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Abstract—The constitutive equations of nonlinear mechanics of a prestressed electrothermoelastic
continuum are linearized in the framework of the theory of small strains imposed on finite strains.
Simple and convenient-to-operate formulas of linearized constitutive equations and equations of
motion of the medium are obtained. A model of electrothermoelastic half-space with inhomogeneous
coating, which is a structure of functionally graded layers, is proposed. It is assumed that each of the
medium components is under the action of initial mechanical strains and initial temperature, and
the materials of the medium components are orthotropic pyroelectric materials of hexagonal crystal
system of class 6 mm. The integral representation of the medium wave field is constructed by a hybrid
numerical-analytical method based on a combination of analytical solutions and numerical schemes
used to reconstruct the Green function for the inhomogeneous components of the coating and the
matrix approach used to satisfy the boundary conditions.
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INTRODUCTION

For the mass usage of contemporary artificial inhomogeneous materials in spacecraft and aircraft
construction, in production of high-technological equipment, and electronics, it is required to investigate
their physical, technological, and strength characteristics depending on the regimes and conditions
of their operation, which stimulated extensive experimental, fundamental and applied studies of the
problem. For example, the appearance of first models of functionally graded materials (FGM), i.e., of
materials whose properties vary continuously in a certain way, was first related to studies in seismology,
foundation engineering, and geophysics [1—6]. The further development of structure modeling by
using FGM components was first related to vigorous development of electronics and the possibility
of increasing the efficiency of device operation based on the use of surface acoustic waves (Gulyaev—
Bluestein waves, Rayleigh waves). Another direction in this field is related to the wide usage of synthetic
materials (metal ceramics, bi- and multimaterials, various composites) in machine engineering and
aircraft and spacecraft manufacturing. The problem complexity is that, for functionally graded materials
or structures with functionally graded coating, it is impossible solve the dynamic problems analytically.
The compromise assumption that all properties of the material vary at the same rate according to
the same law of variation in the single spatial variable is often used in the literature [7—10]. The
functionally graded material is modeled by various approaches from separation into layered elements
where the material properties are linear [7] or quadratic functions of thickness to the methods where the
functional dependence is represented either as an expansion in power series [8] or as easily differentiable
exponential [9, 10], sinusoidal, hyperbolic, and quadratic functions or polynomials [10]. In these models,
the properties of either one “supporting” material or of two materials are considered. In [11, 12], the
model deals with a bi-material whose properties vary in depth from the values for one material to the
values for the second material depending on the value, volume, and localization of the fractions of one
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material in the other material. The assumption that all properties of the material vary in the same way
permits obtaining an analytical solution, which is undoubtedly important for estimating the results of
complicated numerical or numerical-analytical modeling, but it can efficient be used to investigate the
inhomogeneity of the material properties only in some specific cases.

The relationship between thermal, electric, and elastic fields in contemporary artificial high-
technological materials ensures a mechanism for determining the thermomechanical perturbations
depending on the character of the external load and on the method for the material manufacturing,
i.e., on the initial mechanical stresses, induced electric potentials, temperature regimes, etc.

One of the first works, where the constitutive relations and the equations of motion of thermoelectric
crystals and plates were obtained, the main theorems were formulated, and the physical laws of
thermoelectric materials were studied are [13, 14]. On the basis of Mindlin’s theory of thermopiezoelec-
tricity, under the assumption that the thermal perturbations propagate at a finite speed, a generalized
linear thermoelastic theory of piezoelectric media was constructed. When solving the dynamic coupled
problems of generalized theory of electrothermoelasticity, the specific characteristics of surface wave
propagation in semibounded electrothermoelastic media were studied in [15—20], where the pyroelectric
materials of hexagonal crystal system of symmetry class 6 mm but the initial stresses were neglected.
The influence of initial mechanical and temperature actions on the dynamics of a homogeneous layer of
an anisotropic thermoelastic material was investigated in[21, 22]. The three-dimensional Green function
of the medium was constructed [21], and the influence of the initial stresses on its dispersion properties
was analyzed. The mixed problem of a layer vibrations under the action of a thermal load was solved [22],
and the specific features of the thermal flow distribution in the region of contact depending on the
character, type, and value of the initial actions were discovered. In [23], in the Lagrange coordinates
related to the body natural configuration, the constitutive relations and the equations of motion of
nonlinear mechanics of electrothermoelastic medium were successively linearized in the absence of
external fields. In the process of linearization, the fourth-order terms with respect to strains and the
second-order terms with respect to the temperature deviation were preserved in the expansion of the
thermodynamic potential. Such an approach is justified when the influence of various types of the initial
stress state on the dynamics of homogeneous electrothermoelastic materials is investigated, because,
along with the linearized equations of motion and the constitutive relations determining the law of state
of the medium, it is also necessary to consider the nonlinear effects due to the action of mechanical
strains and temperatures. But when the specific features of behavior of compound structures and media
with inhomogeneous coating are investigated, the higher-order constants taken into account complicate
the problem significantly. In the present paper, we linearize the thermodynamic potential and preserve
the second-order terms with respect to strains, electric field, and temperature deviations. We obtain
simpler and more convenient formulas of linearized constitutive relations and equations of motion of the
medium. To construct the Green matrix-function of the prestressed electrothermoelastic half-space with
functionally graded coating, we use the hybrid numerical-analytical method, earlier proposed in [24, 25],
which is based on a combination of analytical solutions for the homogeneous components of the coating
with numerical schemes of reconstructing the Green function for the inhomogeneous components
and the matrix approach used to satisfy the boundary conditions. By using the Fourier transform,
we reduce solving systems of linearized equations of motion, i.e., systems of second-order partial
differential equations with constant and variable coefficients, to solving systems of first-order ordinary
differential equations with boundary and initial-boundary conditions with respect to the components of
the displacement vector and normal components of the stress vector. The solution of a system of first-
order ordinary differential equations is constructed numerically. Such an approach to modeling media
with complex inhomogeneous coating allows us to use the distinctions between the initial stress states
of the coating elements, and in functional dependence, between the intensity and localization domains
of variations in their physical properties, as well as the distinctions between the conditions arising on the
interfaces between the medium components.

