformation, which generalizes the Levi-Civita transfor-
mation and has the form

il U3 —uUz —U3 Ug (75} (31
X9 U2 U1 —Ug —UuUs3g u9 ug
= = L(uks) ; (1.2)
T3 uz Up U1 U2 u3 u3
0 Uy —U3 Uz —Up Uuo U

where zp (k = 1,2,3) are the coordinates of the center of mass of the body considered in inertial
coordinates with origin at the center of mass of the central body and coordinate axes directed to remote
stars, u; (j = 0,1,2,3) are new variables (KS-variables), and L(ugg) is the generalized Levi-Civita
matrix, called the KS-matrix, which contains the two-dimensional square Levi-Civita matrix in its left
upper corner.

In scalar form, transformation (1.2) becomes

r=u+ut —ud—ul, o =2(uwgus —uous), 3= 2(uiuz+ ugus), (1.3)
and up to permutation of indices, it coincides with the Hopf mapping [8].
The regular Kustaanheimo—Stiefel differential equations of perturbed spatial two-body problem in
scalar form become [7]

d?u,; h r
dT2] - 2 2Qj (.7 = 0717273)7 (14)
du du,
2< +Q1 +Q2 d: +q3 d73>’ (1.9)
d’T: , r—|r|—u0—|—u1+u2+u3, (1.6)

go = Uop1 — U3P2 + U2p3, q1 = uUi1P1 + U2P2 + U3ps,
Q2 = —Ugpy1 + u1p2 + ugpP3, g3 = —uzp1 — Ugp2 + U1P3.

Here 7 is a new independent variable called the fictive time which is related to the time ¢ by differential
equation (1.6), h is an additional variable which has the meaning of Kepler energy and is determined by
the relation b = Jv* — f(m + MN)r=! (v = |v|, v = dr/dt), and py, (k = 1,2,3) is the projection of
perturbed acceleration p of the center of mass of the second body on the axes of the inertial coordinate
system.

! These equations form a system of ten ordinary nonlinear nonstationary differential equations with
respect to the Kustaanheimo—Stiefel variables w;, the Kepler energy h, and the time ¢. Equations (1.4)
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are equivalent to the matrix equation

d*u h r
s~ guKs = o LT(uks)Prs, (17)
where ugg is the four-dimensional column vector of KS-variables uxs = (u1, u2, us, up), and Pxg
is the four-dimensional column vector associated with the three-dimensional vector of perturbed
acceleration p, Pxs = (p1,p2, p3, 0); here the superscript 7" is the transposition symbol.

Let us note the following advantages of Kustaanheimo—Stiefel equations [7, 9—15]:

— they, in contrast to Newtonian equations, are regular at the center of attraction;

— they are liner for unperturbed Kepler motions and, in this case, have the form

d*u; h

dT; — U= 0, h=const (5=0,1,2,3)
(for the elliptic Kepler motion with the Kepler energy h < 0, these equations are equivalent to the
equations of motion of four-dimensional one-frequency harmonic oscillator whose squared frequency
is equal to half the Kepler energy with minus sign);

— they permit developing a unified approach to studying all three types of Kepler motion;

— they are closely related to linear equations for perturbed Kepler motions;

— they permit representing the right-hand sides of differential equations of motion of celestial and
cosmic bodies in polynomial form which is convenient for solving them by computers.

These facts allowed one to develop efficient methods for determining solutions in analytic or numerical
form of problems difficult for the classical methods such as the study of motion near attracting masses
or motion in large eccentricity orbits. So in [7, 10, 11], it was shown that the use of regular equations
in KS-variables permits increasing the accuracy of numerical solution of several problems in celestial
mechanics and astrodynamics (for example, the problem of motion of artificial satellite of the Earth
(AES) in large eccentricity orbits) from three to five orders of magnitude as compared to the solutions
obtained using the classical (Newtonian) equations in rectangular coordinates.

As was already noted, the KS-regularization is based on a nonlinear non-unique transformation
of Cartesian coordinates (1.3), and this transformation consists in the transition from the three-
dimensional space of Cartesian coordinates z; to a four-dimensional space of new coordinates wuy.
Therefore, according to E. Stiefel and G. Scheifele, it is impossible to derive regular equations directly
in the three-dimensional (i.e., spatial) case. In the book [7], they postulate a matrix regular equation
of spatial two-body problem (1.7), which they wrote by analogy with the Levi-Civita matrix regular
equation of plane motion, and use several theorems to prove that the old vector Newtonian equation (1.1)
is satisfied in this case. Such an approach to the construction of regular equations of spatial two-body
problem is artificial in many aspects and hardly visual.

1.2. Quaternion Regularization of Differential Equations of Perturbed Spatial Two-Body Problem
Given by the Author of the Paper, and Its Generalization

Soon after the KS-regularization was discovered, it was proposed to use quaternions (four-
dimensional hypercomplex numbers) and four-dimensional quaternion matrices to regularize the
equations spatial two-body problems. But in their book, E. Stiefel and G. Scheifele completely rejected
this idea. They wrote ([7, p. 288]): “Any attempt to replace the theory of KS-matrices by a more popular
theory of quaternion matrices fails or, in any case, leads to a very cumbersome formalism.” This assertion
was first disproved by the author of this paper who, in the end of the 1970s and at the beginning of the
1980s, showed in[16—19] that, in fact, the quaternion approach to the regularization permits obtaining a
direct and visual derivation of regular equations in KS-variables, makes the basic postulates underlying
the KS-regularization more natural and visual, and permits constructing a theory generalizing the KS-
regularization.

The author of this paper showed that the regularizing KS-transformation of coordinates (1.2) or (1.3)
means the transition from Cartesian coordinates of the center of mass of the second body in inertial
coordinates to new variables which are components (normalized in certain way) of the conjugate rotation
quaternion characterizing the orientation of a rotating coordinate system 7 in the inertial coordinate
system. The axis n; of this rotating coordinate system is directed along the radius vector r of the center
of mass of the second body. The normalizing coefficient is equal to the square root of the distance r
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from the center of mass of the second body to the attraction center. The bilinear Kustaanheimo—Stiefel
relation

dug o duq S dusg u dus
dr O dr 3 dr 2 dr

relating the KS-variables and their first derivatives and, according to E. Stiefel and G. Scheiiele,
playing the key role in their construction of regular celestial mechanics [7, p. 29], imposes an additional
(nonholonomic) condition the motion of the trihedron n, which means that the projection wy of the vector
of absolute angular velocity of the trihedron 7 on the direction of the radius vector r (axis ;) is zero.

Thus, the transition in the equations of spatial two-body problem from Cartesian coordinates of
the center of mass of the second body to the KS-variables actually means that these equations are
written in the rotating coordinate system 7, where the Euler (Rodrigues—Hamilton) parameters, which
are components of the quaternion of rotation of this coordinate system, are taken as the parameters of
orientation of this rotating coordinate system. The further transformations of these equations are related
to the normalization of the Euler parameters (rotation quaternion) by the above-described method with
introduction of additional dependent variables of the Kepler energy and time and with transition to a new
independent variable (fiction time).

The quaternion regular equations of perturbed spatial two-body problem in KS-variables has the form
[16, 17] (also see[14, 15])

d*u h T

drz2 21T 9@

w =0, (1.8)

dh ZZScal<duoq> dt — (1.9)
dr dr " dr )

r=|ul* =uct=tdou=ul+uf+ud+ui

q=—iouoP, P =pii+pj+psk, (1.10)
R = z1i+ 22 + 23k =tuoionu,
V:Cg{:2ﬁoio(§::iﬁoiof;. (1.11)

Here and below, the symbol o denote the quaternion multiplication; i, j, k are the Hamiltonian vector
imaginary units; the upper bar is the symbol of quaternion conjugation; scal( ) is the scalar part of
quaternion placed in parentheses; u is the quaternion regular variable defined by the relations

u =g+ wi+ ugj +usk = r/2x,  N=r"12q,
uo :7’1/2)\0, Uk = —7’1/2)\k (k = 1,2,3),
[u?> =uoca=tou=ul+ul+ul+ui=r

where u; are still regular Kustaanheimo—Stiefel variables, A; are Rodrigues—Hamilton (Euler) pa-
rameters characterizing the orientation of the coordinate system 7 in inertial coordinates. Quaternion
relations (1.10) and (1.11) are used to determine the Cartesian coordinates of the second (studied) body
in inertial coordinates and the projections of its velocity vector on the axes of this coordinate system.

In quaternion equations (1.9), the role of variables is played by the quaternion u whose components
are regular KS-variables u;, the Kepler energy h, and the time ¢. In scalar form, equations (1.9) coincide
with regular equations (1.4)—(1.6) derived by P. Kustaanheimo and E. Stiefel. Therefore, quaternion
equations (1.9) have all previously mentioned advantages of regular Kustaanheimo—Stiefel equations.
At the same time, they permit using the convenient and well-developed formalism of quaternion algebra
in analytic and numerical studies.

The author of this paper also obtained [16, 17] (also see [14, 15]) more general quaternion regular
equations of perturbed spatial two-body problem in KS-variables under the assumption that the bilinear
Kustaanheimo—Stiefel relations (1.8) do not hold. These equations contain additional terms with the
projections wy and e; of the vectors of angular velocity and angular acceleration of the accompanying
trihedron 7 on the direction of the radius vector r of the center of mass of the second body (one of these
projections is an arbitrarily given parameter) and are more complicated.
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We note that these more general quaternion regular equations of perturbed spatial two-body problem
were obtained by the author of this paper in [17], while in the previous paper [16], he obtained their
matrix analog in quaternion matrices. [t should be also noted that another more general interpretation
of the regularizing KS-transformation was obtained in [15, 16] by considering the helical motion of the
above-introduced trihedron 7 and using the quaternion differential equations of motion of the two-body
problem in parameters of the helical motion of this trihedron. This approach allowed one to reveal the
relationship between the regularizing KS-transformation (1.2) and the E. Study formula relating the
rectangular coordinates of the origin of the introduced moving coordinate system 7 to the components
of the biquaternion of its helical finite displacement [20, p. 146]; this transformation is a particular case
of the E. Study formula.

Thus, the quaternion approach to regularization of equations of perturbed spatial two-body problem
proposed by the author of this paper, in contrast to the approach based on the KS-matrix apparatus, al-
lows one to obtain clear geometric and kinematic interpretations of the regularizing KS-transformation,
to reveal the geometric meaning of its ambiguity, and to give a direct visual derivation of regular
equations of spatial two-body problem one of whose particular cases is the regular Kustaanheimo—
Stiefel equations.

The author of the paper also proposed regular equations of perturbed spatial two-body problem in
quaternion osculating elements (i.e., in quaternion slowly varying variables), which were obtained from
the quaternion regular equations in KS-variables by the method of variation of arbitrary quaternion
constants and were published in [15]. These equations are a quaternion analog of equations of spatial
two-body problem in regular elements obtained in [7, p. 93]. We point out the following advantages of
these equations: first, they are regular (have no singularity at the origin), and second, their right-hand
sides are uniformly and slowly varying functions in the case of perturbed elliptic motion, and in the case of
unperturbed Kepler motion, the equations can be integrated without methodological errors. A drawback
of these equations is the fact that the region of their applicability is bounded by motions of elliptic type
(for the Kepler energy h < 0).

