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Abstract Flexural strength calculated based on only

curvature at sections shows some inconsistencies at

large strains compared with nonlinear finite element

analyses which considered damaged concrete plastic-

ity. The prediction of the post-yield behavior of steel–

concrete composite structures has been a complex

issue, rendering analytically inaccurate prediction of

the post-yield deflection of composite beams when

plastic flows were not considered. The accurate

prediction of the post-yield deformation of composite

steel beams encased in structural concrete should

account for the strain based on plastic rotation. The

plastic rotation is influenced by the inelastic energy

dissipation. The post-yield behavior of steel–concrete

composite structures is affected by the inclination of

diagonal cracks of concrete, and the stiffening effect

of concrete tension between cracks. Plastic strain

occurring in the steel section also contributes to in-

elastic behavior of composite structures. The aim of

this study was to idealize plastic flow of steel beams

encased in structural concrete at fixed foundation.

Plastic flows were calculated by non-linear finite

element analysis including the consideration of con-

crete plasticity. The post-yield deflection was, then,

predicted in a manner reflecting plastic deformation.

The proposed idealization agreed well with numerical

data obtained by means of nonlinear finite element

analysis, providing a simplified but reliable procedure

for practicing engineers designing composite struc-

tures in the inelastic region.

Keywords Plastic rotation � Steel beams encased in

structural concrete � Post-yield deflection � Plastic
curvature � Nonlinear finite element analysis � Plastic
flow

List of symbols

G(r) Non-associated plastic flow potential,

Druker–Prager formulation

rt0 Uniaxial tensile stress

e Eccentricity

w Dilation angle

q and P Effective stresses

I1 First stress invariant

J2 Second deviatoric stress invariant

S Effective deviatoric stress tensor

r11; r22;r33 Principle stresses

Kc Ratio of the second stress invariant on

the tensile meridian to that on the

compressive meridian

est Tensile strain of steel at ultimate load

limit state
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emax Maximum strain

ey Concrete strain in the extreme

compression fiber at yield limit state

ec Concrete strain in the extreme

compression fiber at ultimate limit state

ece Concrete strain in the extreme

compression fiber when the yield

curvature is reached

c Neutral axis (mm) corresponding to the

ultimate limit state

kd Depth of neutral axis (mm)

Fult Load at ultimate limit state

Fmax Maximum load

fy Yield stress of rebar (MPa)

Fy Yield stress of steel (MPa)

fb0 Initial equibiaxial compressive yield

stress

fc0 Initial uniaxial compressive yield stress

f0c Concrete compressive strength (MPa)

h Depth of steel section (mm)

b Beam width

d Effective height of beam section (mm)

tw Web thickness (mm)

tf Flange thickness (mm)

L Bam length (L = 1700 mm)

lp Hinge length (mm)

lmax Beam length corresponding to the

maximum tensile steel strain (mm)

hp Plastic rotation

z Distance of critical section to the point

of contra-flexure

qs Ratio of total volume of hoops to total

volume of concrete core

1 Introduction

1.1 Problem statements and motivations

Munoz and Hsu [1] performed comparative study,

accurately predicting the maximum load capacity and

deformation behavior of bi-axially loaded concrete-

encased steel column with a pinned-end. In their

paper, the post-yield behavior was predicted by the

finite difference method to obtain the solution of a

system of nonlinear equations. Wang [2] replaced the

steel section properties by those of the composite

section, similarly to the British Standard for steel BS

5950 Part 1 [3] to predict column strengths. He also

compared them with various predictions and test

results, resulting that his methods were conservative

with validated accuracy. Fiber section analysis was

used by El-Tawil and Deierlein [4] to explore the

strength and ductility of the concrete encased com-

posite columns. They assessed the strength and

ductility as a function of the ratio of structural steel

to gross column area, the compressive strength of

concrete, and confinement of concrete by seismic hoop

reinforcing. Moment–curvature relationships were

presented, however, post-yield deflections based on

plastic flow were not provided in this study.