1. STATEMENT OF THE PROBLEM OF NONLINEAR VIBRATIONS
OF AN ELECTROTHERMOELASTIC MEDIUM

We consider an orthonormal Cartesian vector bases ij, io, i3 and the reference v and actual V'
configurations before and after the action of surface and mass forces, respectively. The position of a
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material point in these configurations is determined by the radius vectors r = z3i; and R = Xji, and
the nabla operator representation has the form

0 .0
b V=imgy (1.1)

The parameters determining the state of piezoactive medium are the electric potential ¢ and the
vectors of the electric field intensity in the actual configuration

E=-Vy, W=-Vgop. (1.2)

The medium strain is characterized by the strain gradient, the Cauchy—Green strain measure, and
the Cauchy—Green strain tensor (I is the unit tensor),

Vo=in

C=VyR, G=cC-CT, S:;(G—I). (1.3)

The thermomechanical properties of the medium depend on the temperature 6 and, in the reference
configuration, are described by the Piola stress tensor IT and the specific entropy #:

N=P-C, P=xs, (1.4)
n=—Xo- (1.5)

Representation (1.4) contains the Kirchhoff tensor P. The electrical properties of the medium in the
reference configuration are described by the polarization vector

= —XW, (1.6)

by the material form of the vector of electric induction (eq is the dielectric permeability of a vacuum and
J is the metric multiplier)

d=¢JC T E - xw, (1.7)

and by the electric Piola—Maxwell tensor (I is the unit tensor)
m=¢,JC T .35, (1.8)
E=EE- JE-EL (1.9)

The thermal processes are described by the temperature gradient g and the heat flux vector h defined in
the reference configuration metric:

g = Vb, (1.10)
h=-\-g (1.11)

Here A(C,0,g) is the tensor of coefficients of thermal conductivity. In the case of material of class
6 mm of hexagonal crystal system, this tensor is diagonal, i.e., A = || As|I2_;, A1 = Aoz # Az3. The
tensor xs the vector xw, and the scalar quantity yg which participate in representations (1.4)—(1.6) are
the derivatives of the thermodynamic potential x = x(S, W, #) which is a scalar function determining
the energy accumulated in the deformation of a thermoelastic body [26—28].

Boundary Value Problem of Vibrations of Electrothermoelastic Medium in the Reference Configuration

We consider the problem of vibrations of an electrothermoelastic medium occupying a volume V
bounded by the surface 0 = 01 + 02 = 03 4+ 04 = 05 + 05. We assume that the displacement vector u* is
given on the surface part o; and the mechanical stresses f* are given on the other part o2. The electric
potential ¢* is given on the metallic part of the surface o3 and the charge distribution ¢g* is given on
the surface part o4 which can also be partially metallized. The temperature distribution 6* is given on
the surface part o5 and the heat flux A* is given on the remaining part of the surface og. The boundary
value problem of vibrations of the prestresses thermoelasic medium in the coordinates of the reference
configuration is described by the equation of motion

Vo (IT+m) = pyi, (1.12)
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the equation of forced electrostatics
Vo-d=0, (1.13)
the heat conduction equation
Vo-h—por+6n=0, (1.14)
and the boundary conditions

=u*, n-l'[‘oz:f*, g0|03:g0*, n-d‘04:—g*, = 6", n-h‘%:—h*. (1.15)

‘01 |O5

Equations (1.12) and (1.14) involve the undeformed body density po and the intensity r of the bulk
heat sources.

