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Abstract In this paper, an optimized and reliable

approach for the evaluation of the mechanical prop-

erties of brittle materials is proposed and applied to the

characterization of geopolymer mortars. In particular,

the Young’s modulus, the Poisson’s ratio and the

tensile strength are obtained by means of a Brazilian

disk test combined with the digital image correlation

(DIC) technique. The mechanical elastic properties are

evaluated by a special routine, based on an over-

deterministic method and the least square regression,

that allows to fit the displacement fields experienced

by the samples during the experiment. Error sources,

like center of the disk location and rigid-body motion

components, were analyzed and estimated automati-

cally with the proposed procedure in order to perform

an accurate evaluation of the elastic constants. The

strain field measured by DIC and the computed elastic

properties were then used to perform a local stresses

analysis. This latter was exploited to investigate the

failure mechanisms and to evaluate the tensile strength

of the investigated material and the obtained data were

compared with those predicted by the ASTM and

ISMR standards. Three different loading platens (flat,

rod and curved) were adopted for the Brazilian test in

order to evaluate their effect on the elastic properties

calculation, on the failure mechanisms and tensile

strength evaluation. Results reveal that the curve

platens are the most suitable for the tensile strength

calculation, whereas the elastic properties did not

show any influence from the loading configuration.

Furthermore, the proposed procedure, of easy imple-

mentation, allows to accurately calculate Young’s

modulus, Poisson’s ratio and the tensile strength of

brittle materials in a single experiment.

Keywords Brazilian disk test � Digital image

correlation � Young’s modulus � Poisson’s ratio �
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1 Introduction

The Brazilian test [1, 2] is a technique used to evaluate

the tensile strength of brittle materials like concrete or

rocks. The experiment consists in compressing a

circular disk along its vertical diameter in order to

induce tensile failure at the center of the disk. The

standardized procedure, together with the suggested

dimensions of the samples, that allows to calculate the

tensile strength of brittle materials, is proposed by the

ASTM C496 Standard [3]. However, it is important to

underline that the identification of the correct size of

the sample, as well as the shape of the loading platens

and the type of failure during a Brazilian test is still an

open issue [4–6]. Recent studies [7, 8] demonstrated

that failure mechanisms are highly dependent upon the

loading method used. In particular, it was shown that,

for small angles of load contacting area, failure occurs

far away from the center of the disk, as a consequence

of the high local stress induced by the contact loading

platens [4].

The ASTM standard recommends flat platens for

the application of the mechanical load and a thick-

ness/diameter t=Dð Þ ratio of the sample ranging

between 0.2 and 0.75 [3]; however such recommen-

dations were widely criticized because they often

induced failure at the loading points rather than at the

center of the disk, where the maximum theoretical

tensile stress is localized [6, 9]. In contrast, the ISRM

recommends curved platens to apply the load, with a

radius 1.5 times that of the sample, whose t=D ratio

should be 0.5 [10]. In addition, a modified flattened

Brazilian disk that ensures failure at the center of the

disk was proposed in [9].

Brazilian test was also proposed as a valid alterna-

tive for measuring the elastic mechanical properties of

brittle materials [11, 12]. In particular, the inverse

method [11] and an over-deterministic approach [12]

were implemented to fit the experimental displace-

ments, calculated by means of the Moiré interferom-

etry, to the theoretical solution, in order to

simultaneously determine two elastic constants (i.e.,

Young’s modulus, E, and Poisson’s ratio, m). However,

it is worth noting that the application of interferomet-

ric optical techniques, for in-plane displacement and

deformation measurements, requires special equip-

ment, longtime preparation and stringent stability

requirements.

Therefore, most recently, the digital image corre-

lation technique was used in supporting the charac-

terization of brittle materials [13–15]. In particular, the

principle and performances of the local digital image

correlation (DIC) technique adapted to study local

discontinuities in brittle material is reported in [13]. A

new method, based on digital image correlation, is

introduced in [14] for measuring crack extension in

brittle materials. Finally, the application of DIC as a

substitute to more traditional strain gauges in Brazilian

testing was demonstrated in [15]. All these works

highlighted that the DIC offers special and attractive

advantages if compared to the most common interfer-

ometric optical methods, such as simple experimental

setup and specimen preparation, low requirements in

measurement, wide range of sensitivity and resolution.

Thus, it results more suitable for experiments in

conventional testing laboratories.

The implementation of the DIC method is based on

simple steps: (1) specimen and experimental prepara-

tions; (2) recording images of the specimen surface

before and after the application of the load and, finally,

(3) processing the acquired images using a computer

program to obtain the desired displacement and strain

information.

However, only few studies [16, 17] were devoted to

evaluate the elastic constants of materials by using the

DIC technique during a Brazilian test. In particular, a

revisit of the Brazilian disk specimen as a tool for

determining elastic constants was proposed in [16]. A

fitting procedure was also adopted to calculate the

elastic parameters, but it is based on the one dimen-

sional analysis of the displacements measured on the

horizontal and vertical diameter of the disk. Further-

more, only one loading configuration was investi-

gated. In [17], an application of the digital image

correlation technique, combined with the linear

regression approach, is presented to determine the

elastic properties of polycarbonate by analyzing the

Brazilian disk test. However, it is important to point

out that linear analysis can be done only when the

effective coordinates of the disk center are known. In

fact, displacements provided by correlation software

are related to a reference system that is different from

the disk center and, therefore, a coordinate change

should be done. Usually the physical location of the

disk center is identified by the digital images captured

during the load history, but if its coordinates are not

the effective one estimation errors can occur.
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In this context, an optimized and reliable approach

to obtain the elastic tensile properties of brittle

materials by combining Brazilian test and DIC tech-

nique is proposed and applied to the mechanical

characterization of geopolymeric specimens.