Later[18, 19, 21—24](also see[14, 15]), the ideas of quaternion regularization of equations of the two-
body problem were used by the author of this paper to develop the theory of quaternion regularization of
the vector differential equation of perturbed central motion of material point:

drt _ 1 /dlIr n oIr* n
d=r m\drr Or p:

p=pl, T=T(), =My, p= p(t,r, jt>

This equation describes the motion of material point with mass m in a central force field with
potential II, which is an arbitrary differentiable function of the distance r from the point to the force field
center, under the action of a perturbing force equal to the geometric sum of the force with potential IT*
and the force mp. Here r is the radius vector of material point drawn from the attraction center O, and
p is the perturbing acceleration due to the force mp. The equation of unperturbed central motion of
material point is obtained from equation (1.12) it we set II* = 0 and p = 0 in it.

In[18, 19, 21—24](also see[14, 15]), the general quaternion differential equations of perturbed central
motion of material point with regularizing functions were obtained; necessary and sufficient conditions
for their reducibility to the oscillatory form convenient for analytical and numerical studies (i.e., to the
form of equations of motion of a four-dimensional perturbed oscillator which harmonically oscillates with
the same frequency in the case of unperturbed central motion) were established; different (including new
regular) systems of quaternion differential equations of perturbed central motion of material point in
normal and oscillatory form, which differ in their structure, dimension, and the employed dependent and
independent variables, were obtained; the obtained systems were compared, and their properties and
regions of applicability were determined.

So, regular differential equations of perturbed central motion of material point of oscillatory form,
which are regular for the potential

(1.12)

I(r) = —a1r !t —agr? —agr® —axr™*,  a; = const,

i.e., a polynomial of negative fourth degree of the distance r to the attraction center, were obtained
in [18, 21, 24]. (Recall that the Kustaanheimo—Stiefel equations are regular only for a polynomial of
the first negative degree of the distance r.)
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In [18, 22], new equations of satellite motion in the terrestrial gravitational field (neglecting the
tesseral and sectorial harmonics) were obtained in new variables, which have all advantages of the known
equations in KS-variables [7] but have a simple and symmetric structure and their order can be decreases
by two units.

E. Stiefel and G. Scheifele [7] wrote that Levi-Civita made a very good effort to find a generalization
of his method to regularize the differential equations of plane motion in the two-body problem to the
general spatial two-body problem, but without success. In [25], it is noted that because of fundamental
difficulties which were first explained by Hopf [26] and Hurwitz [27], it is impossible to generalize the
Levi-Civita transformation to the case of three-dimensional space. Nevertheless, the author of this
paper showed [28] that the Levi-Civita regularization can successfully be used to construct regular
equations of perturbed spatial two-body problem. This can be done[28] by using ideal rectangular Hasen
coordinates, regular Levi-Civita variables Uy and Us, the Kepler energy h as an additional variable,
and a new independent variable 7 (new time) and using the the quaternion variable A describing the
orientation of an ideal (in the sense of A. Deprit [29]) coordinate system in which the differential equations
of perturbed spatial two-body problem must be written (or by using the Euler (Rodrigues—Hamilton)
parameters A; describing the orientation of this coordinate system).

The new, proposed by the author of this paper, regular equations of perturbed spatial two-body
problem in scalar form become [28]

d?U, h r d?Us h T dh dUy dUs
dr? _2U0_2Q0’ dr? _2U3_2Q3’ dT_2<QO dr Qs dr >’
dA dA

2 d’7‘0 = —T(QlAl + QQAQ), 2 d’7’1 = T’(QlAO — QgAg),
dA dA

2 2 = T’(QQAO + QlAg), 2 3 = T(QgAl — QlAQ),

dr dr
dt
dr =r Tr= |I‘| :Ug"i_U???
dU, dU.
Q1 =c N UG — Uf)pes, Qo= —2¢'WoUspes, c= 2<U3 dTO - Uy d73>’

Qo = Uoper — Uspga, Q3 = —Usper — Ugpea,

where ogy, (k = 1,2, 3) are projections of the vector p of the perturbing acceleration of the center of mass
of the second body on the axes of the ideal coordinate system &.

These equations form a system of nonlinear nonstationary tenth-order differential equations in the
variables Uy, U3, h, Aj (j = 0,1,2,3) (all regular KS-equations have the same dimension) and have
all advantages of the Kustaanheimo—Stiefel equations. In contrast to the Newtonian equations, they are
regular at the center of attraction and linear in the case of unperturbed Kepler motions; permit developing
a unified approach to studying all three types of the Kepler motion; are close to linear equations for
perturbed Kepler motions; permit representing the right-hand sides of differential equations of motion of
celestial and cosmic bodies in polynomial form convenient for solving them by computers.

In contrast to the Kustaanheimo—Stiefel equations, the regular equations of elliptic Kepler motion,
proposed by the author of this paper, are equivalent to the equations of motion of not a four-dimensional
but a two-dimensional one-frequency harmonic oscillator whose square frequency is equal to half the
Kepler energy h with minus sign. The quaternion A of orientation of the ideal coordinate system
(constant for the Kepler motion), which is used in the proposed regular equations, is a slow (slightly
varying) variable in the perturbed two-body problem which makes the proposed regular equations
convenient for the application of methods of nonlinear mechanics.

We note that, in [9, pp. 63—66], V. A. Brumberg described how the Euler parameters can be used
to derive the equations of perturbed motion of spatial two-body problem in Hansen coordinations and
pointed out that further transformation of the obtained equations of perturbed motion is possible by using
the parabolic Levi-Civita coordinates.
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1.3. Works of Other Authors in the Field of KS and Quaternion Regularization of Differential
Equations of Two-Body Problem

The perturbed Kepler motion was studied by E. Stiefel and G. Scheifele [7] not only by using the
regular equations in oscillatory form and methods of the oscillation theory but also by using the regular
equations in canonical form, for which they developed the theory of canonical KS-transformation. Such a
canonical approach to the regularization problem, based on the use of KS-transformation, was developed
by M. D. Lidov [30—32]. The application of a generalized KS-matrix and related transformations in the
theory of regularization of canonical equations of the two-body problem was considered later in [33].

We also note the paper [34], where the differential equations of motion of an artificial satellite of the
Earth were obtained in the orbital coordinate system. The rotation quaternion, normalized by a factor
equal to the square root of the absolute value of the vector of satellite velocity moment, was used to
describe the motion of this coordinate system in the inertial space. These equations are linear for the
unperturbed motion of the satellite.

As for the works of foreign authors, it is worth to note the papers [35—37], where the applicability of
quaternions to regularization of equations of celestial mechanics was demonstrated later but apparently
independently of the author of the present paper. In the last years, Waldvogel’s papers [38, 39] were
written about the quaternion regularization of differential equations of perturbed spatial two-body
problem. (We note that Waldvogel has earlier works in the problem of regularization written together
with one of the authors of the KS-regularization, E. Stiefel [40].) In [39], it is said that “it is a true
way to use quaternions to regularize the celestial mechanics” and the quaternions “are an ideal tool for
describing and developing the theory of spatial regularization in celestial mechanics.”

In our opinion, the quaternion method for regularizing the differential equations of perturbed spatial
two-body problem described in [39] has no advantage over the quaternion regularization method
proposed by the author of this paper much earlier. Moreover, the forme is worth that the latter in
geometric and kinematic visualization and in the possibility of further generalization.

We note that the priority of the author of this paper in the field of quaternion regularization was
acknowledged in [39], where it was said that “This assertion!) was first disproved by Chelnokov
(1981) who used geometric representations in a rotating coordinate system and quaternion matrices
to represent the theory of regularization of spatial Kepler problem. An a series of papers (for example,
1992 and 1999), the same author extended the theory of quaternion regularization and gave practical
applications.”

Now we point out the basic specific features of the quaternion method of the Waldvogel regulariza-
tion [39]. For regularization, he proposed to use the “star conjugate” quaternion

u* = —kuk = ug + iuy + jus + kus (1.13)
(quaternion “star conjugate” to the quaternion u = ug + iu; + jus + kus) and the mapping
uelU — x=uu", (1.14)

which is based on the nontraditional representation of three-dimensional vector x by the quaternion
X = xo +ix1 + jro whose kth component is zero (we note that Waldvogel does not use the special
symbol o of quaternion produce). Such a quaternion x is a formal generalization (accretion) of the
complex variable x = x¢ + iz used by Levi-Civita in the theory of regularization of equations of plane
motion.

The mapping (1.14) with regard to (1.13) becomes

x = uu* = —hkuk. (1.15)
In scalar form, (1.15) implies

zo = ud —ut —ud+ud, 1= 2uour — uguz), o = 2(upus + urus), (1.16)

“which is precisely a KS-transformation in its classical form or — before the permutation of indices — a
Hopf transformation” (these are words of the author of [39]).

In the classical theory of quaternions, a three-dimensional vector x is associated with the quaternion

x = ix1 + jxa + ka3 with zero scalar part. In the works of the author of this paper, the regularization

DThe author means the above-cited assertion by E. Stiefel and G. Scheifele that the use of quaternion matrices in the theory
of regularization has no perspectives.
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is based on the use of the quaternion variable u = ug + 4u1 4+ jus + kug, which does not coincide (in
the meaning) with the Waldvogel quaternion variable, and the quaternion with zero scalar part. In these
works (and in the present paper), the mapping

and the mapping

are used.

In scalar form, the first of these mapping is precisely the Kustaanheimo—Stiefel transformation (1.3)
which differs from (1.16) in form.

We note that no actually (not formally) new regular equations of the two-body problem were obtained
in [39]. Nevertheless, because of great importance of the regularization problem in celestial mechanics
and astrodynamics, the quaternion method of Waldvogel regularization of equations of perturbed two-
body problem is undoubtedly of great interest. The elegant quaternion representation of the Birkhoff
spatial mapping obtained by Waldvogel in [39], which is used in the theory of regularization of equations
of bounded three-body problem, is also undoubtedly of great interest. This representation is given by
Waldvogel in addition to his earlier results in the theory of regularization 40—42].

To conclude this section, we note the book [14] of the author of this paper published in 2011, where, in
particular, the quaternion method for regularizing the differential equations of perturbed spatial two-body
problem and perturbed central motion of material point is presented and the quaternion regular models of
celestial mechanics and astrodynamics and their applications to solving the problems of optimal control
of the spacecraft trajectory motion are given. We also note the surveys [15, 18] of the author of this paper
in the regularization of equations of celestial mechanics and astrodynamics.