2. LINEARIZATION OF THE INITIAL STRESS STATE
OF AN ELECTROTHERMOELASTIC BODY

We assume that there is a certain initial equilibrium of the electrothermoelastic body determined by
the parameters

R=R(r). ¢=cvor), 0=T). (2.1)
The stress state of the body is described by the system of equations
Vo'(Ho—Fmo) :0, Vo'do :0, Vo'ho =0. (22)

We assume that, under the action of surface and mass forces, this configuration experiences small
mechanical eu, electrical ep, and thermal €6 perturbations, where ¢ is a small parameter. The perturbed
state characteristics are denoted by the index x*:

R*=R+eu, w'=w+eu, ¢ =¢py+ep, 60=T +¢T. (2.3)
Following [27], we write the tensor and vector quantities in the perturbed state as
I = I + eII® 4+ o(e?), m* =mg+em® +o(e?), 7% =n9 +en® + o(e?),
d* =dg+ed® +o(c?), h* =hg+ch® +o(c?),

where IT®, m*®, n°, d°®, and h*® are the convective derivatives of the corresponding functions defined by
the formula

(2.4)

d
f*= " f(R+4cu,po+ep, 1 +cT) . (2.5)
de e=0

The parameters (2.4) determining the perturbed state of the body (2.3) must satisfy Eqgs. (1.12)—
(1.14):

Vo (IT* + m*) = pow6x, Vo-d*=0, Vg -h*+6%3* =0. (2.6)

We introduce representations (2.4) into the system of Egs. (2.6) and take (2.2) into account. We
preserve only the terms linear in € and obtain the linearized equations of motion, electrostatics, and heat
conduction

Vo (II* + m®) = poit, Vo-d® =0, Vo-h®+Ti57°=0. (2.7)

We use the differentiation rules [27] with regard to representations (1.4)—(1.11) and formula (2.5) for the
quantities participating in Egs. (2.7) and obtain

II*=P*. C+P-vu, m®=(JCT) M+JCT M,

d* =co(JC ) -E+5JC T -E*+7°, (2.8)
oh oh oh oh

h.: [ ] ‘W. [ ] . [ ]
s °5 Tt aw g T g 8

e On e On o« O .

=95 S aw Wt 9%
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opP opP opP

P = S oS +8W -W*® + 899’ M*® = goE°E + ¢oEE® — 5o(E - E*)I,
. . Om o Om . Om
E*=-Vu-E-Vp, =« _8SOS +8W-W—|—899. (2.9)

The symbol “o” denotes the operation of complete multiplication [27]. The function x = x(S, W, 0)
determines the energy accumulated in the deformation of electrothermoelastic body. The constitutive
relations are constructed under the assumption that the state with parameters

S=0, W=0, 0=T (2.10)

is the state with minimal free energy. In the expansion of the function x = x(S, W,0) near the
state (2.10), we preserve only the second-order terms with respect to strain, electric field, and the
temperature deviation and obtain the thermodynamic potential representation [28]

X = ;4CW ~.8-S—-3% - W.S— ;cgpm?TO—l -2Q--St—'p-wr. (2.11)
Here 4CW is the tensor of rank IV of elastic constants of order II characterizing the linear strain at a
constant temperature and a constant electric field, 23 is the symmetric tensor of rank II of dielectric
susceptibility constants defined for constant temperature and strain, and for a material of class 6 mm of
hexagonal crystal system, this tensor is diagonal [29]: 28 = ||Bi|l3_;, B11 = P22 # Bs3. In the linear
approximation, its components are related to the components of the tensor of dielectric permeability 2e
by the relations e, = €00kn + Brn; € is the tensor of rank III of piezoelectric constants related to
electroacoustic effects; 2Q is the tensor coefficient of thermoelasticity, and for a material of class 6 mm
of hexagonal crystal system [29], this tensor has the form 2Q = ||q2-2-||§’:1, 11 = @22 # q33; 'p is the
pyroelectric vector, C. is the specific heat capacity, pg is the material density, and 7 = 8 — Ty is the
temperature perturbation. The tensor constant of the thermodynamic potential are determined by the
formulas

1C = Cijpdiljiry, e =eypiiisin, 28 = Biyid;, Q= Quid;, A= Njii;, p=pii. (2.12)
Introducing (2.11) into expressions (1.4), (1.5), (1.7), and (1.9), we obtain
P=4CWVW.S-3% - W-2Qr, m=3%-S+28-W+!lpr,

(2.13)
n=CeporTy ' +2Q-S+'p-W.
The derivatives contained in formulas (2.8) and (2.9) have the form
P, w op 4 opP
s = C aw T T a0 @ ©.14)
87r_3e on 23 or on  Ccpo '
os = ow -~ 7 a0 =P T 1

Substituting expressions (2.13) and (2.14) into formulas (2.8) with regard to expressions (2.9) and
(1.6)—(1.11), we obtain

II* = (*CW o8 +3%-Vyp—2QT) - C+P-Vou,
m® =g JC T [((V-uwI-Vul) E+E°,
d* =5 JCT[(V-u)I-Vul) -E—-Vu-E - Vy| +7°, (2.15)
w® =3%e08* —?3-Vop+ 'pT, h®= -\ VT,
n*=2QoS* —'p-Vop+ CepoTTy "
Here we used the following differentiation formulas [27]:
(JehHe=JgCc . (V-wI-vul), v=C.v,,

on 0 ox __8P o 1 T T
as‘as(‘ae)‘ gg> S = o (Vou €+ C-Voul,
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J*=JV-u, C*=Vou, (CH)*=-Vu-C
(CchHe=—c T .vul, W*=-Vyp, 6°=T, g°*=V,T.
Further, we introduce the notation
O=II'+m*, A=d*, H=h* ov=n°.
In this notation, the linearized equations of motion, electrostatics, and heat conduction (2.7), which
describe the dynamics of prestressed electrothermoelastic body, become
Vo-®=poi, Vo-A=0, Vo-H+Tpo=0. (2.16)

Equations (2.16) were constructed in general form with respect to the initial stress state. In what
follows, we specily it and consider the homogeneous initial stress state.