The digital image correlation technique was used to

obtain the full displacement field on the geopolymeric

disk surface and a numerical procedure, based on an

over-deterministic method and the least square regres-

sion, was used to calculate the elastic constants from

the measured displacements.

In order to perform an accurate evaluation of the

elastic properties, a proper procedure, able to auto-

matically identify the disk center location and rigid

body motions, was developed with the aim to delete

their error effect on the final solution. To this aim a

non-linear regression methodology was implemented

and applied.

Once the elastic properties were computed, a local

stress analysis was performed, starting from the DIC

measured strains, with the aim to calculate the

effective stress field experienced by the samples

during the load history and the effective tensile

strength of the investigated material. Results were

compared with the prediction of the analytical solution

proposed in literature [3]. Local stresses were also

analyzed to investigate the failure mechanisms of the

disks. Three different loading platens were adopted in

order to evaluate their effect on the elastic properties

calculation, on the failure mechanisms and strength of

the investigated material. Results were compared with

data obtained from 4 points bending tests.

Overall, the paper outlines a methodology to

characterize the tensile properties of a brittle material

where the driving force is represented by the determi-

nation of the full displacement fields experienced by a

disk under compression. Such procedure provides a

wealth of information including the effective elastic

modulus, Poisson’s ratio and the automatic localiza-

tion of the disk center. Furthermore, starting from the

strain measurements and the computed elastic prop-

erties, the stress distribution experienced by the disk

during the load history can be obtained and a direct

evaluation of the tensile strength can be done.

The methodology was validated on a geopolymer

but it can be applied to any kind of brittle material.

Therefore, all the guidelines to perform this kind of

characterization are reported and discussed.

2 Methodology

2.1 The least square methods applied

to the displacement fields of a Brazilian disk

Figure 1 shows a Brazilian disk under the application

of a compression load P. The horizontal uxð Þ and

vertical uy
� �

displacement field experienced by a

generic point Q x; yð Þ when the disk is in plane stress

condition, can be expressed as follow [18]:

ux ¼
1

E
K1x þ

m
E
K2x ð1Þ

uy ¼
1

E
K1y þ

m
E
K2y ð2Þ

where E is the Young’s modulus and v is Poisson’s

ratio. K1x, K2x, K1y and K2y are parameters dependent

upon the load P, the disk dimensions (thickness t and

diameter D), and upon the coordinates (x and y). In

particular, they can be expressed as follow:

K1x ¼ � P

pt
h1 þ h2ð Þ � 1

2
sin 2h1ð Þ � 1

2
sin 2h2ð Þ � 2x

D

� �

ð3Þ

K1y ¼ � P

pt
2ln

r2

r1

� �
þ 1

2
cos 2h1ð Þ � 1

2
cos 2h2ð Þ � 2y

D

� �

ð4Þ

K2x ¼
P

pt
h1 þ h2ð Þ þ 1

2
sin 2h1ð Þ þ 1

2
sin 2h2ð Þ � 2x

D

� �

ð5Þ

K2y ¼ � P

pt
1

2
cos 2h1ð Þ � 1

2
cos 2h2ð Þ þ 2y

D

� �
ð6Þ

where

h1 ¼ tan�1 x� x0ð Þ
D
2
� y� y0ð Þ

� �
ð7Þ

h2 ¼ tan�1 x� x0ð Þ
D
2
þ y� y0ð Þ

� �
ð8Þ

r1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x� x0ð Þ2þ D

2
� y� y0ð Þ

� �2
s

ð9Þ
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r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x� x0ð Þ2þ D

2
þ y� y0ð Þ

� �2
s

ð10Þ

x0 and y0 are the coordinates of the disk center.

Equations (1, 2) show that 1=E ratio and v are

linearly coupled, therefore, if the displacements are

known, they can be simultaneously calculated using

either the ux or the uy displacement field or combining

both of them. In particular, if both the ux and uy
displacement of a generic single point is known,

Eqs. (1) and (2) can be easily solved to calculate

Young’s modulus and the Poisson’s ratio parameter.

Instead, if the only ux displacement or the uy
displacement is known you need two points to

evaluate both the elastic constants. If the latter is the

case, these points must be selected in such a way that

the obtained equations are linearly independent, in

order to avoid ill-conditioning that could significantly

affect the final result.

To limit such mathematical problem a better way is

to use an over-deterministic method which basically

makes use of a large number of data points to calculate

a small set of unknown coefficients from a large

system of equations. Therefore, measuring the whole

displacement field of the disk, many equations as

much are the investigated points can be written and an

overdetermined system of equations can be obtained.

In this way, ill-conditioning and unavoidable mea-

surement errors are significantly reduced.

The overdetermined system can be solved using the

least square regression (LSR) approach. The least

square is a numerical method widely used to find or

estimate the values of some unknown parameters (Ai)

in order to fit a function to a set of data (F) and to

characterize the statistical properties of estimates.