1.4. Regularization of Differential Equations of the Three-Body Problem

In [25], Aarseth and Zare noted that the history of regularization of the three-body problem begins in
the famous works by Poicare [43] and Sundman [44]. In fact, Sundman solved the general problem in
principle by using two transformations of time and neglecting the case of triple collision. Unfortunately,
the solutions are represented by infinite series and do not reveal the true character of motions. The
authors of [25] believe, which is also doubtful, that the regularization of the three-body problem proposed
in [45] is also useful in the general case from the practical standpoint. They also note that the following
two requirements can be distinguished in the problem of regularization of the general three-body
problem: (1) regularization of all collisions of two bodies by using one “global” transformation; (2)
improved treatment of close triple collisions. Several examples of transformations satisfying the first
requirement in the plane bounded three-body problems are given in [45—48]. Waldvogel [49] presented a
global regularization the plane three-body problem with arbitrary masses. The equations obtained in this
case are symmetric with respect to some point masses and satisfy both the above requirements. In [50],
the Levi-Civita regularization is generalized to unperturbed plane bounded three-body problem by using
the complex Levi-Civita variables and the time transformation containing the product of raised-to-the-
third-power distances from the body of negligibly small mass to the two bodies of attraction which have
finite masses. We note that, for regularization in the three-body problem, one often uses another time
transformation which contains the product of distances from the body of negligibly small mass to the
two bodies of finite mass, and, as the author of [25] says, the equations obtained by using the time
transformation containing the cubed distances is not regular, because the new time tends to infinity as
the three body collide.

In [25], the canonical Hamilton formalism and two KS-transformations were used to regularize
the equations of the perturbed spatial unbounded three-body problem. This regularization allows
one particle to collide with the other two particles whose relative motion is described by singular
equations which still exhibit a good behavior when being solved numerically. This paper present the
eight-dimensional regularization of the general three-body problem which is based on the double KS-
regularization and has the following properties (by r¢, 1, and rg; we denote the distances between the
bodies My and My, My and Mo, My and My, respectively): (1) the equations of motion are regular in
collision of two bodies as rg — 0 or as r; — 0; (2) under the conditions that ro; > rg or rg1 > 71, the
equations of motion can be solved well in the nearly triple collisions.
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Aarseth and Zare believe that their new method for regularizing the three-body problem, which they
proposed in [25], cannot be used to study the three-body problem where one of the particles is massless,
i.e., to study the bounded three-body problem. At the same time, they say that this new method is closely
related to the standard KS-regularization which allows one of the particles to be weightless.

We note the widely cited book [51], where, in particular, the Levi-Civits and Kustaanheimo—
Stiefel regularizations of equations of the plane and spatial two-body problems and the Aarseth—Zare
regularization of spatial three-body problem are presented and many aspects of their use (the program,
algorithimc, and practical aspects of their use) are discussed.

In the book [10, pp. 34—45], it is proposed to use the double KS-transformation (with reference
to [25]) to construct canonical equations of the perturbed bounded three-body problem. The regu-
larized (transformed according to the Aarseth—Zare methodology) Hamiltonian of the problem and
the eighteenth-order equations in general standard Hamiltonian form are written. It is noted that the
system of these differential equations contains equations determining the time transformation and the
law of variation in the system energy. The right-hand sides of differential equations of the problem
studied in [10] are not written explicitly, i.e., not written in the form obtained after differentiation of
the Hamiltonian with respect to the problem variables (by the way, such equations are also not written
in [25]). This does not permit completely estimating the properties of the equations obtained by the
method proposed in [10].

At the same time, as was noted in [25], the removal of a singularity in the Hamiltonian need not
always eliminate the singular terms in the equations of motion. The authors of [25] believe that if the
Hamiltonian is regular but contains terms of the form r}}, where av < 2, then the final equations of
motion are not regular. Moreover, the unbounded and bounded three-body problems are significantly
different, namely, the unperturbed unbounded three-body problem contains the energy integral, but such
an integral does not exists in the unperturbed bounded three-body problem. The variation in the energy of
the system, which is considered as an additional variable in the standard KS-regularization, is described
in the perturbed boundary three-body problem, as is shown below, by a differential equation which does
not have the property of global regularity in the transition to new independent variables in this equation,
which are traditionally used in this problem (this equation is not regular if the following two conditions
are satisfied simultaneously: ro — 0 and r; — 0). Therefore, it is doubtful that the equations of bounded
three-body problem, obtained by the method [10] based on the use of the system energy as an additional
variable, have the property of global regularity.

We believe that a way out of this situation in the perturbed spatial bounded circular three-body
problem is not to use the energy as an additional variable, as is usually done, but to use a variable which
is the Jacobi integral in the unperturbed spatial bounded circular three-body problem (more precisely,
this is the Jacobi constant of motion in this problem). In this paper, we use precisely this approach to
construct the quaternion regular equations of perturbed spatial bounded circular three-body problem.

In this paper, we develop a quaternion method for regularizing the differential equations of per-
turbed spatial bounded three-body problem based on the use of Kustaanheimo—Stiefel variables and
methodologically closely related to the quaternion method for regularizing the differential equations of
perturbed spatial two-body problem proposed by the author of this paper in [16, 17] (also see [13—15]).
In the first part of this paper, we consider the initial Newtonian equations of perturbed spatial bounded
three-body problem and formulate the problem of regularization of these equations. We present the
energy relations and differential equations describing the variations in the system energy in the perturbed
spatial bounded three-body problem and the first integrals of differential equations of unperturbed spatial
bounded circular three-body problem (the Jacobi integrals). We consider the equations of perturbed
spatial bounded three-body problem written in rotating coordinates and using the rotation quaternions
(Euler (Rodrigues—Hamilton ) parameter) to describe the angular motion of these coordinates systems.
We also present the differential equations for the angular momenta in the three-body problem under
study.

In the same part of the paper, we obtain local regular quaternion differential equations of perturbed
spatial bounded circular three-body problem, where, as an additional variable, we use the Kepler energy
or the total energy of the system. We also obtain local regular quaternion differential equations of
perturbed spatial bounded circular circular three-body problem, where, as an additional variable, we use
a quantity which is the Jacobi constant of motion in the unperturbed spatial bounded circular three-body
problem.
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The obtained equations are systems of nonlinear nonstationary eleventh-order differential equations
with respect to the Kustaanheimo—Stiefel variables, their first derivatives, Kepler or total energy or a
variable which is the Jacobi constant of integration in the case of unperturbed spatial bounded circular
three-body problem, and also with respect to time and an auxiliary time variable. In these equations, as
new independent variables, we use the variables related to the time by the differential relations, namely,
the derivative with respect to time of the new (first or second) variable is equal to the distance from the
body of negligibly small mass to the first or second body of finite mass.

The constructed sets of differential equations of perturbed spatial bounded three-body problem allow
us to develop regular analytical and numerical methods for studying the motions of the body of negligibly
small mass near the other two bodies of finite mass and also permit developing regular algorithms
for integrating these equations, where one of the constructed systems of eleventh-order differential
equations is used to study the motion of the body M5 of negligibly small mass near the body My (when
the distances rg, r1 between the bodies My and M, My and M satisfy the inequality mlrg < mor%) and
the other system of differential equations of the same order is used to study the motions of the body M,
near the body Mj (when the distances r; and rq satisfy the inequality mor? <mq73)(in these inequalities,
mg and mq are the masses of the bodies My and M).

In the second part of the paper, we study the problem of constructing not only local but also global
regular quaternion differential equations of the perturbed spatial bounded three-body problem, i.e.,
equations are regular if the conditions ro = 1, r; = 0 or the conditions 79 — 0, 71 — 0 are satisfied
simultaneously. The construction of systems of differential equations used to solve this problem is based
on the equations and relations presented in the first part of the paper.

2. INITIAL DIFFERENTIAL EQUATIONS OF PERTURBED SPATIAL BOUNDED
THREE-BODY PROBLEM

We consider three material points My, M, and Ms of masses mg, m1, and ms, which mutually
attract each other according to the law of universal gravitation. The unbounded three-body problem
consists [52] of determining and studying all possible motions of material points My, M7, and Ms. The
bounded three-body problem is the problem [52] about the motion of material point My = M of zero mass
mgy = 0 (more precisely, ol mass mg negligibly small as compared to the masses mg and m; ) attracted
according to the Newton law by the other two material points My and M; of nonzero masses mg and m;.

The bounded three-body problem is [52] the limit version of the unbounded three-body problem. It
is widely used in both the classical celestial mechanics (for example, the theory of motion of the Moon)
and the mechanics of cosmic flight (the problem of attaining the Moon). The differential equations of
the bounded three-body problem are obtained from the equations of the unbounded three-body problem
(5.1.04) in [52] if we set my = 0 in them. They have the form

& fma(G—&) o fmalm —m)  d*G fma(G—Go)

a2 A3, Toodr A, 2 A, ’
26 fmo(éo—&)  &Pm fmo(p—m) G fmo(o—G)
a2 A} Toodr A} Toodtr A} ’
& fmo(éo—&) | fmi(é — &)
dt2 - Agz + A%Q + Pe, (2 | )
d*ny fmo(no —m2) | fma(m —n2)
az T oAy, T oAy T
d*¢ fmo(Co—C) | fma(C— o)
a2 T A3, oAy, TP
Ay = (o —&)*+ (mo—m)*+ (¢ — G)?,
Af = (€0 —&)* + (m0 —m2)” + (G0 — ¢2)?, (2.2)

Ay = (&= &)+ (m—m)*+ (G — @)*
Here &g, no, Co; &1, m, C1, and &a, n9, (o are the Cartesian coordinates of material points My, Mj, and

My = M in the inertial coordinate system O&n¢; Ap1, Age, and Ay, are the respective mutual distances
between points My and My, My and My, M; and Ma, and f is the gravitation constant.
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We note that, in contrast to equations (5.1.04) in [52], equations (2.1), (2.2) additionally contain
projections pg, py, p¢ on the axes of the inertial coordinate system O¢n( of the perturbing acceleration p
of material point My = M due to the forces acting on point Ms other than the forces of gravitational
attraction on the side of points My and M;.

We introduce the vectors ro = (Mo, M), r1 = (My, M), ro1 = (Mo, M1),and ri9 = (M1, My) = —ro;.
The projections of the vectors ryp and r; on the axes of the inertial coordinate system O&n( are
respectively equal to {3 — &o, 72 — 10, (2 — Co and & — &1, m2 — n1, (2 — (1.

Using the above-introduced vectors ry and r; as new vector variables, from differential equa-
tions (2.1) we derive the following vector form of differential equations of the perturbed spatial bounded
three-body problem:

1 fm

d’rg fmo fm 1
g =~ g Tp— " 4 TL— " 4 Tol+DP, (2.3)
dt g Ty 51
d’rq fmo my fmo
g =~ g Tp— 4 TrL— 4 Tip+DP, (2.4)
dt g Ty o1
rop =ro —r1, Tj0=7T1 —Tro= —To1,
ro = |ro| = Aoz, 11 =|r1|=A12, 7101 = |ro1] = |rio] = Ao1.