Homogeneous Initial Stress State

We assume that the initial stress state (2.1) in an electrothermoelastic medium is homogeneous and
determined by the conditions

R=A-r, A=ouvigy, 0=T. (2.17)

In condition (2.17), vy = 1+ &, where 0, (k = 1,2, 3) are relative elongations of the fibers directed
along the coordinate axes xj, coinciding in the natural configuration with the Cartesian coordinates. We
also assume that the external electrostatic field is absent, and the electric field intensity in the material
is small and appears exceptionally due to the piezo- or pyroeffect. In this case, the terms which contain
the vector E as a multiplier can be neglected in formulas (2.15). With regard to formulas (1.1)—(1.3),
representations (2.11), (2.12), (2.17), and notation (2.16), the stress tensor, the induction and heat flux
vectors, which participate in linearized equations (2.16), can be written in component form

X s o * e Ko

Ouy, Op ou;

I = ( Gy ij — gy |vj + B : 2.18

i <C JklVEk aIL’l +e jk 8$k qij >v] + Fik aIL’k ( )
di = e;jrviujp — (Bi + EOJU;2)¢,¢ +p;T, (2.19)
hi = =XiT,, (2.20)

ou; Oy _1

* — g — _poTT 2.21

=it paxzﬁGCo 0 (2.21)

[t follows from (2.17) that the tensors determining the initial stress state are diagonal:
C = vpikiy, S=Skikiy, Sk=3p—1), P =P
[f we introduce the notation
Ciitt = Cijravkvy + Padjk,  €p = €ijkvy, @ = €ijvy, B = Bi + g0 Jv; 2, (2.22)
then representations (2.18) and (2.19) become

oug, Oy

I = Cij oz, + €k D — a7, (2.23)
Ou; Op
i €ijk 8$kz ﬁzz 8902 +p ( )

With representations (2.23), (2.24), (2.20), and (2.21) taken into account, Egs. (2.7) in component form
become

0 . Oug . Oy N B 0%u; o
8$i < igkl aﬂfl + eijk’ axk qZ]T> = Po o2 J = 17 2737
0 Ou, Oy

* — 3% 4 = 2.2
8$i <emk 8$k Bu 8% +pZT> 07 ( 5)
o (. or L0 (O 0 (09 . Copo OT
ox; <A“ ox; > Tt o (axi > i 5, (axi > oy o =0
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Equations (2.25) describe the vibrations of a prestressed electrothermoelastic medium and permit
studying the influence of initial stresses on the dynamic processes in this medium under the conditions
of coupled elastic, electric, and thermal fields.

3. DYNAMIC PROBLEM FOR A LAMINAR INHOMOGENEOUS PRESTRESSED
ELECTROTHERMOELASTIC HALF-SPACE

As an example, we consider harmonic vibrations of na inhomogeneous prestressed medium consist-
ing of a package N = M — 1 of inhomogeneous layers 0 < z3 < H, H = h; > he > ... > hy; =0,
|x1, 22| < oo, lying on an inhomogeneous half-space x3 < 0, |1, 22| < co. We assume that the half-
space and all its structure elements are pyroelectrics of class 6 mm of hexagonal crystal system. The
initial stress state of the medium components is homogeneous and determined by conditions (2.17); the
external electric field is absent.

The linearized equations for the compound electrothermoelastic medium have the form

Vo0 = p(”)ﬁ(”)7 Vo-AMW =0, v, -H™ + Tof](”) —0. (3.1)
The boundary conditions (1.15) in the linearized form are represented by the expressions
uV :u*‘ol, n-eW :f*|02,
M =¢*), m-AlD =g | (3.2)
oM =67, n-HY =—p"|

06

Here ©™ A H® and n(™ are the linearized stress tensor and the vectors of electric induction,
heat flux, and entropy of the layer with number n (n = 1,...,N, N = M — 1) or of the half-space
(n = M) defined by formulas (2.20), (2.21), (2.23), and (2.24). The quantities u*, f*, and n contained
in conditions (3.2) are the respective vectors of displacements, stresses, and the outer normal to the
medium surface, which are defined in natural coordinates, p(”) is the material density, 6™ is the
temperature distribution in the layer with number n, and d*, ¢*, h*, and T* are the charge density
distribution and the electric potentia, the heat flux and the temperature on the medium interface.

We assume that all parameters of the functionally graded components of the coating obey the law

P = i) FI(@s), i = i f (), el = el F (), el = et £ (),

o = g™ F (), " = p) ™ F D (), A = AN M (@), el = Q) £ (),

where the index “0” denotes the constants of some “reference” material.
Under the above assumptions, with representations (2.20)—(2.24) taken into account, the compo-

nents of the tensor @™ vectors A and H™, and the scalar quantity (™ are determined by the
formulas (differentiation with respect to coordinates is denoted by indices after the comma)

Ol = il + e o — T, dfY = epemul + i o)+ pV T

(3.3)

mee me T (34)
B = AT, ) = g — )y e g,
) = S D, ) = A = 35

EZD( n) 50y§ )Uén)y?(,n)(ul(n))_%lp + ﬁlp .