Fig. 1 Schematic depiction of a Brazilian disk subjected to a compression load P
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F a1; a2; . . .; aNð Þ ¼
Xn

i¼1

Aifi a1; a2; . . .; aNð Þ ð11Þ

where a1; a2; . . .; aNð Þ are the independent variables of

the known fi functions and the unknown Ai coefficients

are taken to be independent of the fi’s. If f �j is data

valuated at a1j; a2j; . . .; aNj
� �

then the error between

the parameter of interest and the measured data at each

jth independent variable can be defined as:

pj ¼
Xn

i¼1

Aifi a1j;a2j; . . .;aNj
� �

� f �j a1j;a2j; . . .;aNj
� �

" #2

ð12Þ

The total error for the entire domain (m) can be written

as follow:

ptot ¼
Xm

j¼1

pj ¼
Xm

j¼1

�
Xn

i¼1

Aifi a1j;a2j; . . .;aNj
� �

� f �j a1j;a2j; . . .;aNj
� �

" #2

ð13Þ

Since the fi’s have been taken to be known functions of

the independent variables a1j;a2j; . . .;aNj
� �

, then the

total error is related only to the coefficients, Ai. In

order to minimize the error, the partial derivation of

the total error with respect to the coefficients are taken

and set equal to zero as follows:

optot

oAk

¼ 0!
Xm

j¼1

�
(

2
Xn

i¼1

Aifi a1j;a2j; . . .;aNj
� �

� f �j a1j;a2j; . . .;aNj
� �

" #

fi a1j;a2j; . . .;aNj
� �

)

¼0 ð14Þ

Solution of the n equations for the unknown Ai

forces the ‘‘best’’ possible analytical representation of

the measured data, in the sense of minimizing the least

square error function.

If data of interest F a1; a2; . . .; aNð Þ are represented

by the displacements ux and uy experienced by a

Brazilian disk during the experiment, starting from the

well-known stress solutions, see Eqs. (1, 2), they can

be efficiently used to calculate the unknown mechan-

ical properties of a material.

In this case it is possible to write that:

uxj
uyj

� �
¼ Kx1j Kx2j

Ky1j Ky2j

� � 1

E
v

E

2

64

3

75 ð15Þ

If u�xj and u�yj are the known displacements located at

position xj; yj
� �

, then the error between the parameter

of interest and the measured displacement at each

particular point can be defined as:

pj ¼
X2

i¼1

AiKxi xj; yj
� �

� u�xj xj; yj
� �

" #2

þ
Xn

i¼1

AiKyi xj; yj
� �

� u�yj xj; yj
� �

" #2
ð16Þ

where A1 ¼ 1=E and A2 ¼ v=E. The total error for the

entire domain can be written as follow:

ptot ¼
Xm

j¼1

pj

¼
Xm

j¼1

(
Xn

i¼1

AiKxi xj; yj
� �

� u�xj xj; yj
� �

" #2

þ
Xn

i¼1

AiKyi xj; yj
� �

� u�yj xj; yj
� �

" #2)

ð17Þ

By minimizing the error, using optot=oAi, it is

possible to calculate the elastic constant of the disk.

For the over-deterministic approach, it is desired to

use data of all the point of the disk, because more data

can reduce random noise and provide more accurate

results. However, it is worth noting that the theoretical

solution is based on a point load, whereas in typical

experiments the load platens generate a distributed

pressure on the contact region. In the last years, several

studies were carried out in order to provide analytical

solutions dependent on the load configuration [19, 20]

and it was demonstrated that the displacement field,

compared with the solution described in the Eqs. (1,

2), does not significantly change if a region, far away

from the contact point, is considered. If the latter is the

case, there is no need to use more complex equations

[19, 20] to describe the displacement experienced by

the disk during the experiment.

In order to verify this aspect, finite element

simulations were carried out applying different load

distributions [20], and results revealed that the

proposed regression method, based on Eqs. (1, 2) is

not affected by the load configuration.
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Furthermore, it has to point out that the theoretical

displacements near the loading area can be different

from the experimental data because of the plastic

deformations induced by high-localized stresses.

For all of these reasons, the central part of the disk,

sufficiently far from the loading regions (dashed

rectangle in Fig. 1), was analyzed for least-squares

calculation, by assuming that in this region the elastic

mechanical properties of the analyzed material are

constant, as predicted by the theoretical solution.

2.2 Error sources analysis: elimination of rigid

body motions and identification of the disk

center location

Equations (1, 2) represent the solution of the displace-

ments of a Brazilian disk calculated with respect to its

center. Furthermore, the solution is related to a

symmetric load with no rigid translation and/or

rotation. When dealing with experiments, such condi-

tions can be lost and, therefore, technical considera-

tions have to be done when the proposed method is

implemented. In particular, in order to reduce the

effect of unavoidable source of errors, rigid body

motions involved during the experiment and the

correct disk center location have to be calculated.

The exact position of the center of the disk has to be

correctly identified in order to get a good fitting

between the experimental and regressed data and to

well estimate the elastic constants of the material. In

fact, the experimental displacements, provided by a

commercial software for the image correlation, are

typically related to a reference system that is different

from the disk center. Accordingly, it is mandatory

identify such a point and make a coordinate change.

Furthermore, during the experiment the disk can be

subjected to unavoidable rigid body motions that can

significantly affect the elastic constant calculation.