In 2004, the state of the art of nonlinear analysis of

steel–concrete composite structures was presented by

Spacone and El-Tawil [5] Their collection focused on

frame elements, providing faster than continuum finite

element models in computation. Powerful approaches

including fiber discretization for composite section

was introduced with good accuracy. Mirza and

Lacroix [6] also provided comparisons of strengths

determined from 150 physical tests of rectangular

composite steel–concrete columns available in the

published literature. They made useful recommenda-

tions for the design equations provided by ACI

(American Concrete Institute). However, it was not

possible to find references among their lists similar to

the present study which offers the simplified plastic

flow and estimation of the deformations caused by

plastic hinges directly. Shanmugam and Lakshmi [7]

summarized again extensive research on composite

columns with two types, composite columns with steel

section encased in concrete, and those with concrete

filled steel tube. However, the post-yield behavior of

the composite columns influenced by plastic flows and

the estimations of plastic deformations were absent

even if the state of the arts researches were introduced.

In the present study, the simplified plastic flows

obtained by idealizing the formation of hinges of the

composite sections were proposed to estimate the

post-yield behavior and corresponding deflections.

Douglas et al. [8] developed finite elements for a

sub-structural model to calculate plastic hinges of RC

(reinforced concrete) beams. In their model, the plastic

hinge length is increased as strain hardening occurs,

enabling good prediction of experimentally measured

values. Plem [9] studied the influence of various

material properties on the rotation capacity of a plastic
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hinge. He used realistic stress–strain curves for the

constituent concrete and steel materials. The rotation

capacity of a plastic hinge in a RC beam was

numerically determined based upon a moment–cur-

vature diagram of the beam section. Researchers have

proposed various empirical equations for estimating

the equivalent lengths of plastic hinges and the

maximum concrete strain at the ultimate limit state

for RC beams. Decades ago, Baker [10, 11], Corley

[12] and Sawyer [13] proposed empirical formulas to

calculate the hinge lengths of reinforced concrete

beams. Bachmann [14] proposed a method for calcu-

lating the deformations of reinforced concrete flexural

members based upon the rotations of elements

between cracks rather than based upon the curvature

at sections. This method takes into account the effects

of crack inclination. In the present study, it was found

that analytical evaluation of the behavior in the post-

yield region based upon curvature at sections only

demonstrated some inconsistencies with numerical

results considering concrete plasticity. The plastic

rotation of the steel sections integrated with the

concrete was not taken into account. Yuan and Wu

[15] used a three-dimensional finite element analysis

(FEA) method to investigate the behavior of plastic

hinges in cyclically loaded RC columns. They pro-

posed a simplified empirical model for the equivalent

plastic hinge length under cyclic loading. Investiga-

tion of plastic hinges in steel structures has also been

conducted. Hoang et al. [16] showed that the rigid–

plastic method takes full advantage of mathematical

programming achievements in both its analysis and

optimization algorithms. Vrouwenvelder [17]

described plastic hinges of steel beams based on strain

hardening. He proposed plastic hinge equivalent

length of 2% of the beam length for the case of

restrained cantilever beams. However, sufficient

information has not been available to understand

plastic hinges and their equivalent lengths to design

post-yield deflections of steel beams encased in

structural concrete. A major building infrastructure

has been built in Quito, Ecuador (Plataforma Guber-

namental) which was entirely built with CFT and

concrete-encased elements.

1.2 Objectives and research significance

(contribution to the prediction of post-yield

structural behavior of steel–concrete

composite beams)

The present work is a post-yield investigation of steel

beams encased in structural concrete, aiming to

explore the influence of in-elastical behavior upon

plastic hinge formation. The presented composite

beams utilize the merits of both steel and concrete

material without sacrificing performance. Simplified

procedures were proposed to estimate post-yield

displacement, based on FEA that includes considera-

tion of concrete plasticity.

1.3 Methodology and analysis model

The aim of this study was to idealize the plastic flow of

the composite steel beams encased in concrete. The

plastic flow of the composite steel beams should be

idealized without the rotational components caused by

the foundations fabricated for the test. It was, there-

fore, important to establish the numerical model of

composite beams at fixed base to accurately explore

the post-yield deflection of composite beams. The

rotational components due to the foundation included

in the test data had to be removed. For this, the FEA

model having the foundation which was included for

the test was firstly calibrated to the test data. Once the

FEA model with rotational effect was established as

shown in Fig. 1a-(1), the foundation was removed

from the model to perform another non-linear finite

element analysis as shown in Fig. 1a-(2), which was

undisturbed by the rotational components due to the

foundation. Idealization plastic flow of composite

steel beams was, then, followed at varied strain levels

from yield limit state up to the ultimate limit state. The

load–displacement relationships represented by

Legend 2 shown in Fig. 1a-(2) were obtained based

on the fixed base. It was obvious that they differ from

those observed from the test data because test data

contained rotational components. The numerical load–

displacement relationships represented by Legend 2 of

Fig. 1a-(1) having the rotational influence and Legend

2 of Fig. 1a-(2) without influence of base rotation

cannot be compared directly.