In the framework of the homogeneous initial stress state (2.17), the components of the tensor P(n)
contained in representation (3.5) determine the initial stress states of the medium component Wlth
number n:

pm _ 0

1 = ) S = elw — (Y — Ty)g!. (3.6)

ijk

The initial stress state of the thermoelectroelastic medium determines the vector of electric induction
which can be represented in material form as

d = el S + ot () 2o + BIDWED + V(0" —Ty), k=1,2,3. (37)
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[t follows from conditions (2.7) that the components P,EZ)

absence of the initial electrostatic action d™ = 0 (3.7) implies the condition Wl(") = WQ(") = 0 for the
materials of the initial symmetry class 6 mm. Thus, to determine the initial stress state parameters of the
nth component of the medium, we have four equations connecting three components of the stress tensor,
three components of the strain tensor, one component of the electric field intensity, and one component
of the electric induction vector.

in formulas (3.6) are different from zero. The

In what follows, we introduce the extended vectors of displacement u = {u&"), ué"), u:()) ), ufl") , ué")}

(u{” =™ " =Ty and of load £., = {f1, fa, f3, f4. f5} (fs = —d*, fs = —h*) and use the notation

Ouiap = s ity =0tk Oiigp =oVely) Oy, =" Klap=123
Oigs = —ai"s O =1y s = T

Representations (3.5) and (3.8) and the properties of the “reference” material in natural state [29] imply
the relations

95??4)12 =0 §3z)11 = 9%2%1 = 952:)327 9%)13 = 9:(%217 953213 = 9:(%2%27 9:(34)13 = 9:(525)33-

In notation (3.8), the conservation law (3.4) can be represented as the matrix

Ll Wl ) Wl ) Wl ) el el wf) Wyl
Of [0 6 0 0 0 0 0 0 0} 0 0 6o,
Of) |01k 050y 053k 0 0 0 0 0 0 0 0 eleh
O [0 0%) 0 0 0 0 0 0 0l 0 0 ool
oWl 0 0 0 65,6, 0 0 0 0f 0 6, o f 0
oWl 0 0 0 e em, 0 0 0 0i 0 65, 0! 0
ol 0 0o 0 0 0 ehyeh, 0 ol 0 00 39)
o'l o 0o 0 0 0 ey, o oddl 0 0o
o)l o 0o 0o 0o 0o 0 0 #5065 0 0 00
O] 0 0 0. 0 0 0 0 Sl 0 0 0%0
a0 0 0 0 0 e 0 ot 0 00
g’ o0 0 e, 00 0 0 0 0 6, 00
A |05y Oy By O OO0 0 010 0 Giib
—n™ 9%?355 953%5 9:&3355 0 0 0 0 0 0 i 0 0 eégés):eéggs)

We substitute expressions (3.4) with regard to representations (3.3) and the conservation law (3.9)
into the system of Egs. (3.1) and rewrite is in the form

Lyt [uf™] + 07 ul, + Lif[ul™) + Lif[uf”] + 0 72ul) = 0,

oy ’u5”32+L;£[ “”1 L%%[ué”’] Lzﬁ[ui"ﬁ +9§Z%5ué2’ 0,

Lt o] + L) + Lt ful] + L) + Lif ™) = o, (3.10)
Ly [uf™] + Lif[us™] + Lioiﬁ[ué”)] il + L] = o,

iWTfn) [9§?%5 51) + 9512%5 gn) + 9(3%5 é?? + 9:(;;%5 Elng] —L; g[uén)] =0.
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The problem is supplemented with the boundary conditions. On the surface x5 = h, we have

U,(:) up(z1,22), (x1,22) € o1, 9;(),? = fu(z1,22), k=1,2,3, (x1,22) € 09,
Uél) ¢*(z1,22), (71,72) € 03) d;(;l) = fa(z1,22), (w1,22) € 04, (3.11)

ul) = T*(z1,29), (21,22) € 05, )\%)Uélg), = f5(z1,22), (21,22) € 06.

On the interface x3 = hy, k =2, ..., M, we have

s = st ) =1 sn=2,.. M~ 1), (3.12)
At infinity, we have
25— —oo ul | 0. (3.13)
In formulas (3.10)—(3.12), we used the notation
0" = 013, + 053, (3.14)
b5y O Wi 0 M e

Lyl = Li, + (k=1,2,3), Lj=Lj+

Ors Ox3 Oxz Oxs

) 06%), 0
Ozs0x3 Oxs Oz’

2 00, o 2 ool o
L*f — (n) (n) 5833 L*f — (n) (n) 34ss
3s (98833 + 08383) 8$gal’3 + 8%3 85135 ) 4s (98843 + 03848) 8(1358{133 + 8x3 85135 )

W53 0 _gm 9 0055 _gm 9 005

Oz Os’ 835 9y T Ows 855 9y | Omg

0* o8, 9

L:Afl‘ = (95'51413 + eézé)ls) 8(1358«T3 8.%3 8«T5 ’