Thus, it is of great interest to estimate their values and

delete their influence on the final solution.

Rigid body motions can be easily added in Eq. (15)

as follows:

uxj
uyj

� �
¼ Kx1j Kx2j

Ky1j Ky2j

� � 1

E
v

E

2

64

3

75þ A
�rj sin hj
rj cos hj

� �

þ Bux

Buy

� �
ð18Þ

where Bux and Buy represent the horizontal and vertical

rigid translation, respectively, A is the rigid body

rotation, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x � x0ð Þ2þ y � y0ð Þ2

q
and

h ¼ tan�1 y � y0ð Þ= x � x0ð Þ½ �, see Fig. 1.

It is important to underline that the introduction of

the latter parameters does not represent an issue for the

implementation of the over-deterministic method

because the new terms are linearly coupled with

respect to the main function and the number of data,

provided by the correlation technique, are still higher

than the number of constant to calculate.

The estimation of the disk center, instead, cannot be

done with a least square regression approach because

x0 and y0 are not linearly coupled with respect to the

main function. To calculate these new parameters, an

iterative procedure based on Newton–Raphson

method is employed. To this aim Eq. (18) has to be

written as a series of iterative equations based on

Taylor’s series expansions as follows:

uxj
� �

iþ1
¼ uxj
� �

i
þ ouxj

o 1
E

 !

i

D
1

E
þ ouxj

o v
E

� �

i

D
v

E

þ ouxj

oA

� �

i

DAþ ouxj

oBux

� �

i

DBux

þ ouxj

ox0

� �

i

Dx0 þ
ouxj

oy0

� �

i

Dy0 ð19Þ

uyj
� �

iþ1
¼ uyj
� �

i
þ ouyj

o 1
E

 !

i

D
1

E
þ ouyj

o v
E

� �

i

D
v

E

þ ouyj

oA

� �

i

DAþ ouyj

oBuy

� �

i

DBuy

þ ouyj

ox0

� �

i

Dx0 þ
ouyj

oy0

� �

i

Dy0 ð20Þ

where subscript i denotes the ith iteration step, and

D 1=Eð Þ, D v=Eð Þ, DA, DBux, DBuy, Dx0 and Dy0 are

corrections to the previous estimation of 1=Eð Þ, v=Eð Þ,
A, Bux, Buy,x0 and y0. The desired result, i.e. that

uxj
� �

iþ1
and uyj

� �
iþ1

are equal to the experimentally

recorded displacements ux exp

� �
and uy exp

� �
, respec-

tively, yields the following simultaneous equations

with respect to the corrections:
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ux exp

� �
� uxj
� �

¼ þ ouxj

o 1
E

 !

D
1

E
þ ouxj

o v
E

� �
D
v

E

þ ouxj

oA

� �
DAþ ouxj

oBux

� �
DBux

þ ouxj

ox0

� �
Dx0 þ

ouxj

oy0

� �
Dy0

ð21Þ

uy exp

� �
� uyj
� �

¼ þ ouyj

o 1
E

 !

D
1

E
þ ouyj

o v
E

� �
D
v

E

þ ouyj

oA

� �
DAþ ouyj

oBux

� �
DBux

þ ouyj

ox0

� �
Dx0 þ

ouyj

oy0

� �
Dy0

ð22Þ

Equations (21, 22) can be written in matrix form:

ux exp � ux1

..

.

ux exp � uxm
uy exp � uy1

..

.

uy exp � uym

2

6666666664

3

7777777775

¼

oux1

o 1=Eð Þ
oux1

o v=Eð Þ
oux1

oA

oux1

oBux

0
oux1

ox0

oux1

oy0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

ouxm

o 1=Eð Þ
ouxm

o v=Eð Þ
ouxm

oA

ouxm

oBux

0
ouxm

ox0

ouxm

oy0

ouy1

o 1=Eð Þ
ouy1

o v=Eð Þ
ouy1

oA
0

ouy1

oBuy

ouy1

ox0

ouy1

oy0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

ouym

o 1=Eð Þ
ouym

o v=Eð Þ
ouym

oA
0

ouym

oBuy

ouym

ox0

ouym

oy0

2

66666666666666664

3

77777777777777775

D
1

E

D
v

E
DA
DBux

DBuy

Dx0

Dy0

2

666666666664

3

777777777775

ð23Þ

The solution of Eq. (23) in the least-squares sense is

D½ � ¼ o½ �T o½ �
	 
�1

o½ �T u½ � ð24Þ

The solution of the matrix equation gives the

correction terms for prior estimates of the coefficients.

Accordingly, an iterative procedure must be used to

obtain the best-fit set of coefficients. The procedure

described above is repeated until the corrections D½ �
become acceptably small.

It is important to underline that not expected

solutions can be obtained if the initial trial values are

far from the effective ones. However, it was observed

that if the trial location of the disk center is not far from

the real, convergence of the solution is quite quick and

results, in terms of elastic constants, are the expected

ones.

The latter procedure was numerically validated

exploiting the displacement fields obtained from finite

element simulations, see Fig. 2b and c. In particular,

2D analysis on a disk with linear elastic properties

(E ¼ 15 GPa, v ¼ 0:19) and diameter D ¼ 55 mm

were performed. Four-nodes shell elements were used

and special care was done in order to guarantee a

regular mesh on the central area of the disk, see

Fig. 2a, where the proposed method is applied.