In the present study, strain evolution and curvature

of four different specimens were explored to develop a

method for predicting plastic rotations and equivalent
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Fig. 1 Estimation of the maximum tensile strain for various h/

d ratios (FEA). aNumerical estimation of deflection for 500 9 500

section. b Finite element meshes showing plastic tensile strain of

steel section and neutral axis contour for 500 9 500 sec-

tion. c Load–displacement relationships of various composite

sections; FEA specimen without foundation
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hinge lengths by means of nonlinear FEA based on

concrete plasticity. Test data obtained from a speci-

men having a 500 9 500 beam section was used to

define the ultimate limit state as shown in Fig. 1a, c.

The plastic curvature was idealized, accounting for the

inelastic energy dissipation and plastic rotation of

Fig. 1 continued
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composite beams based upon their ratios of steel

section (h) to effective composite beam depth (d).

Empirical expressions have been proposed to calculate

the maximum strain of steel section embedded in

concrete, the equivalent plastic hinge length of the

steel section in tension, and the location of neutral axis

depth based on the calibrated FE models. The

locations of composite sections corresponding to the

maximum steel strain and corresponding to where

plastic flows began were also idealized. Post-yield

deflection of the steel–concrete composite beams was

calculated for the ratio of the length of the beam to the

effective depth of the composite section of 4.0 and the

ratio of volume of confining steel (including the

compression steel and rebar) to volume of the concrete

core of 0.037. The idealized post-yield deflection was

verified by nonlinear FEA, resulting in accurate and

rapid prediction of the post-yield behavior of com-

posite beams.

2 FEA of composite beams

2.1 Material parameters in modeling

Table 1 lists the FEA parameters implemented in the

nonlinear numerical analysis based on concrete plas-

ticity, including parameters defining the Drucker–

Prager hyperbolic plastic potential function and

material properties. Equation 1 expresses the

Drucker–Prager hyperbolic plastic potential function

used in the model of damaged concrete plasticity.

G rð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�rt0 tanwð Þ2 þ q2
q

� p tanw ð1Þ

The vertical ordinate of the Drucker–Prager hyper-

bolic plastic potential function represents the von

Mises equivalent effective stress,

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

3
2
S : S

q

¼
ffiffiffiffiffiffiffi

3J2
p

, where J2ðJ2 ¼ r211 þ r222 �
r11r22Þ is the second deviatoric stress invariant for

biaxial loading and SðS ¼ PI þ rÞ represents the

effective deviatoric stress tensor. The horizontal

ordinate represents the hydrostatic pressure,

P ¼ �I1=3 ¼ � r11 þ r22 þ r33ð Þ=3. I1 is the first

stress invariant, w is the dilation angle measured in

the p–q plane under high confining pressure, and rt0 is
the uniaxial tensile stress. e denotes eccentricity. The
model of damaged concrete plasticity used in the

present work was constructed based on a non-associ-

ated hyperbolic function in which the scalar hardening

parameters indicate the length of the strain increment

vector. Inelastic strain of a brittle material such as

concrete causes considerable volume change by

means of a plastic distortion called dilatancy, which

is modeled according to the dilation angle in the

damaged concrete plasticity model. ABAQUS uses

the Drucker–Prager hyperbolic plastic potential func-

tion for its concrete plasticity model, in which

dilatancy is defined in terms of the dilation angle as

described in Eq. 1 [18].

2.2 Description of the finite element model

The FE models introduced in this work were devel-

oped based upon continuum elements (8-node linear

brick) of type C3D8R [18]. Nonlinear material

properties were well represented by these elements.

In addition, they are characterized by a constant

volume change within each element, preventing mesh

locking when the material response is incompressible.

A fine mesh of 4 mm was assigned to the beam fixed

end, whereas the remainder of the beam was dis-

cretized with a coarse mesh of 10 mm. The number of

total elements and nodes constructed in the FE model

for the composite section of width and depth each

500 mm was 111,584 and 138,740, respectively.