L = (9223,3 + 927323
s=1,2,

L34 =L, +

2
L, =67, aa , oM (ki =1,2,3),

82 H? 9?2
Ly, =6\ Ly, =06 Lt = A0 7 —iwr™Mel (k=1,2,3
34 k34k 695%’ 447 Ykaak g 2= 55 kk 8$% wI} 05555 ( ,2,3),

2B ={si", s =0 (p=123), ="=d", ={V=-n{"=23u". (3.15)
Further, we pass to dimensionless normalized parameters [17, 18]:

/ w*T; (n)r _ P(M)W*Viﬁ(M) u(n) ™ (n)r _ So(n) )W

T; = ’ u; - ’ T(n)/ = ’ - ’ w = ’
T T g, e P e
M) (M n (n)
AL O
o M) ()
@E”)’ — tJ ’ di”)’ — 11 dE")7 hg”)’ P h(") (i,j =1,2,3),
T T T
n)/ ? n ? n)/ 2 .
Gijkl = C(?M) (k'al = 1,273)7 92k4p - (Mz; 9i4kp = e(M;l)) (2, k‘,p = 1,2,3),
11 €33 33
o= i e e G agho A0 g P
o o3 0 o0
M M) (M
_ To(Q& ))2 E, = w e:(,,3 )900 _ c§1 )ség ) E, = En E(Tn) _ ETl(n)/
PN e 1
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where F, E,, and E, are dimensionless normalizing multipliers. In the dimensionless parameters (from
now on, the primes are omitted), the linearized equations (3.10) with the notation (3.14) taken into

account become

61" u §"32+L [u
Lgl[u% ]+ Lk [u % ]+
Lt [ul™] + Li5[u

Uz(),n)] +E L34[U4(1 )]

(n)

The components of the extended vector 2 ")
B0 = 08 = b + o5 + B

S = ) = ot + okl + )
(n) (n) (n) (n)

E:(sn) @(3) = 9§1:)’>3U1 1+ O9933u5 9 + 93333“3 3+ E eégz)muz(in?? + 9:(;??%5“5 )

Ez(;n) = d:(sn) = 9:(),4%11“ 1+ 9:&4%2“5,2) + 9:(%2%3“:(;13? +E 9&2313“2”3? + 9:&5%5“5 )

55 = by = Mgy,

Lif ™) + 0 ul Y, + Li§ "] + BLif[ul] + 0f125ul) =0
v 1+ L] + BLklad”] + Ozt =0,

[ (n) (n) (n
] 34[“3 | + EyLifuy”] + Lif[ug”] =0,

ZWE(TTL) [9%%5“&1) + 9512%5“32 + 93355“5.,?3 + Ep9§5%5%(1,32] L [ut(sn)] =0.

(3.15) is represented in dimensionless form as

(3.16)

(3.17)

4. GREEN FUNCTION OF A PRESTRESSED THERMOELECTROELASTIC HALF-SPACE

WITH INHOMOGENEOUS COATING

Applying the Fourier transform in the coordinates x; and xy (a1 and «q are the transformation

parameters) to problem (3.16), (3.11)—(3.13), we write it in the form

(

LA + LA+ LA + BEATL) + L) =,
LAfU™] + LAf[US™Y) + LA U] + B, LAf U] + LAf[U{™M) = o,
o+ st B8+ 0V 00 B
3=h:

9:(%1%3[]1 w ia19§§%3U3") - ialEpez(gz)uUin) = 1,

8

\)‘g;;)Usn)/ =I5,
Eﬁ(n) _ 2A(n+1) U(n) _ Uif;nﬂ) (k=1,...,5,

Here U,g"), EA(") and Fy, (k=1,...
(n)

Uer , Stresses Eeﬁ (3.17), and the prescribed load fe. We used the following notation in (4.1):

82

9§2;3U<2 n>) (1?2953530(}5’;) —(z?ng(e %23‘2%;) - FQ’( ) i) L ) pr(n) _
ey e R T e )
—ion g1, Uy — iaol3y5,Us" 93433U3n + Eyf3435U4"" + 0355505

'Lﬁf[Uf"’])— a§a29§"’Ug’z)) + LA [Ug’”(]fE L} [Ui p - z‘aw&’f%s)rf(”)():o
_0‘104291n Uln +L§\2f[U2 ] + Loy [U3 ]"’E L [U4 ] —i 04292255[]5 =

- L") =

F3,
= Fy,

n 82 n n n n
L - 9§k3c3 8 2 zegk;cs +P( Jw? (k=1,2,3), Lg’;}4 = 9§3313 8@% B 39‘232187

n 82 n ny 0 .
szx = 9;5,44)13 o2 a§9§4315, L?S =2y az Ay —
3

@ 2, ot -t

MECHANICS OF SOLIDS Vol. 52 No. |

1,2,

0,

(4.3)
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,5) are the Fourier transforms of the components of extended vectors
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0 ny 0 ny O
LAf — LA +9§k3f38 (k=1,2,3), LAf=LA +9§421’38 . LAf A 4\