Figure 2b and c report the typical horizontal, ux,

and vertical displacement, uy, respectively. In partic-

ular, results are referred to a disk subjected to 1000 N

of compression load.

The least squares regression was performed on the

measured FEM displacements. Equations (23) were

used to fit the numerical data obtained from the

simulations and the unknown elastic constant param-

eters, E and v, were calculated. Results were compared

with the elastic properties used in the simulation

(E ¼ 15 GPa, v ¼ 0:19).

Figure 3a and b show that if the correct disk center

location is missed, because the used trial value is far

from the real one, the numerical displacement contour

plots (blue lines) do not match with the analytical one

(red line), and the calculated elastic constants will be

different from the references (E ¼ 15 GPa, v ¼ 0:19).

Only when the correct disk center location is well

identified, displacements show good agreement and

the regressed elastic constants are equal to the one

used in the FEM model (E ¼ 15 GPa, v ¼ 0:19).
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3 Stress solution of an isotropic brazilian disk

for the tensile strength calculation

The stress solution for an isotropic 2D disk subjected

to concentrated loads, Fig. 1, is [21]

rx ¼
2P

pt
cos h1 sin2 h1

r1

þ cos h2 sin2 h2

r2

� �
� 2P

pDt

ð25Þ

ry ¼
2P

pt
cos3 h1

r1

þ cos3 h2

r2

� �
� 2P

pDt
ð26Þ

sxy ¼
2P

pt
cos2 h1 sin h1

r1

þ cos2 h2 sin h2

r2

� �
ð27Þ

Considering the parameters reported in Fig. 1, the

following relationship can be written:

r2
2 ¼ r2

2 þ D2 � 2r1D cos h1 ð28Þ

cos h2 ¼ D2 þ r2
2 � r2

1

2r2D
¼ D� r1 cos h1

r2

ð29Þ

sin h2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cos2 h2

p
¼ r1 sin h1

r2

ð30Þ

x ¼ r1 sin h1 ð31Þ

y ¼ D

2
� r1 cos h1 ð32Þ

Manipulating and substituting Eqs. (28–32) in

Eqs. (25–27) we get:

rx ¼
2P

pt

D
2
� y

� �
x2

D
2
� y

� �2þx2
	 
2

þ
D
2
þ y

� �
x2

D
2
þ y

� �2þx2
	 
2

� 1

D

2

64

3

75

ð33Þ

ry ¼
2P

pt

D
2
� y

� �3

D
2
� y

� �2þx2
	 
2

þ
D
2
þ y

� �3

D
2
þ y

� �2þx2
	 
2

� 1

D

2

64

3

75

ð34Þ

sxy ¼
2P

pt

D
2
� y

� �2
x

D
2
� y

� �2þx2
	 
2

þ
D
2
þ y

� �2
x

D
2
þ y

� �2þx2
	 
2

� 1

D

2

64

3

75

ð35Þ

The equations suggested by ASTM and ISMR

standards for the calculation of the tensile strength, rT,

can be obtained from Eq. (33) evaluated at the center

of the disk (x ¼ 0; y ¼ 0), i.e. where rx stress reaches

its maximum tensile value.

rT ¼ � 2P

pDt
ð36Þ

It is important to underline that, in geopolymer

based mortar disks, the tensile strength leads to the

failure because its absolute value is much lower than

the one recorded in compression.

Fig. 2 a FEM model; b horizontal displacement,ux; c vertical displacement, uy
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4 Experimental setup and procedures

4.1 Material and specimen preparation

Geopolymers were prepared by activating metakaolin

with an alkaline silicate solution [22]. Metakaolin,

mainly composed by Al2O3 (42 %wt) and SiO2

(53.2 %wt) and with an average particles size of

1.59 lm, a sodium silicate solution of modulus 2.2 and

sodium hydroxide (NaOH pellets, 97%, Sigma

Aldrich Reagents), were used as reagents.

Fig. 3 Effect of the disk center location: a horizontal displace-

ment ux for a trial point x0; y0ð Þ; b vertical displacement uy for a

trial point x0; y0ð Þ; c horizontal displacement ux when the correct

center is located; d vertical displacement uy when the correct

center is located
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In order to guarantee good mass transfer and

dissolution rate, the maximum extent of metakaolin

reaction and aluminium incorporation in geopolymer

matrix, the following molar ratios SiO2/Na2O = 1.62

and H2O/Na2O = 12.25 were used to prepare the

alkaline silicate solution [23, 24]. Firstly, the sodium

hydroxide solution was obtained by dissolution of

NaOH pellets in ultrapure water, with container kept

sealed wherever possible to minimize contamination

by atmospheric carbonation and prevent water evap-

oration. The solution was stirred until the NaOH

pellets had dissolved and the solution became clear.

