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A LOGARITHMIC REGULARITY CRITERION FOR
3D NAVIER-STOKES SYSTEM IN A BOUNDED DOMAIN
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Abstract. This paper proves a logarithmic regularity criterion for 3D Navier-Stokes sys-
tem in a bounded domain with the Navier-type boundary condition.
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1. INTRODUCTION

Let © C R? be a bounded simply connected domain with smooth boundary 0,
and n be the unit outward normal vector to 2. We consider the regularity criterion

of the Navier-Stokes system:

(1.1) divu =0,

(1.2) Ou+u-Vu+Vr=Au in Q x (0,00),
(1.3) u-n=0, rotuxn=0 on I x (0,00),
(1.4) u(-,0) = ug in Q C R®,

Here u and 7 denote the velocity field vector and pressure scalar of the fluid, respec-
tively. We will denote the vorticity w := rotu.

It is well-known that the problem has at least a global-in-time weak solution
and a unique local-in-time strong solution [10], [13]. However, the regularity of
weak solutions is still a very challenging open problem. On the other hand, the
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development of regularity criterion is of great importance for both theoretical and
practical purpose. Giga [8], Berselli [6], Kim [12], and He, Ma and Wang [9] proved
some regularity criteria. Very recently, Nakao and Taniuchi [16], [17] showed the
regularity criterion

T
Joll
1.5 — —  _dt<
(15) / Tog(e + [wll2~)

with the no-slip boundary condition or (1.3). The aim of this note is to refine it as

(1.6) /T lwllevo g, o,
o log(e+ [w|lBmo)

Here BMO is the space of bounded mean oscillation whose norm is defined by

| fllBmo = || fllz2 + [f]BMO

with

zEQ

1

fleao = sup —/ 1) — fom dy,

lsyo G o, O~ ool
re(0,d)

1
Jo,@) = m/m(z)f(y) dy,

where Q,.(z) := B,(z) N, where B,.(z) is the ball with center = and radius r and d
is the diameter of 2. The symbol |Q2,.(z)| denotes the Lebesgue measure of €,.(x).
We will prove the following theorem.

Theorem 1.1. Let ugp € H} N H? and divug = 0 in Q. Let u be a local smooth
solution to problem (1.1)—(1.4). If (1.6) holds with 0 < T' < oo, then the solution u
can be extended beyond T' > 0.

2. PRELIMINARIES
In this section we will collect some lemmas which will be used in the proof.

Lemma 2.1 (Poincaré inequality). Let Q be a bounded simple connected do-
main with smooth boundary and w be a smooth vector satisfying w - n = 0 on the
boundary 0f). Then

(2.1) [wllzr < CVw]|Le
holds for 2 < p < co.
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Proof. If p=2, then the proof was given in Lions [14], (6.47) on page 75. We
assume 2 < p < oco. Using the Gagliardo-Nirenberg inequality and the case p = 2,
we see that

< Ollwllzz’ | Vwlgs + Cllw] .z
< OVl IVwl|ge + ClI V| e
< OVl IVl g + ClIVwl e < Ol V| .

[[wl]l

This completes the proof. ([

Lemma 2.2 ([19]). For any smooth vector w satisfying w-n =0 orw xn =0
ondN and 1 <p< oo

(2.2) IVw||Lr < C(|| divw|| e + ||rot w]|Le).

Lemma 2.3 ([4]). For any smooth vector f and 1 < p < 0o

(23) - / AS - fIfP2 da = / PRV e+

—/ FP2(0 - V) - £ dS.
o0

Lemma 2.4 ([3], Lemma 2.2). Assume that u is sufficiently smooth and satisfies
boundary condition (1.3) on 0. Then the following identity for w := rotu holds
on 0N

ow
(2.4) ~ o, W = (E1re1sy + e2jneasy + E3jheasy JwjwsOiny,

where €;;, denotes the totally anti-symmetric tensor such that (a x b); = &;j5a;by.