33 8%3 ’
L?Z%f = _Za8(9§8§3 + 9§323) ax?’ + 9§32% 8%8 ’ LAf Za8(9£54)13 + 91(384)18) 8(1) + ei(’)sé)lfs 8%8 ’
L3 _Za8(9§8%3+9§3;3) 8(1) + eés%g 85135 ’ Lflxsf = _Za8(9§84)13+9§84)18) 83: + 95)425 a » 8= 17 27

Lyf = Li; + 9§34)13 Oz Ly = 9:(),3%5 s + 9:(),3%,57 Lyl = 9:(),5%5 s + 9:(),5%5'

Here and hereafter, the prime denotes the derivative with respect to x3.
To solve problem (4.1)—(4.4), we use the approach developed in [24, 25]. For this, we introduce the
new variables

n Yy n A(n n n
Y“( E), YE =[S io, Yo = [0 (4.5)
Y3
In the new variables, system (4.1) becomes
Y =M™ (ay, ag, 25) Y™, (4.6)
0 0 mE w0 mip W o0 0 mY
0 0 mi ml o mi mE 0 0 miY
mP w0 0 0o 0o 0 m@wy o
mP w0 0 0 0o 0 m@Pwy o
| 00 @ 0 a0 0w | .
m 0 0 0o 0 0 0 m@Pm@ o
0o m% 0o o 0o 0 0 mPmd o
R T )
0 0 m® ol 0 m® o o mi
0o 0o 0 o0 myP 0 0o 0 0 o0
m]({g) = —iakr]g,z)ro_(n), m](i,z) = —iakr,(gn)Epra(n),
mli:nngk O‘k( p(91§7213)29§7§§3 - 2Ep7“15;n)915;213 - En9§24)13(91(;1:;)33)2)7“()_(n) + Pk(:n)’
myy = e (O5hrie) + Ep0iihr™ + 05k e ™ (k=1,2),
m{y = aras(Epr{" 05, + 0V 95’5%3r§’2))r5 W g = miy,
2
miy) = iabiabay (k= 1,2) = — > A (Bks) iy + P
k=1
m39 = Z%E 9k3k3 3k4k93k(:3? + Ep Py .

2
miy) = =" 0} By (05, 0 + By P,
k=1
maj}i = iakeéﬁikeza_k% (k=1,2), m4(18) = még)(E )_17

mgg) = —inrEFn)r:(,,:)ro_(n), mgz) = —szpE(T )7“:(,, )7“0_("),
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mt(sg) = WE( O‘ITO ( 3355 le '+ E 9:(55%5 § )+9§11L%5 ((Jn))v
mg;) = WE 0‘2T0 ( 3355T2e +E 9:(55%57"5 it 953%57“(()”))7

mt(s 1)0 = ZWE(T )To( )(9:(;;%5 Z(’>e) +E 9:(55%5 :(J.n)) + P( ",
m) = (05115) " mgg =miy, meg) = By,

myy = (O5p) ", miy =miy), mig = Bymiy,

mgy) = —Eybiigrg ™ mi) = E g ™,

myg) =miy, g =my), ml =i ™,

mgy = mi (By)™", g = —barg ™ mig) = mi}) (5,)7,

mg;) = m§4)(Ep)_1, ms() 1)0 = T:(J.n)r_(n)v m%’& = )‘33n) = ()‘g.?,))_lv
P = a20%), — pMw?  (k=1,2,3)
Pin) — 2™ Ps(n) — o2o™

Q; V5344, Q; V444,
Pﬁ(n) =& )‘52 Y + ZWTl(n)eéggﬁ (Z = 17 2)7
T(()n) = (9:(%24)13)2 - En933339:(£4)13’ Tgn) = 9&239;&%3 - 9£Z§39§gz)13 (s=1,2),

i = 0453505 — Oisns s
) = B et — Enlriatiats (s =1.2). il = By, — 05550500

System (4.6) in notation (4.5), (4.7) is a system of first-order ordinary differential equations with
variable coefficients. This system can be solved by using several numerical methods. In the present paper,
we solve it by the Runge—Kutta method modified by Merson, which permits reconstructing the solution
with a prescribed accuracy. We expand the function Yk(") as

10
Yk(n) = Z cp+g(a1,ag)y,(;)(al,ag,mg), k=1,2,...,10, g=10(n—1), n=1,2,...,M —1 (4.8)
p=1
in linearly independent solutions ylsg)(al, ag, xz3) of the Cauchy problem for Eq. (4.6) with the initial
conditions y,g;)(oq, a2, 0) = Ogp.
We represent the solution for the half—space with regard to (3.5) in the form

UM (a1, a9, w3) = —ZOépipk Ch+g€ ok e , p=12 g=10(M —1),

. (4.9)
U(M) (a1, 9, x3) prk Chtg® oy s , p=3,4,5.
Here a,g") are the roots of the characteristic equation (n = M)
det M =0,
Ajy —a36;" ro5” rVE, o
— 19(n) Agg) 7“9:(),”) ”/’2n) 1o 952%5 (4.10)
Mgl) (r) = —a1r9§") —a%r@é") Ag;,) Agz)Ep 7“(9:(;;%5
—atry”  —adryy” Ay ALE, o
—ofiwEy 011l —oBiw By Oy By ol iwEy Byt — A
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A = 0o B0+ P K= 123, AR = o) ),
A O — 2 A A - At 12 1D