During this process, a significant amount of heat is

released. So it was allowed to cool back down to room

temperature. Once cooled down it was poured into

sodium silicate solution. The so obtained alkali

activator solution was covered, sealed, stirred. Finally,

the activator solution was added to metakaolin powder

and the slurry was mechanically vigorously mixed for

10 min. The last step involved sand (\ 500 lm)

addition and mechanically mixing for 5 min. The

slurries were, afterwards, rapidly casted into open

Teflon molds with a disk shape (55 mm diameter and

thickness/diameter ratio of 0.18), for the Brazilian

tests, and a prismatic shape (135 9 12 9 9 mm3) for

the bending tests and a cube shape (4 9 4 9 4 cm3)

for the compression tests. A thickness/diameter ratio

of 0.18 was chosen for the disk because of technical

aspect related to their realization and to keep plane

stress conditions for the elastic constants measure-

ments. All samples were vibrated on the vibration

table to remove entrained air. In order to prevent the

moisture loss, the molds were sealed from the

atmosphere and cured for 24 h at 50 �C. The sealed

specimens were then stored at ambient temperature

and pressure for 4 weeks to complete the curing.

The final theoretical composition of geopolymers

has Al2O3\Na2O and SiO2\Al2O3 molar ratios in equal

to 1 and 3.86 respectively. Molar ratio was fixed equal

to one because sodium balances the negative frame-

work charge carried by tetrahedral aluminium, thus

acting as structure forming agent. SiO2/Al2O3 molar

ratio was fixed to 3.8 in order to minimize geopolymer

porosity thus increasing mechanical performance The

Water/Binder (W/B) weight ratio was fixed at 0.56 to

obtain a good mortar workability. Sand/Binder (S/

B) = 1.5 has been used to avoid the risk of microc-

racks due to shrinkage.

The produced material was characterized by means

of different analysis (i.e., XRD, NMR, SEM), and

results are shown in the Supplementary Materials

documentation.

4.2 Brazilian disk experiments and DIC

measurements

Brazilian test experiments were performed using an

electro-mechanical testing machine (MTS Criterion

c42, USA) equipped with a 5 kN load cell. All the

experiments were carried out in displacement control

with a speed of 0.05 mm/min using three different

loading platens. In particular, flat platens, rod platens

with 10 mm of diameter and curved platens with

42.5 mm of radius (see Figure S2) were employed.

Figure S2 also reports a typical mechanical load–

displacement response of a tested disk. All the

correlation measurements were performed in the

linear region of the load–displacement response. In

particular, the first image in the measurement test

(point 1 in Figure S2) was used as the reference one,

and terms up to first order displacement gradients were

used in all the analyses. Digital image correlation was

used to obtain full-field displacements of each image

throughout the test (n-points in Figure S2). The whole

experimental setup, including the testing machine,

was placed on an anti-seismic platform to avoid

measurements errors due to unavoidable vibrations.

Six samples for each load condition were investi-

gated and all of them were painted with white and

black paint in order to get a proper pattern with a

random grey scale distribution.

A digital camera (Sony ICX 625- Prosilica GT 2450

model) with a resolution of 2448 by 2050 pixels was

used to capture images throughout measurement tests.

The focus of the images was performed using a Linos

Photonics objective and a Rodagon lens f. 80 mm.

Furthermore, camera spacers were adopted in order to

get the magnification allowing the visualization of the

entire disk. In these conditions a scale of approxi-

mately 35 pixels/mm was obtained.

Digital image correlation was performed on images

captured from each test by setting 71 pixels for the

subset size and 5 pixels for the step size. A commer-

cially available image correlation software (Vic-2D

Correlated Solution) was employed for the analyses.

This latter, in typical setups as the one used for this

work, has an in-plane displacement accuracy of 1/
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50,000 of the field of view. However, because of the

variability in noise level from test-to-test, it is often

beneficial to examine the noise level on the measured

displacement field for the specific test. To this aim, a

set of five or more images was taken, over the same

region of interest, on a sample under zero load

condition, without varying the speckle pattern param-

eter, as suggested in [25]. Under such conditions, the

real displacement from one image to the next should

be zero. However, due to the experimental noise, a

small displacement, different from zero, is detected by

the software, with an average value of 1.4 lm in the

entire region of interest. The standard deviation

between the small displacements measured for every

image was calculated and a value of 0.15 lm was

obtained. Such value represents the uncertainty of the

displacement measurements carried out by the DIC

and its influence on the estimation of the elastic

constants has been studied. In particular, the standard

deviation of the Young’s modulus and Poisson’s ratio,

starting from the uncertainty of the displacements, has

been measured as follows: (1) the displacement field

measured during an experiment was selected; (2) a

field of random numbers, lying in the range defined by

the uncertainty of the displacements (i.e.,

1.4 ± 0.15 lm), was generated according to a Gaus-

sian distribution and it was added, as an error, to the

displacement field previously selected; (3) the new

‘‘wrong’’ displacements were used to evaluate the new

‘‘wrong’’ elastic constants by means of Eq. (23); (4)

after repeating steps (2) and (3) several times, the

standard deviation of the previously obtained values of

E and v was calculated. This latter represents the

uncertainty of the elastic constants generated by the

experimental noise affecting the displacements mea-

sured by the DIC. In our experiments, a standard

deviation of 18.25 MPa and 5:87 � 10�4 was obtained

for E and v, respectively, demonstrating that, with the

adopted setup, elastic constants variables are not

significantly affected by the displacement noise.

4.3 Bending test

Four points bending tests (4-PBT) were performed

according to the ASTM C 1161-02c [26] standard and

using an electro-mechanical testing machine (MTS

Criterion c42, USA), equipped with a 5kN load cell.

Six prismatic shaped samples with dimensions of

135 9 12 9 9 mm3 were used to perform these tests.