Lemma 2.5 ([1], Lemma 7.44, and [15], Corollary 1.7). For any smooth f and
l<p<oo

1-1 1
(2.5) 1 zo00) < CHEIL @I IR o0y
Proof. We have

1 1
1 zo@0) < Clflwrmasy < CUEFI L@ I A )
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Lemma 2.6 ([2]). For any smooth f and 1 < ¢ <p < oo

(2.6) 1711z < CIAINE R 1 Inidrey-

Lemma 2.7 ([18]). Let 1 < ¢, < 00 and 0 < j < m. Then the inequality

(2.7) | Dul||» < Cy|| D™ T4+ Oy

holds for any function u: Q — R defined on a bounded Lipschitz domain Q C RY,
where

i
—<a<1
m

(2.8) %:%m(%—%)ﬂua%, ,
s > 0 is arbitrary and C1 and Cs depend only on €2, m and N.
Lemma 2.8 ([11]). Let b be a solution to the Poisson equation
—Ab=f inQ

with boundary condition

b-n=0, rotbxn=0 ond.

(2.9) 1l < Cllfllz> + ClIVO| 2.

Lemma 2.9. Let u be a solution to the Stokes system
(2.10) —Au+Vrn=f and divu=0 in{

with boundary condition

(2.11) u-n=0, rotuxn=0 ondN.
Then
(2.12) lull 2 < Cllf |l e
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Proof. First, using Lemma 2.8 we have
(213)  Nullg> < C|If = VL2 + Cl|VullL: < C[fl[L2 + ClIVr L2 + C[[Vul| >
Testing (2.10) by u and using divu = 0, we get
frotulits = [ fuds < 17 lslul < Cfaslirotullze
which gives
(2.14) IVullp2 < Cllrotullz < C|[f] 22

Boundary condition
rotu Xxn =20

leads to [5]
n-Au=n-rot’>u =0,
and thus
om
(2.15) o f-n on Q.

Taking div in (2.10), we observe that
(2.16) Ar =div f in Q.

Testing (2.16) by (—) and using (2.15), we have

Wﬂ%:Afme@mmWﬂm
which leads to
(2.17) 1V7ll2 < [1£]ze.

Inequalities (2.13), (2.14), and (2.17) imply that (2.12) holds true.
This completes the proof. O

Lemma 2.10 ([5], [7]). Let s be a non-negative real number. If u belonging to
H?(Q) is such that Au € H*()) and such that

diveu=0 inQ and uxn=0 ondf,

or such that u-n =0, rotu x n =0 on 91,

then

(2.18) 1wl fret2(0) < CUlAU] H2 () + lullL2(@))-
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Using Lemma 2.10, we have

ullms < C([Aullar + [ullz2) = C(lrotw[ + [[ulL2)
< CO(llwllmz + llull2) < C([Aw][ L2 + [[wllze + [l z2),

which will be used in proving (3.10).

3. PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. Since it is easy to show the
well-posedness of local strong solutions, we omit the details here and we only need
to establish some a priori estimates.

First, testing (1.2) by u and using (1.1) and (1.3), we find that

2dt/|u|2dx—|—/|1r0tu|2daz:—O

which gives
(3.1) lullLoeo,7522) + lull 220,701y < C

Taking rot to (1.2) and using (1.1), we get the well-known equation
(3.2) Ow+u-Vw—w-Vu—Aw = 0.

Testing the above equation by |w[P~?w (2 < p < 00) and using (1.1), (2.3), (2.4),
(2.5), and (2.6), we obtain

dt/ |w|pdfﬂ+/ jw[P 72| Vw]? da +4—/ |V]w[P/?|? dz
p
:/ |W|P—2(n.V)w-wdS+/(w.v)u.|w|p—2wdx
o9 q
= / |w[P™ Z*fzngzﬂyijﬁaknwdS—i—/(w.v)u.|w|p—2wdx
a0 o
ol A8 4l [V
<C | frastCleliil (f =)

1

<N fll@lfll @ + Cllwlfre

p—2
2

N

dz + Cllwl|zs + CllwlsymollwlLs,
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which gives

g lwlzr < Cllwlzr (1 + flwlemo)

1+ ||w|BMO
log(e + [lwllBmo)
l|wllBMo
log(e + [lw[|Bmo)