Differential equation (2.3) describes the motion of point My = M in the coordinate system My XYy Zy
with origin at point My and with coordinates axes My Xy, MYy, Mo Zy parallel to the corresponding axes
of the inertial coordinate system O&n¢, and differential equation (2.4) describes the motion of the same
point in the coordinate system My X7Y12Z; with origin at point M; and with coordinate axes M; X},
M,Y1, My Z; also parallel to the corresponding inertial axes O, On, OC.

Differential equation (2.3) can be considered independently of differential equation (2.4) if we set
r1 = rg — rgp in it and taken into account that the vector rg; satisfies the differential equation

d2r01 f(mg +mq
g = ( " ) rol (2.5)
of the unperturbed spatial two-body problem (Mg and M7 ) which, as is known, can be integrated. There-
fore, we assume that the vector rg; contained in equation (2.3) is a known function of time: ro; = ro; ().
Similarly, differential equation (2.4) can be considered independently of differential equation (2.3) if we
use the relation rg = ry — ryg in it and taken into account that the vector rig = —rq is a known function
of time.

Equations (2.3) and (2.4) can also be treated as a system of two differential equations with unknown
vector variables rg and ry.

We note that the coordinate representation of equation (2.3) coincides (for p = 0) with the equations
of the bounded three-body problem (6.1) in [53].

Vector equations (2.3) and (2.4) of the perturbed spatial bounded three-body problem have singular
points 79 = 0 and r; = 0 at which these equations are degenerate. The problem of removing these
singularities (the separate removal of one of the singularities and the simultaneous removal of both
singularities) is precisely the subject of regularization of differential equations of perturbed bounded
three-body problem. We note that the conditions 79 = 0 and r; = 0 cannot be simultaneously satisfied
in the majority of problem in celestial mechanics and astrodynamics. Nevertheless, it is interesting from
theoretical and practical standpoints (from the standpoint of construction of effective high-precision
algorithms for numerical integration of differential equations of the three-body problem, which are
necessary for the high-precision prediction of motion of celestial and cosmic bodies) to obtain regular
equations which do not degenerate when both of these conditions are satisfied simultaneously.

3. ENERGY RELATIONS AND EQUATIONS
IN THE SPATIAL BOUNDED THREE-BODY PROBLEM

The energy characteristics of motion of bodes and differential equations for these characteristics are
used to construct regular equations of celestial mechanics and astrodynamics.
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Let us consider the energy hg of motion of point My = M in the coordinate system My XYy Zp and
the energy h; of motion in the coordinate system M; XY 7;:

Lo fmo _ fm L2 fmo _ fm

ho = , hi = ;
2 0 To (& 2 1 o (& (31)
drg dry
vo = |vo|, Vo= Qi v =|vi], vi= Qi

where vy and vy are the respective velocity vectors of motion of point M in the coordinate systems
Mo XoYoZy and M1 X1Y17.

Differentiating relations (3.1) with respect to time and taking equations (2.3) and (2.4) into account,
we obtain different forms of differential equations for the energies hg and hy:

dhg Vo -To1 | Vo1-T1 701701 — Vo1 * To Vo - o1
J Z—fm1< A +vo-p=fm 3 —fmi 57 +vo-p, (3.2)
t To1 1 1 o1
dhy Vi-Tip Vip-To Vi-Tg1 V1T
d :_fm0< 3 + 3 +V1'p:fm0 3 + 3 +V1'p:
t To1 o 1o o
r01701 + Vo1 - I'1 V1 - To1
:me 3 +fm0 3 + v - P, (33)
o 701
dI‘O dI'01 dI‘1 dI'l()
vy = V = Vi = A% = .
0= g Vo PR g0 Vo di

Here the central dot is the symbol of scalar product of vectors.

We note that the energy equations (3.2) and (3.3) hold for the general perturbed bounded three-body
problem and the singularities of these equation arise due to the nonzero velocity vo; of motion of body M;
with respect to body M.

[t is well known that, for the equations of unperturbed bounded circular three-body problem (when
p = 0), there exist a first integral called the Jacobi integral [52, 53]. To obtain the Jacobi integral by the
method proposed in [53], we write equation (2.3) as

d’r fmo 1 1
a2 = 3 ro + frm [Ti)’ (ro1 — o) — - Fm] + p. (3.4)

By xg, yo, 20 we denote the Cartesian coordinates of point M in the coordinate system My XYy Zy
(the projections of the vector rg on the axes of this coordinate system), and by z¢1, yo1, 201, the projec-
tions of the vector rg; on the axes of this coordinate system (the coordinates of point M; in the coordinate
system My XYy Zp). We project equation (3.4) on the axes of the coordinate system My XYy Zy to obtain
the scalar equations of the perturbed bounded three-body problem in the form

™t fmg 1 1

- To+ fm To1 — o) — Zo1| + Pus
d =7o TS» o+ frm |:7,:1), (zo1 0) 7’81 01:| Pz
dyot fmo 1 1

N - - ) 3.5
d =vo r3 Yo + frmu L% (yo1 — ¥o) 3 ym] + Dy (3.5)
d®t  fmo 1 1
d=2 T(?; 20+ frma [ri{’ (201 — 20) — Tg,l 201} + Dz,

2_ 2, .2, 2 2 _ 2 2 2
ro = Tp+¥Y + 25, Tor = To1 T Yo1 T 2015 (3.6)
) )
US]

= (o1 — 20)* + (yo1 — o) + (201 — 20)% = 2% + 3 + 5.

Here x1, y1, 21 and p, = p¢, py = py, p. = p¢ are the projections of the vectors ry and p on the axes of
the coordinate system My XYy Zy (they are equal to the corresponding projections of these vectors on
the axe of the coordinate system M; X1Y7 27).
Equations (3.9), (3.6) with p,, = 0, p, = 0, and p, = 0 coincide with equations (6.1), (6.2) in [53].
We consider a special case of the bounded three-body problem, i.e., the circular bounded three-body
problem. We assume that the material point My is the Earth about with the material point My, i.e., the
Moon, moves in a circular orbit according to the Kepler laws. We also assume that the plane of the Moon
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circular orbit coincides with the coordinate plane My X(Yy. Then for the Moon coordinates xg1, yo1, 201,
we have the following expressions [53]:

xo1 = acos(nt), yo1 = asin(nt), 2o =0. (3.7)

In this case, we assume that the axis My X passes through the point of the Moon location (this time
moment is taken as the initial epoch of time reading).

The radius of the Moon circular orbit @ = |rp;| and the angular velocity n of motion in its circular
orbit are related by the well-known expression

pz = TR ET) ), (3.8)
a

We obtain the projections of the Moon velocity in the coordinate system My XYy Zy differentiating

relations (3.7) with respect to time:

o1 = —ansin(nt) = —nyo1, Yo1 = ancos(nt) = nxer, 201 = 0. (3.9)

Relations (3.7)—(3.9) can be obtained by integrating equation (2.5) with regard to the above assump-
tions about the motion of body M7 (the Moon) and the choice of the coordinate system My XYy Zp.

First, we respectively multiply equations (3.5) by 2dxzq/dt, 2dyg/dt, 2dzy/dt and sum the obtained
relations. Then we respectively multiply equations (3.5) by 2nyy, —2nx, 0 and again sum the obtained
equations. We obtain the two equations

2x020 + 29040 + 22020 = Q(i’oX + %Y + 202),

. .. 3.10
2n(yoZo — zodo) = 2n(yoX — zoY). ( )

Here X, Y, Z are the right-hand sides of equations (3.5), one dot and two dots over a symbol denote the
first and second derivatives with respect to time ¢, respectively.

We sum the left- and right-hand sides of the obtained relations (3.10) with regard to the expressions
forthe right-hand sides X, Y, Z of equations (3.5). After several transformations, we obtain the following
differential equation for the energy hg of motion of point M in the coordinate system My XYy Z in the
case of perturbed bounded circular three-body problem:

dhq fmy d d. . L drg
- (ro-ro1) —n dt (Yoo — zoYo) + dt

= . v — 3.11
gt w3 dt P + n(Yopz — Topy) (3.11)
with the scalar product

ro - To1 = ToZo1 + YoYo1 = alcos(nt)xo + sin(nt)yo).

Similarly, using the scalar form of the vector equation (2.4)

A2z, fmq 1 1

G2 = 3 x1 + fmo 3 (x10 — 1) — - 10| + Po»
4y fma 1 1

a2 = . y1 + fmo rg (Y10 —y1) — Ti)’o Yio| + Py,
d?z fmq 1 1

a2 = 21+ fmg 3 (210 — 21) — - 210| + Pz,

2 2, .92, .2 2 2 2 2
Ty =21 +Y T2, Tio = Zio + Y10 + %10

2 _ 2 2 2 _ .2, .2, .2
rg = (x10 — 21)° + (y10 —v1)” + (210 — 21)° = 25 + y5 + 25,

we obtain the following differential equation for the energy h; of motion of point M in the coordinate
system M7 X1Y177 in the case of perturbed bounded circular three-body problem:

dh mo d d . . dr
t__fmo (1“1'1“10)—"dt(y1351—331y1)+ d

1
= . - — 3.12
gt w3 dt P + n(y1pz — T1Dy) (3.12)

t
with the scalar product

ri-ri9 = L1210 + y1y10 = —alcos(nt)xy + sin(nt)y],
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where z1, y1, 21 are Cartesian coordinates of point M in the coordinate system M; X;Y;Z; (projections
of the vector ry on the axes of this coordinate system equal to the projections of this vector on the axes of
the coordinate system My XoYoZp) and x19 = —xo1, Y10 = —Yo1, 210 = 0 are the projections of the vector
rip = —ro1 on the axes of the coordinate system M; X1Y;Z; (coordinates of point My in the coordinate
system M1 X1Y177).

Equations (3.11) and (3.12) can be written as

dH dr
i = g P nvope — Topy), (3.13)
dH dr
= g P npe —mpy). (3.14)
m . .
Ho = ho + ‘];3 ! (ro - ror) + n(yoo — zozo)
01
1 . . . m m m . .
= 2($3+y8+28)— fro _ + f31 (zowo1 + Yoyo1) + n(yoto — ToYo),  (3.15)
To gl T
m . .
Hy =hy + ];3 % (1 - 110) + 011 — 2131)
01
1 . . . m m m . .
=, (@2 4+ 92 + 23) — fmo _ fm + f3 0 (1210 + Y1y10) + n(y1E1 — 2191)- (3.16)
To gl T
One can show that the quantities (functions of time) Hy and H; differ by a constant:
1 —
Hy = Hy+ 5 Fmo m1)7 a = |rg1| = const.
a

We note that the quantities c31 = oo — yoto and c¢1, = x191 — y1&1 contained in (3.15) and (3.16)
with opposite signs are moments of the velocity vectors vy and v; of point M with respect to the coor-
dinate axes MyZy and My Zy, respectively, and the quantities xop, — yop, and x1py — y1p, contained in
equations (3.13) and (3.14) also with opposite signs are moments of the perturbed acceleration vector p
with respect to these axes.