The adopted sizes were selected according to recom-

mendations of the ASTM C 1161-02c standard [26],

that, for the proposed configuration C, suggests

90 mm length, 8 mm width and 6 mm thickness.

However, since the total width of the used XY strain

gauges was higher than 8 mm, a specimen with

12 mm of width was made in order to guarantee a

suitable installation of the strain gauges. The values of

the length and the thickness were then chosen in order

to keep the same length/width, width/thickness and

length/thickness ratios suggested by the ASTM C

1161-02c standard.

HBM K-XY3 strain gauges were glued at the center

of the lower surface of the samples (i.e. where the

maximum tensile stress is localized) and the HBM

QuantumX MX1615B Strain Gauge Bridge Amplifier,

together with the Catman software, was employed to

record longitudinal and transverse strains during the

test.

The bending tests were performed with a crosshead

speed equal to 1 mm/min, as suggested by the ASTM

C 1161-02c standard, and the Poisson ratio m was

calculated by editing the strains measured by the XY

strain gauge according to the transverse sensitivity of

the strain gauges and the Poisson ratio of the material

adopted for their calibration [27].

5 Results and discussion

5.1 Elastic constants calculation

The reliability of the proposed approach was validated

by the experiments performed on the geopolymeric

materials. In particular, the experimental displace-

ments, recorded by means of the correlation software,

were used as input parameters of the Eq. (23).

Figure 4a and b report representative contours plot

of the horizontal, ux, and vertical, uy, displacements,

respectively, obtained from a sample tested by curved

platens. In particular, blue lines represent the exper-

imental displacements after the rigid body motions, A,

Bux and Buy, were deleted, whereas red lines are the

analytical displacements calculated by using the

regressed elastic constants, E and v.
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Results show a very good agreement between the

experimental and analytical data. Same behavior was

also observed when flat and rod plates were used. As

previously discussed, such agreement can be obtained

only if the investigation region is far from the loading

area (as shown in Fig. 1). In fact, the high stress

concentration occurring at the contact point generates

big perturbation on the displacement distribution that

significantly affects the regression analysis and, con-

sequently, the constants calculation. It is also impor-

tant to point out that the experimental displacement

fields well match the theoretical solution for isotropic

material, therefore, assuming constant elastic proper-

ties in the entire investigated area, as done in this

investigation, can be considered a correct hypothesis.

Regressed elastic constants, for the three loading

conditions, together with the ones obtained from the

four points bending tests, are reported in Table 1.

Results revealed that the proposed approach is well

suitable in evaluating the elastic constants of brittle

isotropic material. In fact, a good agreement between

results obtained with the regression and the conven-

tional four points bending tests was observed.

One can observe that the values of the standard

deviation of the elastic constants related to the

different tested samples are higher than the one related

to the experimental noise of the DIC measurements, as

reported in Sect. 4.2. Considering the highly scattered

experimental data, typically obtained from the

mechanical characterization of ceramic materials,

such as geopolymers, the errors generated by the

experimental noise affecting the DIC technique can, in

fact, be considered negligible.

In addition, it can be observed that the different

loading configurations do not significantly affect the

elastic constants estimation. Such behavior can be

Fig. 4 Comparison between the experimental and regressed displacement fields: a horizontal displacements ux and b vertical

displacement uy

Table 1 Tensile elastic constants obtained from four-point bending (4-PBT) tests and least square regression (LSR)

4-PBT LSR flat platens (ASTM) LSR rod platens LSR curved platens (ISRM)

Ave. St. dev. Ave. St. dev. Ave. St. dev. Ave. St. dev.

Young’s modulus, E (GPa) 14.73 0.16 14.33 1.17 14.96 0.83 15.21 1.47

Poisson’s ratio, m 0.186 0.004 0.190 0.016 0.197 0.014 0.192 0.025
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related to the position of the investigation area that is

far from the loading point, where the displacements

are significantly affected by high stress concentration.

5.2 Failure analysis and tensile strength

evaluation

Stress analysis, to evaluate the effect of the loading

platens configuration (flat, rod and curved) on the

material strength, was performed. In particular, start-

ing from the mechanical response of the disk, the

maximum load, Pmax, immediately before the failure,

was recorded and the tensile strength, rT, was

calculated by the Eq. (36) according to which failure

should occur at the center of the disk.

Results, reported in Table 2, revealed that the

highest rT is obtained when curved platens are used,

whereas the lowest value is recorded when the load is

applied using rod platens. This effect is mainly related

to the size of the contact area, between the sample and

the platens, generated during the application of the

load. In fact, curved platens, suggested by the ISRM,

guarantee the highest contact area and the lowest stress

concentration at the loading points. This conditions

allows, with high probability, to get failure at the

center of the disk. On the contrary, when rod platens

are used, the contact area results very small whereas

stress concentration will be extremely high, generating

premature failure of the sample. If the latter is the case,

no correct estimation of the tensile strength of the

material can be obtained because failure does not

occur according to the standard.

A local stress analysis was also performed, starting

from the measured DIC strain data, in order to get a

better interpretation of the obtained results. To this

aim, in plane Lagrangian strains, ex and ey, were

calculated from the displacement measurements [25].