Modeling of steel–concrete composite members

requires proper definition of the interactions between

the surfaces in contact. Two models with cohesive and

tie were implemented to describe contact between the

concrete and reinforcing bars/H-steels, which is

available in ABAQUS. In both the tie and cohesive

models, rotational degrees of freedom were allowed

between the two materials. The two surfaces, the

master and slave surfaces, were chosen as depicted in

Fig. 2. The surfaces of the H-steels and reinforcing

bars were defined as master surfaces, whereas the

concrete surface was defined as a slave surface.

Table 1 summarizes the material properties and FE

parameters used for the calibration of FE models. K is

the ratio of the second stress invariant in the tensile

meridian to that of compressive meridian which

defines the shape of the yield surface in the three

dimensional space, which must satisfy the

condition 0.5\Kc B 1.0.

70 Page 6 of 16 Materials and Structures (2018) 51:70



2.3 Calibration of numerical model

Among extensive calibration runs, the numerical

model based on tie (Legend 2 of Fig. 1a-(1), with

the rotational influence) and cohesive (Legend 3 of

Fig. 1a-(1), with the rotational influence) model

represented by the load–displacement relationships

led to the closest correlation with the test data which

contained rotational influence of the base. The instru-

ment-bearing wide flange steel section encased in the

structural concrete was tested and shown in Fig. 3.

The maximum tensile steel strain of 0.055 in the steel

flange of the 500 9 500 mm composite section was

estimated numerically based upon the nonlinear FEA

considering concrete plasticity. The ultimate limit

state was defined by strain of 0.055 at the deflection of

120 mm (Fig. 1a) [19]. At the ultimate limit state, the

ratio of the load at the maximum load limit to the load

at the ultimate load limit state was found to be 0.9. The

deflection of the specimen due to base rotation was

estimated by subtracting the numerical deflection with

fixed base corresponding to the steel flange strain of

0.055 (at ultimate limit state) from the total deflection

including foundation rotation (Fig. 1a-(1), trace 2).

Finite element meshes showing the average strain of

0.055 are shown in Fig. 1b. The numerical deflection

reached 120 mm when the deflection due to base

rotation was included in the model (Fig. 1a-(1), trace

Table 1 Inputs for finite

element models
Material parameters

Concrete Compressive strength: 21 MPa (test value)

Rebar (HD25) fy (yield-strength) = 550 MPa (test value)

Steel section: H (250 9 250 9 9 9 14) fy (yield-strength) = 350 MPa (test value)

Stirrups (HD10) fy = 400 MPa

Concrete parameters for FEA

Dilation angle 30�
Eccentricity 0.1

Fb0/fc0 1.16

K value 0.6667

Viscosity 0.002

Fig. 2 Finite element

formulation; discretization

and interactions between

rebar, H-steel and concrete

(section: 500 9 500 mm)
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2). Deflection of 84 mm with a fixed base was

estimated, corresponding to the steel flange strain of

0.055, when deflection due to rotational components

of the base was removed (Fig. 1a-(2), trace 2). Load–

displacement relationships for various ratios of depth

to effective height (h/d ratios) are presented in Fig. 1c,

including the load at the ultimate limit state for each

specimen. Table 2 lists properties (coupon test results)

of the various sections used for investigating plastic

rotation capability.

3 Idealization of plastic flows

3.1 Maximum strain

Plastic rotation for concrete sections in terms of the

curvature at an ultimate limit state can be calculated as

in Eq. 2 [20], where c is the neutral axis depth, kd is the

neutral axis depth at the yield limit state, and ec and ey
are the concrete strain in the extreme compression

fiber in the ultimate and yield limit states, respectively.

hp ¼
ec
c
� ece

kd

� �

lp ð2Þ

Various empirical expressions have been proposed

for the equivalent length of the plastic hinge and the

maximum concrete strain at ultimate curvature for the

concrete frames. Corley and Mattack suggested the

following expressions for plastic hinge length and the

maximum concrete strain at ultimate curvature for

concrete members [21]. lp; d and b represents equiv-

alent hinge length, beam depth, and beam width,

respectively. z and qs indicates distance of critical

section to the point of contra-flexure and the ratio of

total volume of hoops to total volume of concrete core,

respectively.