The equations of perturbed bounded circular three-body problem are obtained from equations (2.3)
and (2.4) with the projections of the vector rg; in the coordinate system MyXyYpZy prescribed by
relations (3.7) and the projections of the vector ryg in the coordinate system M XY, Z; prescribed by the
relations x19 = —a cos(nt), y10 = —asin(nt), and zg; = 0, respectively. It follows from equations (3.13)
and (3.14) that the equations of the unperturbed bounded circular three-body problem have first integral
with the perturbing acceleration is equal to p = 0:

fmo  fma | f
To

1,. . . . .
Ho= _ (#3+05+25)— + 7 5 (zowo1+yoyo1) +n(yYoTo—zoyo) = Ho(to) =const, (3.17)

2 1 o1
1 . . . m m m . .
H, = 5 (m%—ky%—kz%)— froo — frll + J;?, 0 (z1z10+11Y10) +1 (Y121 —2191) = H1(to) =const. (3.18)
01

We note that the integral (3.17) coincides with the integral (6.9) in [53] of the unperturbed bounded
circular three-body problem (Jacobi integral).

4. DIFFERENTIAL EQUATIONS OF PERTURBED SPATIAL BOUNDED
THREE-BODY PROBLEM WRITTEN IN ROTATING COORDINATE SYSTEMS.
ROTATION QUATERNIONS INTRODUCED IN THE EQUATIONS OF MOTION

We introduce two rotating coordinate systems My XYy Z| and M; XY Z] whose axes My X, and
M, X are directed along the radius vectors ry and ry, respectively. By wy and w; we denote the vectors
of absolute angular velocities of rotation of the coordinate systems My XYy Z; and M X{Y{Z], and
by wo; and wy;, the projections of these vectors on the axes of the coordinate systems MyX{Y]Z]
and M, X|Y]Z{, respectively.

To describe the orientations (angular position) of the coordinate system Mo XY Z), in the coordinate
system My XYy Zy (and hence in the inertial coordinate system O&n(¢), we use the normalized rotation
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quaternion Ao, and to describe the orientation of the coordinate system M; X|Y{Z] in the coordinate
system M7 X1Y1 77 (and hence in the inertial coordinate system O&n(¢), we use the normalized rotation
quaternion Aq:

Ai = Ao+ ik + iaj + Aisk, [ Aill = A A+ AL+ =1, i=0,1,

where i, j, k are the Hamilton vector imaginary units, A;; (¢,j = 0,1,2,3) are components of the
orientation quaternion (the (Euler) Rodrigues—Hamilton parameters) characterizing the orientation of
the coordinate system M; XY/ Z! in the inertial coordinate system.

Let us write the vector differential equation (2.3) in the rotating coordinate system My XYy Z, and
the vector differential equation (2.4), in the rotating coordinate system M; X{Y{ Z{. Passing to the scalar
problem, we obtain equations (4.1)—(4.3) and (4.4)—(4.6):

. fm() fml’l"o 1 1
700_700((")(2)2"’_"‘}(2]3)"’_ 2 = = 3 +fm1 3 ~ 3 ‘T/l"i_p/l
To To1 Tor T
fm17“0 1 1
== 3 +fm1 3 3 xIOI +p/17 (41)
1 1 To1

. . 1 1 , , 1 1 , ,
2wo3to + Towos + rowoiwoz = fmi| 4 — 4 |yi+py=fmi| 5 — 5 |yo +Dpo,
To1 1 1 To1

(4.2)
. . 1 1 , , 1 1 , ,
2woaro + Towoz — rowoiwos = —fmi| . — 4 |z —ps=—fmi| 5 — 5 |20 — D3,
To1 1 1 o1
2X00 = —wo1Ao1 — wWo2A02 — Wo3A03,  2A01 = Wo1 Ao + Wo3Ao2 — Wo2A03, (4.3)
2X02 = wo2A00 — Wo3Ao1 + Wo1 A3, 2A03 = Wo3Ago + Wo2Ao1 — Wo1 o2,
. fma fmory 1 1
Tl—rl(”%z +w%3)+ 9o T T 3 + fmo 3 T 3 358—1—29/1/
1 To1 701 7o
fm()?“l 1 1
=—""0 +fmo( 5 — 5 )zp +0i, (4.4)
7o To1 7o
. . _ 1 1 /! /N 1 1 /! /!
2wty + rwig +riwnwie = fmol| 5 — 5 |yo +pe = fmo| 5 — 5 |yor D2,
701 o 701 To (4.5)
. . 1 1 1 1 ’
2w12T + MWz — MWW = —fm0< 3 — 3 >z6’ - pg = —fm0< 3 T 3 >26/1 - pgv
701 7o 701 7o
2M 10 = —wi1A 11 — wi2A12 —w13A13,  2A11 = wi1A10 + wizA12 — wi2A13, (4.6)

2M 12 = wi2A 10 — wi1zA 11 FwitAi3,  2A13 = wi3A1p + wi2A11 — Wit A2,

As variables in the equations of bounded three-body problem (4.1)—(4.3) and (4.4)—(4.6), we have
the distances r¢ and r; from point M to points My and M, their derivatives 7y and 7 (the respective
projections of the velocity vectors v and vy of point M in the coordinates systems MyXoYpZo
and M;X,Y1Z; on the directions of radius vectors ry and ry), the projections wpa, wos and wie, wis
of the vectors of absolute angular velocities wy and wy of rotation of the coordinate systems My X Y] Z),
and M; X{Y{Z] on the axes of the same coordinate systems My X(YjZ| and M; X{Y{Z], respectively,
and the Rodrigues—Hamiltonian parameters Ag; and Aq; characterizing the orientation of the coordinate
systems MoX(YjZ| and M;X|Y/Z{ in the inertial coordinate system O¢&n¢. In the equations, the
respective projections wp; and wy; of the vectors of angular velocities wy and w; on the directions of
radius vectors ry and ry are arbitrarily determined parameters. The quantities 2, y1, 21; 41, Y01» 2013
and p!, ph, ph in these equations are projections of the radius vectors rq, ro; and the vector of perturbing
acceleration p on the axes of rotating coordinate system My XY, Z, and the quantities x(, y(, 20; 201,
Yo1» 201; and pY, pf, pl are projections of the radius vectors rg, ro1, and the acceleration vector p on the
axes of the rotating coordinate system My X|Y{Z].
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The Cartesian coordinates zg, v, 29 and x1, y1, 21 of point M in the coordinate systems My XYy Zy
and My X1Y1 77 are determined in terms of the above-listed variables by the formulas

zi = ri(Ajp + Al — A — M), (4.7)
yi = 2ri(NitAi2 + Aioiz) = 2ri(Ainhiz — AioAiz), ¢ =10,1, .

and the projections vj, and v}, of the velocity vectors v and v; of point M in the coordinate systems
MyXoYoZy and M1 X1Y1Z; on the axes of the coordinate systems M} XYy Z} and M| X|Y]{Z| are
determined by the formulas

Vi =T, Uy =riwis, vl = —riwip, i=0,1. (4.8)

The projections p1 = pg, p2 = py, p3 = p. of the vector p on the axes of the coordinate system

My XoYoZy are related to the projections pj. on the axes of the coordinate system Mo XY, Z by the
reprojection relations

p1 = (Ao + A1 — A2 — Ad3)ph + 2(Ao1 Aoz — AooAos)ph + 2(Ao1 Aoz + AooAo2)ps,

P2 = 2(Ao1 Aoz + AooAos)Pi + (Ao — AG1 + Ada — Aba)Ph + 2(Ao2Aos — AooAor)ps,

3 = 2(Xo1 203 — AooAo2)p + 2(Ao2A03 + AooAor)ps + (AGo — Af1 — Adz + Adz)P5,

Ph = (Ao + A5 — A2 — Ads)p1 + 2(Ao1 Aoz + AooAos)p2 + 2(Ao1 Aoz — AooAo2)ps,

P = 2(Ao1do2 — AooAos)p1 + (Afo — Ag1 + Az — Abs)p2 + 2(Aa2Aos + Aooro1)ps,

P = 2(Ao1 Aoz + AooAaz)P1 + 2(Ao2Aos — Ao Xo1)pz + (Ao — A1 — Aba + Ads)ps-

Similar relations exist between the projections py of the vector p on the axes of the coordinate system
My XoYoZy and the its projections p} on the axes of the coordinate system M; X|Y{Z] (in (4.9), instead
of p},, it is necessary to take p, and instead of Agj, to take Ay;).

Differential equations (4.3), (4.6) and relations (4.7), (4.9) in quaternion form become

dX; .

2 dt —)\iOQi, Z—O,l, (410)
Ai = Njo + Al + Aioj + Aisk, Q2 = wii + winj + wisk,
RZ:xzi+y2j+zzk:m)\zoi05\2, 1 =0,1, (411)
P =pii+pj+psk=XoP oXg=AoP" oA, (4.12)

P =pli+phj+psk=XgoPoXy, P’ =pli+phj+pik=AoPol;.

Here and below, the symbol o (central circle) denotes the quaternion multiplication, the upper
bar denotes the conjugate quaternion, for example, Ag = Ago — Ao1i — Ao2j — Aosk; the quaternion
is differentiated under the assumption that the unit vectors i, j, and k remain unchanged; and the
quaternion P”, which is used below, is additionally introduced.

The projections 2!, v}, 21; (), v0, 20; and z(y, Y41, 2015 To1> Yo1» 20 Of the radius vectors ry, ro,
and ro; contained in equations (4.1), (4.2) and (4.4), (4.5) are determined in terms of new variables by
the quaternion relations

Rll:l‘lli—i—ygj—i-zik:;\oORlO)\o:Tllj,oioﬂ, [1,:5\00)\1, (4.13)
Ry =a20i+yoj+2k=AoRgoA; =rguoiofr, p=AgoA, (4.14)

Ry = z(i+ yhd + 20k = Ao o Ro1 0 Ao,  Ror = zo1i + youj + 201k,
RO = 2011+ y01d + 201k = A1 o Rop 0 Aq.
[t follows from relations (4.13) and (4.14) that

(4.15)

poRjopu=mri poR{opm=rpi.