(n) = 9524)13 + 9:(3,34)12'

05" = 011 + 013ty 057 = 0530 + 0550, 0™ = 6110 + 057,
The coefficients f;zgz) (p,k=1,...,

Mf,”)(a,g”)) (4.10). The unknown variables ¢, are determined by substituting expressions (4.8) into the
boundary conditions (4.2) and (4.3) which results in the linear system of algebraic equations

5) satisfy the homogeneous system of equations with the matrix

AC=F. (4.12)

Here C=1{ p}w (M=D+5 15 the vector of unknowns, F =1 {Fer r, }, Fer is the Fourier transform of the

vector of prescribed load, and Fy is a vector whose dimension is determined by the problem geometry.
The matrix A can be represented as

A( B'(h) 0 )
Al(hg, ) BM(hay))

where B! (h;) and B (hy,) are rectangular 5 x 10 and 10 x 5 matrices, respectively. The matrices A
and Al(hgw,,M) are square matrices whose dimension depends on the geometric parameters of the
problem and is determined by the formulas [5(2M — 1)] and [10(M — 1)], respectively. The entries of
the matrix (4.13) have the form

(4.13)

B(h1) = ||yt (a1, 00, h) P21 710, (4.14)
M M M M
(har) = o] e e i FRT ey B S L (4.15)
L = 0 0l 0t + By (s=12), 15" = oG,
M M) (M) M) (M M) M)
l:(sk) ( 95»333f3k £s3:)% s(k ) E 9:(),34%. ( 95»355f5k )
M M) 5(M) M M M
1) = ( 9:(3,433f3k - a§9§4sifs(k ) B0 fi ( )+ 053 5(k ' (s=12),
Bl(ho) P%(hy) 0 0 0 0
0 B?(h3) P3(h3) O 0 0
0 0 B3(hg) P 0 0
Al(ho. ) = (ha) P (k) (4.16)
0 0 0 0 BM=2(hy1) PM=Y(hyq)
0 0 0 0 0 PM=1(hp )
In representation (4.16), B™(hy) and P¥(h;) = —B¥(h;) are 10 x 10 matrices. The upper index

corresponds to the layer number, the argument, to the interface between layers. The matrices B"(hy,) in
general form with regard to the notation (4.14) and (4.15) are determined by the formula
Bl(hy) = n=23,...,M—

g (o, ez, ) [11%—y. 1. (4.17)

B!(h) =
The dispersion equation of the problem has the form

AozdetAZO.

Hykp (a17a27 hl)”kp 1
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Applying the inverse Fourier transform to expressions (4.8), (4.16), and (4.9) with regard to
(4.10)—(4.12), we obtain the solution of the boundary value problem (3.1)—(3.5) in the form

ol (a0 m) = / [ = s = maerl ) d (4.18)

k,(a.,-) (s,t,x3) //KQT (a1, a9, x3)e —ilonstast) g, dao, (4.19)
Iy T'o

K& (ar, az,23) = [|K 17521 (4.20)

The components of the matrix K(T)) are defined by the formulas (p = 10(n — 1), n =1,2,..., M — 1):

Kl(]n) A ZA]k+pyl(+?5k(alaa27x3) l?] = 17 757 (421)
k=1
for the half-space
oM )
K(M - Zflk jk+10(M— 1)6 Tk ) 17] :17’”757 (422)

where Ag and A, are the determinant and the algebraic complement of the corresponding element of
the matrix A whose entries are given by formulas (4.14)—(4.17).

The integral representation (4.18) with the Green function (4.19)—(4.22) determine the medium point
displacement under the action of a load prescribed on its surface. The contours 'y and T's pass in the
domain of the integrand analyticity and are chosen according to the rules given in [30].

CONCLUSION

When the properties of new artificial materials are studied, the working properties and the strength
characteristics of pieces operating under the constant action of various factors and manufactured from
contemporary high-technology materials are estimated, and materials with prescribed properties are
designed, special demands are imposed on the modeling of media and processes arising in such materials
experiencing various external actions. In this case, it is necessary to combine the adequate consideration
of the material properties and their variations depending on the character of the initial mechanical and
thermal actions and the possibility of constructing sufficiently simple and effective solutions.

The numerical-analytical method proposed in this paper to construct the Green function of complex,
including functionally graded, media permits sufficiently completely taking into account not only the
difference between the structure elements but also the character of the initial stress states of functionally
graded elements. It should be noted that, composing the functional dependence in inhomogeneous
components, one can consider variations in the properties of either one “reference” material or two
materials. The nonlinear relations of mechanics of thermoelectroelasticity were linearized to consider
the influence of the initial actions on the material property variations in the framework of the theory of
small strain imposed on finite strains. Preserving the second-order terms with respect to strains, electric
field, and the temperature deviation in the thermodynamic potential permits obtaining simpler and more
convenient formulas of linearized constitutive relations and equations of motion of the medium on the
one hand, and taking into account the influence of nonlinear effects of the action of the temperature and
mechanical strains on the variations in the initial properties of the material on the other hand.
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