lp ¼ 0:5d þ 0:05z ð3Þ

ec ¼ 0:003þ 0:02
b

z
þ 0:2qs ð4Þ

Bachmann [14] calculated the deformation of

reinforced concrete flexural members based upon the

rotations of the components between cracks rather than

Fig. 3 Test setup and loads [19]

Table 2 Section properties used for numerical investigation

Section (h/

d)

Depth of

H-steel

section

(mm)

Effective

height of beam

section (mm)

Web thickness

of H-steel

section (mm)

Flange

thickness of

H-steel section

(mm)

Compressive strength

of concrete (MPa)

Yield

strength of

rebar

(MPa)

Yield

strength of

steel

(MPa)

h d tw tf f0c fy Fy

500 9 500

(0.571)

250 437.5 9 14 21 550 350

600 9 600

(0.651)

350 537.5 10 16 21 550 350

700 9 700

(0.706)

450 637.5 12 18 21 550 350

800 9 800

(0.748)

550 735.5 15 20 21 550 350
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the curvature at sections. However, deformation of

concrete-encased steel beams due to plastic rotations

cannot be estimated by using empirical expressions

developed for concrete structures. Concrete undergo-

ing strain confined by both transverse rebar and the

steel section contribute more to the load bearing

capacity than the case without such confining effects,

as studied by Chen and Nan [22]. The hinge lengths

should reflect composite actions for the steel section

encased in structural concrete too. However, there

have been not many reports available on steel beams

encased in structural concrete. In the present work, the

confining effect by both transverse rebar and the steel

section was found to increase plastic rotation of the

steel–concrete composite beams. The hinge length of

the steel beams encased in structural concrete was

estimated based upon FEA including consideration of

concrete plasticity. As part of this, the maximum

tensile strains of steel sections embedded in concrete

were found as 0.055, 0.063, 0.066 and 0.067 for the h/d

ratios of 0.571, 0.651, 0.706 and 0.748, respectively.

The h/d ratio is the ratio of the depth of the steel section

encased in concrete to the effective depth of the

composite section. This ratio is one of the parameters

that affect the flexural moment capacity of the

composite beam. Greater concrete strain can be

reached when the concrete is confined by both the

transverse reinforcing steels and steel sections. In the

numerical analysis, the ratio of the beam length to the

effective depth of the composite section was set to be

4.0. The ratio of the volume of confining steel

(including the compression steel and rebar) to the

volume of the concrete core was also set to be 0.037.

The empirical expression was suggested as Eq. 5

below to determine the maximum steel strain that can

be reached during the plasticization of the composite

section. Themaximum tensile strain for the 800 9 800

section was estimated to be 0.0679 (39ey) in this way.

ey ¼ �0:2828 h=dð Þ2 þ 0:4456 h=dð Þ � 0:1072 ð5Þ

3.2 Effect of h/d ratio upon plastic flow (lp/L,

hinge zone)

The plastic flows and hinges responsible for the

inelastic deformation of composite beams were esti-

mated based upon FEA including concrete plasticity.

The plastic flow increased rapidly at
lp
L

� �

because the

rate of strain caused by plastic flows increased

substantially due to the plasticization of the sections.

The inclination of diagonal cracks of concrete and the

stiffening effect of concrete tension between cracks

contributed to the plastic flow of the composite

sections. In addition to the plastic flow, the inclination

of diagonal cracks affect the stiffness, shear and

bending deformation of beams, and thus further

influence the post-yielding deflection of beams, which

were described by Pan et al. [23], Rahal [24], and Hu

and Wu [25]. The plastic strains occurring in the steel

section during plastic rotations of the sections were

also responsible for the rapid rate of plastic flows. The

plastic zone was represented by the maximum strain of

the section (Fig. 1b, location 2) and the initiated

location of plastic hinges (Fig. 1b, location 1). The

influence of the depth of the steel section encased in

structural concrete upon the plastic flows is presented

in Fig. 4a. The numerical results were presented for

ratios of the depth of steel section to the effective beam

depth (h/d). In the analysis shown in Fig. 4a, the L/d

ratio and qconfining were 4.0 and 0.037, respectively,

where L is the length of the beams and qconfining is the
transverse steel ratio including compressive rebar and

the steel section. The h/d ratio was considered as an

important design parameter for the estimation of the

in-elastic behavior of the composite beams. The ratio

of equivalent plastic hinge length to beam length
lp
L

� �

was investigated for three h/d ratios as shown in

Fig. 4a. Equivalent plastic hinge lengths of 19, 18, and

19% of the beam length were found for the 500 9 500,

600 9 600 and 700 9 700 sections, respectively.