The projections vo; and vy of the velocity vectors vy and vy of point M in the coordinate systems
My XogYoZy and My X1Y1Z7 on the axes of the coordinate systems My XYy Zy and My X1Y, 71, which
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coincide with their projections on the axes of the inertial coordinate system, are determined by the
quaternion formulas

\'Z :vi1i+vi2j+vi3k:)\ovgoj\, 1=0,1, (416)
Vi =01+ vjyj + visk = 7 + riwisj — riwigk, i =0,1. (4.17)

5. DIFFERENTIAL EQUATIONS OF PERTURBED SPATIAL BOUNDED THREE-BODY
PROBLEM WRITTEN IN NONHOLONOMIC (AZIMUTHALLY FREE)
ACCOMPANYING COORDINATE TRIHEDRONS

We introduce the vectors cg and ¢; of moments of the velocities vy and vy of point M in the coordinate
systems My XYy Zy and M7 X1Y7 71 with respect to points My and M7, respectively:

ci:rixfi:rixvi, Z:O,l

The projections ¢;;, (k = 1,2, 3) of the vector ¢; on the axes of the rotating coordinate system M; XY, Z!
are determine by the relations

2 2 .
ci1 =0, cp=riwpa, c¢3=rjws, =01 (5.1)

We complete the definition of motion of the coordinate system M; XY/ Z! by the assumption that the
arbitrarily determined projection w;; of the vector of its absolute angular velocity w; on the direction of
the radius vector r; (axis M; X!) is equal to zero:

wi1 = 2(=Aithio + o1 + Aishiz — AigAiz) =0, i =0, 1. (5.2)

In this case, as it follows from (5.1) and (5.2), the coordinate system M; XY/ Z! rotates with absolute
angular velocity w; collinear to the vector of the velocity moment c¢;:

wi=r;%¢c;, i=0,1. (5.3)

Such a coordinate system is nonholonomic (azimuthally free) accompanying coordinate trihedron.
Differential equations of bounded three-body problem (4.1)—(4.6) with regard to (5.2) become

. fmg fmirg 1 1
TO_TO(WCQB +w83)+ 2 T T 3 + fm 3 — 3 xll‘i'plla
0 To1 701 1
fm17“0 1 1
- 3 T f 3 3 $61 + plly
5T 1 To1
: . 1 1 / / 1 1 / /
2wozro +rowos = fma| 5 — o |yitpy = mi| 5 — 5 Jyo + D,
To1 1 1 701

) . 1 1y, 1 I’ /
2wo2T0 + Towoz = —fm1< s — s |zi—ps=—fmi| 5 — 5 |21 — D3
To1 1 5T To1
2000 = —wo2A02 — wWo3A03;  2A01 = wo3zAo2 — Wo2A03,

2)02 = Wo2hoo — wozdo1,  2A03 = wWoaAoo + wo2 ot

. 2 2 fma fmort 1 1
r —nr (w12 + w13) + 9 = 3 + fm0< 3 T 3 1’8 + pll/
1 To1 701 7o
_ fmon

3 +fm0<

1 1 1 //
— To1 + D1,
re "3 > 01 T DP1

3
To1 0
. . o 1 1 ! / 1 1 ! /!
2wzt +rwiz = fmo| 5 — 5 )yg +p2=fmo| 5 — 5 |Yo1 + D3,
701 o 701 o
, , 11 11
2w12T1 + MW = —fm0< 3 3>26/—p§,/ = —fm0< 3 3>26/1 —pg,
To1 o To1 o
2010 = —wi2A12 — w13A13,  2A11 = wizAi2 — wi2Ai3,

212 = wigdio — wizhi1,  2M13 = wizhio + wia i1
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These equations with regard to (5.1) take the form

. 1 fmg fmlro 1 1
o — 3(Cg2+033)+ 2 = + fm — 3 x/1+p,17
To o o1 o T
fmlro ( 1 1 > , ,
+ fm - To1 + P1s (5.4)
i i 7"(?)’1
. 1 1 1 1
co1 = 0, Co2=—fm1< 3 — 3>7“021—7"0P§:—fm1< 3~ 3 >T0Z61—T0p§,
Tor T 1 To1 (5.5)
1 1 , , '
o3 = frm royy + ropy = fma 3 — 3 |T0Yo1 + ToP2,
Ty To1
. 1 .
2X00 = — 2 (002)\02 - Co3>\03) 2X01 =, (co3Ao2 — co2)03),
"o 0 (5.6)

. . 1
2X02 = 2 (Co2>\00 —co3Mo1), 2Xo3 = 2 (co3Aoo + co2A01),
0 0

.. Ly 2 JFmy fmor 1 1 " 1
i1 — g (cla+eiz) + == + fmo - Ty +p
i ' ' 7 o TS !
mor 1 1
. s+ fm ( - 3>$'o'1 + 11, (5.7)
o TR
) 1 1 1 1
cn=0, ¢io2= —fm0< 3 — 5 >7“126/ — 1Pz = —fm0< 3 — 5 >7“1Z6'1 — 13,
Tor 7o Tor 7o
1 1 1 1 (5:8)
é13 = fmo< s — 3 >r1y6’ + riph = fmo< s — 3 >7“1y6’1 + r1ph,
Tor 7o Tor 7o
. 1 : 1
2M0 = — 2 (12212 — c13M13),  2A11 = 2 (c13A12 — c12)13),
‘ L ‘ L (5.9)
2M12 = 2 (c12A10 — c13A11), 2M13 = 2 (c13A10 + c12A11)-
1 1
Let us write subsystems (5.6) and (5.9) in quaternion form
2X\; =72 0C;, i=0,1
Ai =1 o.C, 2 0,1, . (5.10)
Ai = Nio + Al + Ni2] + Aisk, G = cipj + cisk.
These equations also follow from quaternion equations (4.10) with regard to (5.1) and (5.2).
We also write equations (5.5) and (5.8) in quaternion form:
1 1 . .
Co= (3 = o )rol—sti+ oK) + (ki + ) (311)
o 1
1 1 /s / /s /
Ci=/fmo( 5 — 3 |ro(—2o) + yok) +r1(—psj + pok), (5.12)
Tor 7o
or in another quaternion form,
. 1 1 .
Cozfm1< 3~ 3 > 0(—2013 + ¥ k) + ro(—psj + prk), (5.13)
T Tol
1 1 . .
C, = fmo<r3 - 3 >r0(—z6'13 + k) +r1(=pij + pok). (5.14)
01 0

As variables in the equations of bounded three-body problem (5.4)—(5.6) and (5.7)—(5.9) written in
nonholonomic coordinate trihedrons, we have the distances r¢ and r1 from point M to points My and M,
their derivatives 79 and 71 (the projections of velocity vectors vy and vy of point M in the coordinate
systems My XogYyZy and My X1Y1 77, respectively, on the directions of radius vectors ry and ry), the
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projections cop2, o3, and cy2, c¢13 of the vectors ¢y and ¢; of moments of the velocities vy and vy of
point M in the coordinate systems My XYy Zy and M7 X1Y7 Z1 with respect to points My and M7 on the
axes of the rotating coordinate systems My XY Z} and M; X{Y{Z], respectively, and the Rodrigues—
Hamilton parameters \g; and A, characterizing the orientation of the coordinate systems My XY Z)
and M, X1Y{Z} in the inertial coordinate system O&n¢.

As variables in quaternion equations (5.10)—(5.12) and (5.10), (5.13), (5.14) of the bounded three-
body problem, we have the quaternions Cy and C; of velocities moments and the quaternions Ag
and Ay characterizing the orientation of rotating coordinate systems My XYy Z; and M, X{Y{Z] in the
inertial coordinate system O&n(. It is necessary to supplement these quaternion equations with scalar
equations (5.4) and (5.7) for the distance r¢ and ;.

The Cartesian coordinates zg, yo, 20 and x1, y1, 21 of point M in the coordinate systems My XyYpZy
and M X,Y1Z; are determined in terms of the above-listed variables by formulas (4.7) and the projec-
tions w(,, and v}, of the velocity vectors v and vy of point M in the coordinates systems My XYy Zo
and M;X,1Y1Z; on the axes of the coordinate systems My XYy Z| and M;X|Y{Z], respectively, are
determined according to (4.8) and (5.1) by the formulas

vy =Ty, Vjg = : Ci3, Vg = — ! ¢z, 1=0,1,

which, in quaternion representation, have the form of relations (4.11) and the relations

1 1
V; = ’Ull-li + ’UZI-Qj + ’Ull-3k =7+ , ci3j — ' cok, 1=0,1. (5.15)

The projections wvgx and vy of the velocity vectors vy and vy of point M in the coordinate systems
My XogYogZy and My X1Y177 on the axes of the coordinate systems My XoYyZy and My X1Y7 77, respec-
tively, which coincide with their projections on the axes of the coordinate system, are determined by
quaternion formulas (4.16) and (5.15).

6. DIFFERENTIAL EQUATIONS FOR THE ANGULAR MOMENTA
IN THE BOUNDED THREE-BODY PROBLEM

We use the vector relations rg; = rg —ry, rig = r; —rg and vodrg/dt, vi = dry/dt to write the
differential equations of the perturbed bounded three-body problem (2.3), (2.4) in the form

dvo fmo fmq 1 1

= _ — 6.1
dt < T(?)) + 7"(?]’1 o + fml Tgl 7"8 r + P, ( )
dvy 1 1 fmi  fmg

= - — . 0.2
dt fm°<r8’1 > ( T )P (2

Taking the vector product from of equation (6.1) from the leit by r¢ and the vector product of equa-
tion (6.2) from the left by r1, we obtain differential equations for the vectors co=r¢ x vpandc; = r; x vy
of moments of the velocities vy and vy of point M in the coordinate systems My XYy Zy and M1 X1Y1 727
with respect to points My and M7y, which, respectively, have the form

d 1 1
< _ fm1< - >ro <11 470 X D, (6.3)
dt o1 T1
d 1 1
“1_ fm0< - >r1 X Trg+7r] XPp. (6.4)
dt o1 T1
From these equations, we derive the differential equations
d(mgcy + mqc 1 1
(mo Od 1€1) :fmom1< 3~ 3>r0><r1—|-(m0r0—|—m1r1)><p,
t rH 41

whose right-hand side does not contain a term with multiplier r;,%.
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We use the vector relations rg; = rg — r1 = —ryg and vg = drg/dt, vi = dry/dt to write equations
(2.3) and (2.4) in different form
dvo fmo  fmy 1 1
_ — 6.5
dt ( o )T Jm 33 TP (6:5)
dvi fmo  fmy 1 1
=— - ) 6.6
dt < rfi), + Tg r; + me Tgl 7’8 ro1 + p ( )

Taking the vector product from of equation (6.5) from the left by rg and the vector product of equation
(6.6) from the left by r1, we obtain different differential equations for the vectors ¢y and c¢; of moments of
the velocities v and vy of point M which have the form

dCQ 1 1
dt = fml < 7’% - rgl >I'0 X Tro1 +To X P, (67)
dCl 1 1
P fm0<7’8’1 — 7“8 >r1 X ro; + 11 X Pp. (6.8)

We write the vector differential equations (6.3) and (6.7) in the rotating coordinates system
My XY Z, and the vector differential equations (6.4) and (6.8) in the rotating coordinate sys-
tem M;X{Y{Z] passing in these equations from absolute to local (relative) derivatives. According
to (5.3), the coordinate system M;X!Y/Z! rotates with the absolute angular velocity w; collinear to
the vector of velocity moment ¢;: w; = ri_2cz-, 1 = 0,1. Therefore, the absolute and local derivatives of
the vector ¢; (the derivatives in the inertial and rotating coordinate systems M; XY/ Z!) coincide and
the above-listed differential equations in the rotating coordinate systems My XYy Z|, and M X{Y{Z]
become

. . . 1 1
oty y = 1 ) roxox (0 + 9436+ #42) + roxy X (it + i + pih)
01 1

1 1
= iy = ) romh x (o sy + 215) + 7o (15 + i + Hih)

1 To1
. ! . ! . ! 1 1 ! n_/ n_1 N _! ! /! /1_ 1 /)
¢11X(+¢12y 0+ 1120 = fmo 3 s 11X X (xoX] + Yoy + 2021) + Xy X (P{X] + poy + p327)
o1 "o

1 1 / " / Vi / " ! / /i /__! /!
= me(r?’ 3 )X X (201X1 + YY1 + 20121) + Xy X (P1X) + payy + p321),
01 0

where x{,, y(,, z(, and x}, y}, z} are unit vectors of the coordinates axes My X{), MoYy, MyZ], and M; X},
MyY/{, My Z}, respectively.