< Cllwllzr log(e + [|lwl[BMO)

< Cllw|[zr log(e + [ull s)
and therefore,
(3.3) / WP de < Cle + y)<°
Q

provided that

(3.4) /t lwllzmo 0o o oy
t log(e + [lwl[Bmo)

and y(t) := sup |Ju||gs for any 0 < to <t < T and Cj is an absolute constant.
[t07t]
Here we have used the estimate

[w(-to)llLr < C

by the standard energy estimate and we omit the details.
Testing (1.2) by d;u and using (1.1) and (3.3), we derive

2dﬁ/|rotu|2dx—|—/ |0pu|? da
= /(u Vu - Oude < ||ul|ps||Vul| 3]0l 2

1
< ClVull 2 [Vull s |10ul 22 < 5l10wul7z + ClIVullZ Vel s
1
< 10l + Cllwllgs,

which implies

t
(3.5) / |0¢ul|22 ds < C(e + y)°0c.
to

Here we have used the facts

Vr-dwudr =0
Q
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1
—/Au-@tudmz/rotzu-atuda::/rotu-rot@tudm:—g/|rotu|2dm
Q Q Q 2dt Jg

—Au=rot?u
since

divu = 0.
Applying 0; to (1.2), we have

(3.6) O2u +u - Vou + Voym — Adyu = —0pu - V.
Testing (3.6) by d;u and using (1.1), (3.3), and (3.5), we have

2dt/ |8tu|2dx+/|rot8tu|2da:— /@u Vu - Opude

3/2 1/2
||Vu|\m||atu||L2||atu||Ls COllwll s | Opul 35 |rot Dpul| s

4/3

—Hl"ot Oul|Z2 + Cllwll "1 Oul 2,
which gives
t
(3.7) / |Opul® da +/ /|rot dwu|? dz ds < Cle 4 y)°°.
Q to JQ

Here we have used the fact that
—/ Adu - Opudr = / rot? dyu - Oyu dz = / [rot 8tu|2da:.
Q Q Q

On the other hand, thanks to the H2-theory of the Stokes system (see Lemma 2.7),
it follows from (1.2), (3.3), and (3.7) that

(3.8) lullgz < C|| — Au+ V7|2 < C||0uw + u - Vul| 2
< Cl|Ogul| L2 + Cllullzs[Vull s < Cllopul| L2 + Cl[Vul| 2|Vl s
< Cldvulrz + Cllwl zallwll zs < Cle +y)<°.

Testing (3.6) by —Adyu + VO,m and using (1.1), (3.7), and (3.8), we have

2dt/|rot8tu|2dx+/|—A8tu+V5‘t7r|2dx

= /(—(%u -Vu —u-Vou)(—Adwu + Vo) do

< (IVulles (|0l e + llull L= [VOyul L2)|| = Adyu + Vyr|| 2
< C|lul| g2 ||rot dpu r2]| — Adyu + V|| 12

_1

S3

| = Adyu + V|32 + C|lul| 3 ||lrot dyul| 3.,
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which leads to
t
(3.9) / rot Oyu|? da + / 0% ds < Cle + y)©0c.
Q to
Here we have used the fact that

/ 0P u(—Adyu + Vo) de = / OFu(rot? yu + Vo) dz
) Q

1d
= /5‘t2u'rot28tudx:/rot@fumot@tudx:——/ rot dyul? da
Q Q 2dt Jq

due to

/ Otu - Voyrdz = 0.
Q
Here we also have used the fact that

lrot Dpu(-, to) ||z < C

by the standard energy method and we omit the details.
On the other hand, it follows from (2.18), (3.2), (3.3), (3.8), and (3.9) that

lull s < C(llullLz + llwllL2 + |Awl|L2)
C(1+||Ow+u-Vw—w - VulL2)

C+Clowll> + Cllullz=[|Vw|[L2 + Cllwl| L+ [ Vul| L+
C+ Cllow| L2 + Cllullz

C

(e +y)os,

INCINCIN NN

which gives
(3.10) [wllpoe o, 7;m2) < C.

This completes the proof. O
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