Equation 6 is an empirical expression for the equiv-

alent plastic hinge lengths obtained based on the

Fig. 4a results. The equivalent plastic hinge length, lp;

of composite members with an 800 9 800 section was

estimated to be 580 mm by using Eq. 6.

lp=L ¼ �0:009 h=dð Þ þ 0:1925 ð6Þ

3.3 Idealized neutral axes

Neutral axes for all strain levels found by using FEA,

except at the yield limit state, exhibited similar for the

same h/d ratio of 500 9 500, 600 9 600, and

700 9 700 sections. Finite meshes showing the neu-

tral axis of the 500 9 500 composite section appear in

Fig. 1b. The strains in both compressive and tensile
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Fig. 4 Idealization of the neutral axes corresponding to the

location where the maximum strain of the section occurred and

plastic flow began. a Empirical expression of the neutral axis: c/

d versus h/d ratio. b Neutral axis profiles for various h/d ratios;

tie model without foundation, no damage
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zones changed in a manner correlated with each other

as the plastic zones extended. The locations where the

maximum strain of the section occurred and plastic

flow initiated were idealized by Locations 1 and 2,

respectively, as indicated in Fig. 1b.

The neutral axes at steel strain of ey, 5ey, 15ey, 25ey,
and 31ey were idealized at Locations 1 and 2. The

neutral axes at the initiated locations of plastic flow

and at the locations of the maximum strain were shown

in Fig. 4b. The neutral axes fluctuated depending on

the concrete and steel strain. In Fig. 4b, the neutral

axis depths decreased at 282 mm from the fixed end

when tensile steel strain increased faster than the

compressive concrete strain. However, tensile steel

strain decreased rapidly at around 86 mm, followed by

a decrease of compressive concrete strain at 26 mm,

within the rigid zone between the fixed end and

86 mm. The neutral axes profiles for various h/d ratios

are compared in Fig. 4b. Herein; the neutral axes for

all strain levels except at the yield limit state were

idealized. The ratio of neutral axis depth to effective

depth of the section appears in Fig. 4b as a function of

the h/d ratio. This information allowed one to develop

an empirical equation for locating the neutral axis at

Locations 1 and 2. Equation 7 idealized by Fig. 4a is

this empirical expression. It can be used to estimate

curvature of the composite members. Equations 7.1

and 7.2 respectively represent Locations 1 and 2. The

two types of neutral axes for an 800 9 800 section

based on these equations were estimated to be 387.6

and 177.8 mm for Locations 1 and 2, respectively.

c=d ¼ �0:4095 h=dð Þ þ 0:5481 at Location 2

ð7:1Þ

c=d ¼ 0:1855 h=dð Þ þ 0:3881 at Location 1 ð7:2Þ

3.4 The evolution of strain and curvature

Evolution of tensile strain of the steel flange for the

section of width and depth 500 mm 9 500 mm was

obtained numerically at the steel strain of ey, 5ey, 15ey,
25ey and 31ey from the yield to the ultimate limit

(Fig. 5a). The strain at Location 2 peaked at the

86-mm beam span. Similar evolutions of tensile strain

were observed for 600 9 600 and 700 9 700 sec-

tions, indicating that the plastic flow can be predicted

in terms of the h/d ratio. Location 2, corresponding to

the maximum tensile steel strain embedded in con-

crete, can be estimated using the empirical expression

shown in Fig. 5b. Equation 8 is an empirical formula

describing Location 2, developed based upon the

Fig. 5b data. This formula is proposed to idealize the

curvature of composite members. The location corre-

sponding to the maximum tensile steel strain for an

800 9 800 section was estimated to be 111.8 mm by

using Eq. 8.