Passing to the scalar form, from these equations we obtain differential equations (5.5) and (5.8) for the
components ¢;;, of the vector ¢; (¢ =0, 1) of velocity moment in the rotating coordinate system M; XY} Z!
which, in quaternion representation, have the form of equations (5.11), (5.12) or (5.13), (5.14).

7. QUATERNION REGULARIZATION OF DIFFERENTIAL EQUATIONS
OF PERTURBED BOUNDED THREE-BODY PROBLEM

In quaternion equations (5.10), we pass from the Rodrigues—Hamiltonian parameters \;; (< = 0,1,
Jj =0,1,2,3) to the Kustaanheimo—Stiefel variables u;; [7] by the formulas [16, 17]

>\i0 = Tl-_l/zuio, )\ik = —T4_1/2’LLZ']<;, 1= 0, 1, k= 1, 2,3. (71)

7

In quaternion representation, formulas (7.1) become
A= Ti_l/2uz', 1=0,1; Ai = Xio — Al — Ao — Aisk, W = wio — wind — uj —usk. (7.2)
Substituting relations (7.2) into equations (5.10), we obtain
20, =7, '(7; —r; 'Cy)owy, i=0,1. (7.3)
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Differentiating the left- and right-hand sides of equations (7.3) with respect to time ¢, after transfor-
mations based on the initial equations (7.3), we obtain
2i; + 2r; ey — (7“ + Lptp2 ;r;?’cf)ui = —r2Cjou,,

7 21 ?

(7.4)

C? 20122"—6123, Z:O,l

In the first two terms in the left-hand side of equations (7.4), we pas from the independent variable ¢
to a new variable 7; by the formulas

d? d? dr; d
dt = tz d i = ._2 — ._3 ¢ . 75
e dt2 TZ dT z'2 TZ dT 3 dT 3 ( )
We obtain
d*u; W 1. .-1.2  1.-32 : )
2 dT2 _'ri<'r7;+ 2TZ- TZ' - 27’2- Ci)ui = —Cioui7 — 071 (76)

One can see that, the terms containing the first derivatives of the quaternion variable u; with respect
to the independent variable 7; are eliminated in this transition.

We substitute the expressions for the derivatives #; and C;, which follow from equations (5.4), (5.7)
and (5.13), (5.14), into equations (7.6) and obtain the equations

d2u0_ 1.2, 1,-22 —1
2 dr2 5T0 T 570 ¢5 — fmorg o
70
= ro[—fmarory® + fma(ry® = rg ) (@01 + 2013 — Youk) + (0 + p4j — pok) o wg,  (7.7)
d2u1 . _ _
2 g2 (%r%—i— %7“1 26% — fmary 1>u1
1

= ri[—fmoriry® + fmo(roy’ — g ®) (201 + 260 — yink) + (0 + psi — pik) our.  (7.8)
We introduce the notation (Kepler energies)

2 fmiri_l = %vf — fmiri_l, 1=0,1. (7.9)

* 1,2 1,-2
hi = 577+ 51 "¢

Moreover, we take into account the fact that, according to (4.15) and (4.12),

/ ! s ! . 2] !/ s ! . / /
Toy + 201 — Yok = —io (zo1i + ypij + 201k) = —io Rgy,  Rg; oug =g o Roy,
Vi /K Vi . I/ I/ " . " "
T + 201d — Yo k = —io (wgi +ypij + 2z01k) = —ioRg;, Rgpour =ug o Ry,

Pi +phj — pok = —io (pii+ poj +psk) = —ioP’, P'oug=ugoP,
Py + psj — phk = —io (pli+ phj + psk) = —io P, P"ou; =u;oP.
The equations (7.7) and (7.8) become

d*u 1, 1 B ) - -

dT2O o 5 houo = — 9 To{fmlTOrl 31]_0 +iougo [fml("f’l 3 7’013)R01 + P]}, (710)
0

d*u 1, 1 B ) - -

dr; — M == ridfmoriry up +ioug o [fmo(rg’ —75°)Ror + PJ}, (7.11)
i

where the quaternions Rg; and P are respectively defined by the second relation in (4.15) and the first
relation in (4.12):

Ro1 = zo1i + yoij + 201k, P = p1i+ poj + psk = p.i+p,j + p:k. (7.12)

The quantities hg and h] (Kepler energies) defined by (7.9) and contained in equations (7.10)
and (7.11) are related to total energies hg and h; of the motion of point M in the coordinate systems
My XoYoZy and My X1Y17, according to (3.1) by the relations

fma

=ho+ 1T, pr—py 4 IO (7.13)
™ To
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We consider the quantities h§ and h} as additional variables. We use relations (7.13) and differentiable
equations (3.2) and (3.3) to show that these variables satisfy the differential equations

dhj _ _ _
dto = —fmar(vo - o) + fma(ry® = o)) (vo - To1) + Vo - p, (7.14)
dhy _ _ _
dt1 = —fmory 3(V1 T1) + me(Tm3 —To 3)("1 “To1) + V1 P, (7.15)

where vy = dr/dt and vi = dry /dt are velocity vectors of motion of point M in the coordinate systems
My XogYoZy and My X1Y1 74, respectively.
We note that equations (7.14) and (7.15) contain the scalar products v; - r; = r;7; (i = 0, 1).
Passing in equations (7.14) and (7.15) to new independent variables 7y and 7, according to (7.5), we
obtain the equations

dhs -3 dI‘o -3 -3 dI'o dI‘O

= _ — . . 7.16
7 Jmar{ ro dro + fma(ry Tor ) dr rop | + dro p, ( )
dhf{ _3 dI‘1 -3 -3 dI'1 dr1

_ _ . p. 7.17
dm Jmory dry + fmo(rey” — 7o) dr, roi | + dr, p ( )

In equations (7.10), (7.11) and (7.16), (7.17), we have

_ .2 2 2 2 2 _ 2 2 2
Ti = Ujo + Usp + Ujp + Ui, Tor = Tor + Yo1 T+ 2015

d’l"i d’LLZ'() duﬂ duig duig
= 2{ u; + u; + + :
dTZ‘ <Uz0 dTZ‘ tit dTZ‘ Y2 dTZ' Yis dTZ'
dri 9 d’u,io 4 duil duig d’u,ig
*To1 = 2% U; U; — U; — U;
dTi 01 01 10 dTi il dTi i2 dTi i3 dTZ' (718)
du;y duo dug du;s
2 . . —ay- oy
+ 2y01 <uz2 dr; + ui1 dr; Ui3 dr; i0 dr;
du; du; du; du; .
2201 (wis o Hua A, Hug ), i=0,1.
dr, i dr, 3 dr, 3 dr, 7

The scalar product (dr;/dr;) - p has the form of the third relation in (7.18), where, instead of z¢1, yo1,
and zg1, one can take p1, po, and p3, respectively.
Differential equations (7.10), (7.16) supplemented with the differential equations

dt dT]_ —1
= = 7.19
dmo ro, dmo rory ( )
and the relations
2 2 2 2 2 Y Ry 2 790
To = Uy + upy +uge +ugz, 11 = (o1 — o) + (Yo1 — vo)” + (201 — 20)°, (7.20)
xo = Uy + udy —udy —uds, Yo = 2(uoruoz — uoouos), 20 = 2(uo1uos + UgoUoz) (7.21)

form the system of differential equations of motion of point M which are regular near point M. They are
a system of nonlinear nonstationary eleventh-order differential equations for the Kustaanheimo—Stiefel
variables ug; (j = 0, 1,2, 3), their first derivatives dug;/dro, the energy variable hf, the time ¢, and the
variable 7.

Form; = 0, equations (7.10) and (7.16) and the first equation in (7.19) imply the quaternion regular
equations of perturbed spatial problem of two bodies M and My, one of which (M) has a negligibly small
mass. These equations coincide with the well-known quaternion regular equations (1.9) of perturbed
spatial two-body problem.

Differential equations (7.11), (7.16) supplemented with the differential equations

dt dTO —1
=T =Trr
’ dT1 0

7.22
dT1 ( )

and the relations
= U%o +uiy +ufs + U%?,a 7“(2) = (w01 — 21)* + (yo1 — ¥1)* + (201 — 21)%, (7.23)

MECHANICS OF SOLIDS  Vol.52 No.6 2017



QUATERNION REGULARIZATION 635

2 2 2 2
1 = ufy+ui; —ufs —uis, Y1 =2(uriuiz —uouiz), 21 = 2(u11u13 + uipU12) (7.24)

form the system of differential equations of motion of point M which are regular near point M. They are
a system of nonlinear nonstationary eleventh-order differential equations for the Kustaanheimo—Stiefel
variables uy; (j = 0, 1,2, 3), their first derivatives du;;/dr, the energy variable h}, the time ¢, and the
variable 7.

For mg = 0, equations (7.11) and (7.17) and the first equation in (7.22) imply the quaternion
regular equations of perturbed spatial problem of two bodies M and My, one of which (M) has a
negligibly small mass. These equations coincide with the well-known quaternion regular equations (1.9)
of perturbed spatial two-body problem. These equations coincide with the well-known quaternion
regular equations (1.9) of perturbed spatial two-body problem.

The obtained systems of differential equations of perturbed spatial bounded three-body problem
permit developing regular analytical and numerical methods for studying the motion of a body of
negligibly small mass near two other bodies of finite masses and also permit constructing a regular
algorithm for integrating these equations, were equations (7.10), (7.16), (7.19)—(7.21) of this problem
supplemented with relations (7.18) (for i« = 0) are used to study the motion of point M near point My
(when the distances ro and 7 satisly the inequality mir¢ < mor?) and equations (7.11), (7.17),
(7.22)—(7.24) of this problem supplemented with relations (7.18) (for i = 0) are used to study the motion
of point M near point M; (the distances 71 and rq satisfy the inequality mor? < mqrd).