The horizontal (rx) and the vertical (ry) tensile stress

distribution were then measured immediately before

the failure of the sample for all the loading configu-

rations, according to the plane stress solution:

rx ¼
E

1 � v2
ex þ vey
� �

ð37Þ

ry ¼
E

1 � v2
ey þ vex
� �

ð37Þ

where E and v are the Young’s modulus and the

Poisson’s ratio previously calculated by the regression

analysis. For the purposes of comparison, representa-

tive tests of each loading method were selected and the

obtained results, in terms of rx, responsible of the

mechanical tensile failure, are reported in Fig. 5.

However, further data, obtained from the repetitions of

the same experiment, are also reported in Figures S3

and Figure S4, and similar results were obtained. In

particular, Fig. 5a, b and c report the contour maps of

the horizontal stress field rx before failure, together

with its evolution along the y axis for the three loading

configurations, i.e. flat, rod and curved platens,

respectively. Furthermore, figures report a direct

comparison of the stress profile (rx) with respect to

the tensile strength (rT) predicted by the Eq. (36), see

data reported in Table 1. Results show that when flat

platens are used, Fig. 5a, horizontal tensile stress tends

to concentrate at the loading points, in fact very high

tensile stress level are recorded in these regions.

However, it has to point out that also at the center of

the disk the recorded tensile stress is close to the

analytically predicted but it did not generate failure.

Concerning the rod platens, Fig. 5b, results show that

the high tensile stresses, responsible of the failure, are

only localized at the contact point, whereas low tensile

stress, compared with the analytical prediction, is

recorded at the center of the disk. Finally, it was

observed that, only when loading platens are used,

Fig. 5c, the rx stress profile is very close to the

analytical prediction. In fact, tensile stresses are only

recorded at the center of the disk, whereas compres-

sion horizontal stresses are observed at the contact

points.

In addition, Figures S5 report a direct comparison

of the contour maps of the horizontal rx and vertical ry

Table 2 Tensile strength values measured with the three different loading conditions adopted

Flat platens (ASTM) Rod platens Curved platens (ISRM)

Ave. St. dev. Ave. St. dev. Ave. St. dev.

Tensile strength, rT (MPa) 4.28 0.44 3.17 0.43 5.47 0.68
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stress field before failure, for the three different

loading conditions.

Qualitative assessment of Figure S5a, shows that

the ASTM loading method, highlights two regions of

dominant horizontal compression located to the top

and bottom of the disc and a region of dominant tensile

stress, responsible of the failure, immediately close to

the contact point. Compressive vertical stress, caused

by loading the top and bottom points of the disc, can be

clearly observed under the contact points. Greatest

Fig. 5 Local tensile stress (rx) distribution immediately prior to the failure for samples loaded with: a flat platens; b rod platens;

c curved platens

19 Page 14 of 17 Materials and Structures (2018) 51:19



vertical compressive strain occurs exactly at the edges

of the disc, whereas horizontal extension is located

inward of these areas.

Figure S5b show that when rod platens are used,

there are two regions, close to the contact point, where

both the horizontal tensile stress and the vertical

compressive stress are dominant. These values result

higher than those recorded with the ASTM platens

and, in particular, the horizontal tensile stress exhibits

an extremely localized trend. This behavior, is the

responsible of the premature failure of the samples.

Finally, for the ISRM loading method, Figure S5c,

horizontal extension and associated vertical compres-

sion can be observed in the inner area of the disk.

Areas of greatest compression are located to the top

and bottom of the disc, as shown in the ASTM method.

However, with the use of curved platens, these latter

seem to show an eccentric behavior that, as also been

observed by several authors [15], it is related to an

imperfect interface between the sample curvature and

that of the loading platen.

Overall, local stress analysis confirmed that curved

platens represent the most suitable loading configura-

tion for the evaluation of the tensile strength of brittle

materials.

6 Conclusions

An optimized methodology for the complete mechan-

ical characterization of brittle materials, based on the

Brazilian disk test and the application of the Digital

Image Correlation method, is proposed in this paper.

In particular, a special routine, which makes use of

an over-deterministic method and the least square

regression, was developed in order to estimate the

mechanical elastic properties, i.e. the Young modulus

and the Poisson ratio, and to fit the experimental

displacement field. The routine is also able to

automatically calculate error sources such as center

of the disk location and rigid-body motion compo-

nents, and delete their effect on the final solution.

The accuracy of the proposed approach was

demonstrated by experiments performed on geopoly-

meric samples, and three different loading platens

(flat, rod and curved platens) were used to investigate

the effect of the loading conditions on the mechanical

properties. It was demonstrated that loading condi-

tions do not significantly affect the elastic constants

calculation and results are in good agreement with

those obtained with a conventional four points bend-

ing test.

Fig. 5 continued
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In addition, starting from the measure strain and the

computed elastic properties, local stress analysis,

immediately before failure, was performed in order

to evaluate the failure mechanisms involving the

different loading configurations and the effective

strength of the samples. Results revealed that the

curve platens represent the most suitable loading

condition for the tensile strength evaluation because

they guarantee the lowest stress concentration at the

loading points and a stress profile in good agreement

with the analytical prediction.

The proposed methodology is easy to implement

because it doesn’t need stringent experimental

requirements and allows to calculate Young’s modu-

lus, Poisson’s ratio and the effective tensile strength of

brittle materials in a single experiment where the

driving force is represented by the determination of the

full displacement fields experienced by a disk under

compression.
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