lmax=d ¼ �0:2446 h=dð Þ þ 0:3351 or lmax=L
¼ �0:0941 h=dð Þ þ 0:1034 ð8Þ

4 Idealized post-yield deflections

4.1 Idealization of curvature

The curvature distribution of beams with 500 9 500

(refer to Fig. 6a), 600 9 600 and 700 9 700 cross

sections was computed by dividing the tensile strain

evolutions of the steel flange at ey, 5ey, 15ey, 25ey
(Fig. 5a) by the corresponding neutral axis depths

shown in Fig. 4a, b. The ultimate curvature distribu-

tion of the steel section in the tension zone was defined

by the maximum steel strain for the composite

section. In Fig. 6b, plastic curvature is represented

based on idealized parameters, with two straight lines

defining three locations, the beginning of the plastic

rotations, the apex of the curvature corresponding to

the maximum strain of the tensile steel section, and

straight lines connecting pairs of these points. Plastic

curvature of all sections at their ultimate limit states

was provided including the curvature of the

800 9 800 section indicated by the Curvature curve

4 of Fig. 6b. The plastic curvatures were idealized by

the maximum steel strain (Location 2 of Figs. 5b, 6b),

equivalent plastic hinge length (Fig. 4a), the initiated

location of hinge (Location 1 of Fig. 6b), and the

neutral axis depth (Fig. 4b) corresponding both to the

maximum tensile steel strain and to one plastic flow

started increasing, respectively.

At the yield limit state, the curvature (Fig. 6a) and

corresponding deflection using neural axis obtained

based on strain compatibility yielded the deflection

similar to that estimated by FEA considering concrete

plasticity. However, at ultimate limit state, the curva-

tures and corresponding deflections demonstrated
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Fig. 5 Prediction of plastic flow in plastic hinge region. a Tensile steel strain; 500 9 500 section (h/d = 0.571); tie model without

foundation, no damage. b Empirical formula for location corresponding to the maximum tensile steel strain (Location 2)
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Fig. 6 Plastic curvature of the tensile steel section. a Plastic

curvature at steel flange at ey, 5ey, 15ey, 25ey, and 31ey for

500 9 500 section (h/d = 0.571); tie model without foundation,

no damage. b Idealized plastic curvature for steel beams encased

in structural concrete at the ultimate limit state; tie model

without foundation, no damage
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substantial differences as the section became gradu-

ally plasticized towards the ultimate limit state. The

strain compatibility based neutral axis was also

significantly different from the one calculated based

FEA considering concrete plasticity. This was because

that the neutral axes based on strain compatibility only

considered curvature at sections, neglecting curvature

caused by concrete plasticity, which was included in

the FEA. At the yield limit state, the curvature

according to FEA (refer to Legends 1 and 6 of Fig. 6a)

agreed well with the curvature computed based on the

strain compatibility (considering rotation of the beam

section only), without considering inelastic deforma-

tion of concrete. FEA considered inelastic deforma-

tion of concrete which differed substantially from

those calculated without considering concrete

plasticity.

4.2 Idealized plastic deflections

The plastic curvature based on the idealized plastic

rotation at the tensile steel strain of ey, 5ey, 15ey, 25ey,
and 31ey was used to the estimate plastic deflection of

a 500 9 500 composite beam. This yielded the

deflection of 88 mm, which agreed well with the

84-mm deflection observed in the FEA-based numer-

ical investigation. The plastic deformation based on

the actual curvature for the 600 9 600 section was

114.6 mm, which agreed better with the FEA results

(115.6 mm), whereas the plastic deformation based on

the idealized plastic flow was 122.9 mm. The plastic

deformations of the 700 9 700 section based on the

idealized plastic flow (143.8 mm) were also well

correlated with the FEA results (148.3 mm). In

Table 3, the plastic deflections estimated based on

the idealized plastic flow at the ultimate limit state for

all h/d ratios and for the selected steel strains

embedded in concrete were compared with those

determined by means of FEA considering concrete

plasticity. The results demonstrated the simplicity and

accuracy of the proposed method in estimating the

post-yield deflection of the steel–concrete composite

sections.