Remark 1. The above-described algorithm for integration of the constructed regular equations of
bounded three-body problem is based on the assumption that the projections xg1, yo1, 201 of the
vector rg; on the axis of the inertial coordinate system (coordinates of point Mj in the coordinate sys-
tem My XoYpZp) contained in this algorithm are true functions of the time ¢. This, in particular, holds for
the bounded circular three-body problem. In the general case, to determine the projections xo1, yo1, 201,
it is necessary to supplement the systems of differential equations (7.10), (7.16) and (7.11), (7.17) with
the vector differential equation (2.5) where we first pass to the new independent variable 79 or 7 by
formulas (7.5).

To use the above-constructed regular differential equations of perturbed spatial bounded three-
body problem, it is necessary to determine their initial conditions of integration, i.e., it is necessary
to determine the initial values of Kustaanheimo—Stiefel variables w;; (7 = 0,1,2,3) and their first
derivative du;;/dr in terms of the given initial values of Cartesian coordinates x;, y;, 2 of point M
in the coordinate system M;X;Y;Z; and the initial value of the projections &;, ¢;, 2; of the velocity
vector v; of motion of point M in the coordinate system M; X;Y;Z; on the axes of this coordinate system.
The nonunique algorithms for solving this problem (problem with initial conditions) were proposed
in [7, 16]. Let us consider a unique algorithm for solving the problem with initial conditions which is
proposed by the author of this paper in [22] (also see [13—15]). This algorithm is formed by the relations
(wherei =0,1)

Ciz = YiZi — Zil¥i, Ciy = ZiTi — TiZi, Ciz = Tl — Yils, (7.25)
r = (x? +y? + 222)1/2, ci = (3, + cgy + 6222)1/27 (7.26)
¥ = V;1i + Vioj + Visk = (ricip — cizi) e + Ciy + (ciz — c)K][(x; — ri)i+yij + zk], (7.27)
(
(

Xio= 1+ Np =N, k=1,2,3, 0] =0} + 0% + 0, 7.28)
Ujo = TZ-1/2>\i0, Uik = _7“1'1/2>\ik:7 k=123, 7.29)
dui 1 . . .

dr: = — 9 1o0u; o (191'11 + Pi0j + ’lgzgk) (730)

Relations (7.25) are used to determine the projections c;., ¢y, ci- of vector of velocity moment c;
of point M on the axes of the coordinate system M;X;Y;Z;, relations (7.26) are used to determine
the moduli of the radius vector r; of point M and the vector of velocity moment ¢; of this point,
relations (7.27) are used to determine the vector of finite rotation 9; of the coordinate system M; XY} Z!
with respect to the coordinate system M;X;Y;Z; (in this case, the condition r;c;,, — ¢;z; # 0 must be
satisfied), relations (7.28) are used to determine the Rodrigues—Hamilton parameters A;; characterizing
the orientation of the coordinate system M;X[Y/Z! in the coordinate system M;X;Y;Z;, and finally,
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relations (7.29) and (7.30) are used to determine the sought variables: the Kustaanheimo—Stiefel
variables u;; (j = 0, 1,2, 3) and their first derivatives du;; /dr;.

The radius vector r; characterizing the position of point M in the coordinate system M; X;Y;Z;, its
modulus, and the velocity vector v; of motion of point M in this coordinate system are determined in
terms of the variables u; and du; /dr; according to the quaternion formulas [17] (also see [13—15]):

R, = zi+yj+zk=t0iow, 7=u00="uny+ul+us+us i=01, (7.31)
d;:i — 2@, 00 d;i =2 i 0io0 Z‘; i=0,1. (7.32)
In scalar form, (7.31) and (7.32) become

2 2 2 2 ,
T = Wi+ uj — Uy — Uiz, Y = 2w — wioti3),  z = 2(uiiwiz + wiougp), @=0,1,

Vi =wvpi+vpj+vgk=

e . . . . . -1 duio duil duig d’u,ig
Vi1 = & = 2(uiolio + U1l — Uitz — Uigli3) = 21, | Uso + U1 — U2 — U3 ;
L dTi dTi dTZ' dTZ' ]
L . . . v o1 dui duiz duo dus
Vio = Ui = 2(Uitin + win iz — w0 — Uiotiz) = 2r;  |Ui2 + U4 — U3 — Uj0 )
L dTZ' dTZ‘ dTZ‘ dTZ‘ ]
du; du; du; du;o |
. . . . . 1 il 13 20 72
Vi3 = £ = 2(uigti1 + w3 + wiatiio + wioti2) = 2r; | U3 + ug + Uso + 40 :
L dTZ' dTZ‘ dTZ‘ dTZ'

These formulas permit determining the Cartesian coordinates x;, y;, z; of point M in the coordinate
system M; X;Y;Z; and the projections of the velocity of point M in the coordinate system M; X;Y;Z; on
the axes of this coordinate system in terms of the variables w;; and their derivatives 4;; or du;;/dr;.

8. DIFFERENTIAL QUATERNION REGULAR EQUATIONS OF PERTURBED
SPATIAL BOUNDED THREE-BODY PROBLEM WITH THE TOTAL ENERGY
OR JACOBI VARIABLE USED AS AN ADDITIONAL VARIABLE

As additional variables, we introduce the total energies hy and hy of motion of point M in the
respective coordinate systems MyXgYyZy and M7 X,Y7 7, into the equations of bounded three-body
problem. For this, we substitute expressions (7.13) into equations (7.10) and (7.11) and supplement the
obtained equations with differential equations (3.2) and (3.3) for the energies hy and hy (after passing
in these equations to new independent variables 7y and 7 by formulas (7.5)). We obtain the following
differential equations of perturbed spatial bounded three-body problem:

d*u 1 1 _ _ 1, _ _
d7'20 o houg = 5 fmary ta - ’r'(2)7“1 Hyug — o Toio g0 [fma(r] 3 7“013)R01 + PJ, (8.1)
0
dh _ dr dr _of dr dr
dTO :fm1r13<r01d01 - d01 'I'0>—fm17‘013<d0 'r01>+d0'P7
0 70 T0 T0 T0 (8.2)
dho _ fm r T_3 r dTQl _ dI‘Ql r _ fm T_3 dI‘Q r 4 dro ]
dro o\t gy T O Yor\ gry "YU gy P
d*u 1 1 _ _ 1, _ _
d7'21 o hiu; = 5 fmor, 1(1 — r%ro 2)u1 - ymioupo [fmo(rof’ -7 3)R01 + PJ, (8.3)
1
dh _ dr dr _of dr dr
dTl me0T03<7’01 d01 + d01 -r1>+fmo7‘013<d1 'P01>+d1 b,
1 T1 Tl Tl Tl (8.4)
dhl . -3 dTQl dI‘Ql -3 dI‘l dI‘l ’
i fmorirg <r01 gt + gt r1> + fmory, dr ro1 | + dr, p.

Equations (8.1), (8.2) (the first or the second equation) supplemented with equations (7.19)—(7.21)
and equations (8.3), (8.4) (the first or the second equation) supplemented with equations (7.22)—(7.24)
are a different form of regular equations of perturbed spatial bounded three-body problem, where the
total energies hg and h; are used as additional variables. These equations can be used to study the
motion of point M near point My or near point M7 by the same methodology as equations (7.10), (7.16),
(7.19)—(7.21) or (7.11),(7.17),(7.22)—(7.24) containing the energies h§ and hj.
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By setting m; = 0 in equations (8.1), (8.2) (the first or the the second equation) and my = 0 in
equations (8.3), (8.4) (the first or the second equation), from these equations we obtain the quaternion
regular equations of perturbed spatial two-body problem (bodies M and My or M and M;) one of
which (M) has a negligibly small mass. These equations coincide with the known quaternion regular
equations (1.9) of perturbed spatial two-body problem, because the energies hy and hy coincide in this
case with the Kepler energies h(y and hJ.

Remark 2. The use of the above-described regular equations of bounded three-body problem is based
on the assumption that the projections xo1, yo1, 201 of the vector ro; on the axes of inertial coordinate
system (coordinates of point M; in the coordinate system MyXyYyZy) and their first derivatives
%01, Yo1, 201 With respect to time ¢, contained in these equations, are known functions of time ¢. In
particular, this holds for the bounded circular three-body problem. In the general case, to determine the
projections xo1, Yo1, 201 and their first derivatives with respect to the independent variable g or 7, it is
necessary additionally to supplement systems of differential equations (8.1), (8.2) and (8.3), (8.4) with
the vector differential equation (2.5) after passing in it to the new independent variables 7y and 7 by
formulas (7.5).

In the case of perturbed spatial circular bounded three-body problem, it is expedient to replace the
energies hg and hy of motion of point M in the coordinate systems My XYy Zy and My X1Y1Z1, which
are used in regular equations of motion as additional variables, by the variables Hy and H; determined
by relations (3.15) and (3.16). These variables satisfy differential equations (3.13), (3.14) and are the
Jacobi constants of motion of the unperturbed spatial bounded circular three-body problem. Then
equations (8.1), (8.2) and (8.3), (8.4) become

d2u0 1 1 . .
2 9 [Ho — fmargy (ro - ro1) — n(yoto — Todo)|uo
0
1 1 _ _
=, fmary Y = rgryHug — o Toioug o [fma(r® — 7o) Ro1 + P, (8.5)
dH dr
dr = P T0(oPs — Topy), (8.6)
d*u 1 _ . .
d7'21 —y [Hy — fmorg;' (r1 - T10) — n(y1d1 — 2191)]w
0
1 _ _ 1 . _ _
=, fmorg t(1 — T%T’O Huy — nriiouro [fmo(r013 -7 HRoy + PJ, (8.7)
dH dr
dr = an PR = 1y, (8.:8)
ro - ro1 = alcos(nt)xy + sin(nt)yg], 11 -r10 = —afcos(nt)ry + sin(nt)yy],

2 2 2 2 .
Ti = Ujp + Ujp — Ujo — Uiz,  Yi = 2(%‘1%‘2 - Uz’OUiS)a 1=0,1,
d’u,io duil duig duig >
)

— U9 _|_u,1 — U0
dTZ' ' ' ! dTi

— (yits — 20;) = Cir = 2(%’3 dr, dr,

the quaternions Ry and P are determined by relations (7.12), and the distance is 791 = 19 = @ = const.

This, in the case where the distances rg and r; satisfy the inequality mlrg < mor%, the regu-

lar equations of perturbed spatial bounded circular three-body problem have the form of equations
(8.5),(8.6), (7.19) supplemented with relations (7.20), (7.21), (8.9) (fori = 0), and in the case where the
distances r1 and rq satisfy the inequality mor? < m172, they have the form of equations (8.7), (8.8), (7.22)
supplemented with relations (7.23), (7.24), (8.9) (fori = 1).

For the unperturbed spatial bounded circular three-body problem, when the perturbing acceleration
p = 0 and the quaternion P = 0, these equations become significantly simpler. Equations (8.6), (8.8)
imply the Jacobi integrals H; = H;p = const, i = 0,1, and hence these equations are eliminated
from the set of systems of regular equations, Moreover, in equations (8.5) and (8.7), it is necessary
to set Hy = Hyg = const and Hy = Hyg = const, respectively.
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