Table 3 Evaluation of plastic deflection based on plastic rotation

Calculated plastic deformation At tensile steel

strain of ey
(mm)

At tensile steel

strain of 5ey
(mm)

At tensile steel

strain of 15ey
(mm)

At tensile steel

strain of 25ey
(mm)

At ultimate

limit state

(mm)

1. Based on idealized tensile steel

strain, section: 500 9 500 mm, h/

d = 0.571

10.06 22.3 47.31 72.74 88.04

2. ABAQUS, section: 500 9 500 mm,

h/d = 0.571

11.9 22.95 47.6 71.4 84

3. Based on idealized tensile steel

strain, section: 600 9 600 mm, h/

d = 0.651

14.37 27.51 59.68 87.95 122.9

4. ABAQUS, section: 600 9 600 mm,

h/d = 0.651

17.85 31.45 61.2 86.7 115.6

5. Based on idealized tensile steel

strain, section: 700 9 700 mm, h/

d = 0.706

16.07 29.64 65.49 105.82 143.84

6. ABAQUS, section: 700 9 700 mm,

h/d = 0.706

19.2 35.7 73.11 107.11 148.3

7. Based on idealized tensile steel

strain, section: 800 9 800 mm, h/

d = 0.748

17.12 35.44 72.32 107.32 155.47

8. ABAQUS, section: 800 9 800 mm,

h/d = 0.748

21.15 43.34 82.69 118.81 164.5
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5 Conclusions

Steel beams encased in structural concrete to reduce

floor beam depth were introduced in earlier studies by

the present authors without any estimation of the

plastic deflections generated by plastic flow of the

composite beams. Understanding post-yield structural

behavior of composite beams comprising the two

entirely different materials, such as structural steel and

concrete is quite complicated. A finite element model

based on concrete plasticity was developed to estimate

the equivalent hinge length and curvature whereas the

interface between concrete and steel sections, rebar

was modeled based on cohesive contact and tie

elements. Post-yield behavior based on the plastic

flows caused by the curvature of the compressive

concrete and tensile steel flange encased in structural

concrete was idealized, being verified numerically.

This formulation included consideration of the inelas-

tic energy dissipation based on the inclination of

diagonal cracks of concrete, and the stiffening effect

of concrete tension between cracks. Plastic strain

occurring in the steel section was also considered.

Plastic flow and corresponding plastic hinges were

idealized based on the load–displacement relationship

represented by Legend 2 of Fig. 1a-(2), obtained based

on the fixed base. This idealization considered rota-

tional degrees of freedom between concrete and wide

flange steel sections. Plastic deformation reflected in

the estimation of the post-yield deflection was well

correlated with numerical data obtained by nonlinear

finite element analysis. A simplified procedure for

practicing engineers designing composite structures in

the inelastic region was proffered with reliability.

Selected findings of this study are summarized below.

1. Numerical investigation of fixed composite beams

under monotonic loads based on an FEA was

performed to idealize plastic flow of the sec-

tion. The confining effects provided both by

transverse rebars and wide flanges of steel

sections encased in structural concrete were

considered in this analysis.

2. The neutral axes were idealized based on strains

and plastic flows. The stiffness degradation of the

composite beams was reflected in the plastic

curvature. The ultimate curvature distribution of

the composite section in the tension zone was

obtained as a function of the maximum strain of

steel sections encased in concrete. Inelastic

deformation of concrete was not adequately

predicted without considering concrete plasticity.

However, at the yield limit, the curvature obtained

based on the rotation of the beam section without

considering inelastic deformation of concrete

matched well with the curvature calculated by

FEA. This is because the influence of the concrete

plasticity is insignificant at the yield limit.

3. A simplified procedure was presented to estimate

post-yield deflection of steel beams encased in

structural concrete. The confining effect on the

concrete contributed by the shear reinforcement

and wide flange steel sections were considered in

the simplified procedure. The simplified plastic

flow was used to explore post-yield behavior of

the composite beams with predictable and

stable nonlinear structural behavior.

4. The predicted post-yield structural behavior of the

composite beams based on the proposed empirical

formula agreed well with nonlinear FEA investi-

gation considering concrete plasticity. The appli-

cability to design practice for composite beams

was verified with fast and reliable estimation of

the post-yield deflection at selected strain levels

and h/d ratios.

5. Plastic flow of steel section and concrete either in

the compressive or tensile zone can be used to

calculate plastic deflections of steel–concrete

composite sections. All of curvatures of structural

components comprising steel–concrete composite

beams can be used to predict post-yield deflec-

tions in a rapid and accurate manner, providing

design flexibility to support the use of composite

beams in practice. For instance, the inelastic

curvature distributions of compressive concrete

section can be considered for the same results.

6. The proposed method demonstrated the applica-

bility to the design of composite beams, providing

fast and reliable prediction of post-yield deflec-

tion. A simplified procedure for practicing engi-

neers designing composite structures, in the in-

elastic region, was proffered with reliability.
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