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Abstract. Bose–Einstein correlations of identical charged-pion pairs produced
in hadronic Z decays are analyzed in terms of various parametrizations. A good
description is achieved using Lévy stable distributions. The source function is
reconstructed with the help of the τ model.
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1. Introduction

In particle physics intensity interferometry provides an experimental method for the
determination of shapes and lifetimes of particle-emitting sources [1, 2]. In partic-
ular, boson interferometry provides a tool determining the space-time structure of
particle production processes, since Bose–Einstein correlations (BEC) of identical
bosons reflect geometrical and dynamical properties of the particle radiating source.

In e+e− annihilation BEC are maximal if the invariant momentum difference
is small, even when one of the relative momentum components is large, as was seen
by TASSO [3] and which we have confirmed. For a hydrodynamical type of source
BEC decrease when any of the relative momentum components is large [2, 4].

Here we investigate various parametrizations and find that a good descrip-
tion of the Bose–Einstein correlation function can be achieved using Lévy stable
distributions as the source function. Within the framework of models assuming
strongly correlated coordinate and momentum space, we then reconstruct the com-
plete space-time picture of the particle emitting source in hadronic Z decay.

For our analysis we use a sample of about 500 thousand two-jet events [5, 6],
selected by the Durham algorithm [7] with ycut = 0.006, from e+e−annihilation
data collected by L3 at a center-of-mass energy of 91.2 GeV.
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2. Shape of the BEC Function

The two-particle correlation function is defined as:

R2(p1, p2) =
ρ2(p1, p2)

ρ1(p1)ρ1(p2)
, (1)

where ρ2(p1, p2) is the two-particle invariant momentum distribution, ρ1(pi) the
single-particle invariant momentum distribution and pi the four-momentum of par-
ticle i. Since we are only interested in BEC, the product of single particles densities
is replaced by the so-called reference sample, ρ0(p1, p2), the two-particle density
that would occur in the absence of Bose–Einstein interference. Here we use mixed
events as a reference sample.

After some assumptions [1, 2], this two-particle correlation function is related
to the Fourier transformed source distribution. In this case

R2(p1, p2) = 1 + |f̃(Q)|2, (2)

where f(x) is the density distribution of the source, Q is the invariant four-momentum
difference, Q = −(p1 − p2)

2 and f̃(Q) is the Fourier transform of f(x).

2.1. Gaussian distributed source

The simplest assumption is that the source has a symmetric Gaussian distribution,
in which case f̃(Q) = exp(iμQ− 1

2
(RQ)2), where μ is the center and R is the RMS

of the source function, and

R2(Q) = γ
[
1 + λ exp

(
−(RQ)2

)]
(1 + δQ) , (3)

where the parameter γ is a constant of normalization, λ an incoherence factor,
which measures the strength of the correlation, and (1 + δQ) is introduced to
parametrize possible long-range correlations not adequately accounted for in the
reference sample.

A fit of Eq. (3) to the data results in an unacceptably low confidence level from
which we conclude that the shape of the source deviates from a Gaussian. The fit
is particularly bad at low Q values.

2.2. Lévy distributed source

Adopting Nolan’s S(α, β = 0, γ, δ; 1) convention [8] for the symmetric Lévy stable
distribution with rescaling of the scale parameter γ to R and the location parame-
ter δ to x0, the Fourier transform (characteristic function) f̃(Q) has the following
general form:

f̃(Q) = exp(iQx0 − |RQ|α) . (4)

The index of stability, α, satisfies the inequality 0 < α ≤ 2. The case α = 2
corresponds to a Gaussian source distribution. For more details see [8].
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Then R2 has the following, relatively simple form [9]:

R2(Q) = γ [1 + λ exp (−(RQ)α)] (1 + δQ) . (5)

After fitting Eq. (5) to the data it is clear that the correlation function is far from
Gaussian: α ≈ 1.3. The confidence level is still unacceptably low.

Since there is no particle production before the onset of the collision, a more ap-
propriate form of the source distribution for the time component is the asymmetric
stable distribution. In this case, one obtains the following result for the correlation
function [9–11], see also Eq. (12) for the full form:

R2(Q) = γ [1 + λ cos [(RaQ)α] exp (−(RQ)α)] (1 + δQ) , (6)

where Ra is an additional parameter [8, 9].
The fit of Eq. (6) to the data, shown in Fig. 1, is statistically acceptable. The

data are well described by the fit. Note that for Q between 0.5 GeV and 1.5 GeV the
data points go below the dashed line, which stands for the long-range correlations
extrapolated to lower Q values. These data points indicate an anti-correlation in
the Q ≈ 1 GeV region. This property of the data is well reproduced by the fitted
curve, which also goes below unity as a result of the cosine term in Eq. (6), which
comes from the asymmetric Lévy assumption. The fitted value of α is 0.82± 0.03.
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Fig. 1. The Bose–Einstein correlation function R2. The curve corresponds to
the fit of Eq. (6)
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3. The τ Model

A model of strongly correlated phase-space was developed [11] to explain the ex-
perimentally found invariant relative momentum Q dependence of Bose–Einstein
correlations in e+e− reactions. This model also predicts a specific transverse mass
dependence of R2, that we subject to an experimental test here.

In this model, it is assumed that the average production point x = (t, rx, ry, rz)
of particles with a given momentum kμ is given by

xμ(kμ) = dkμ. (7)

In the case of two-jet events, d = τ/mT, where τ = [t
2
− r2

z]
1/2 is the longitudinal

proper-time and mT = [m2 + p2
T]1/2 is the transverse mass. The second assumption

is that the distribution of xμ(kμ) about its average, δΔ(xμ(kμ)−xμ(kμ)), is narrower
than the proper-time distribution. Then the emission function of the τ model is

S(x, k) =

∫
∞

0

dτH(τ)δΔ(x− dk)N1(k) , (8)

where H(τ) is the longitudinal proper-time distribution, the factor δΔ(x− dk) de-
scribes the strength of the correlations between coordinate space and momentum
space variables and N1(k) is the experimentally measurable single-particle spec-
trum.

In the plane-wave approximation the Yano–Koonin formula [12] gives the fol-
lowing two-pion multiplicity distribution:

ρ2(k1, k2) =

∫
d4x1d

4x2S(x1, k1)S(x2, k2) (1 + cos [(k1 − k2)(x1 − x2)]) . (9)

Approximating the δΔ function by a Dirac delta function, the argument of the cosine
becomes

(k1 − k2)(x̄1 − x̄2) = −0.5(d1 + d2)Q
2. (10)

Then the two-particle Bose–Einstein correlation function is approximated by

R2(k1, k2) = 1 + λReH̃2

(
Q2

2mT

)
, (11)

where H̃(ω) =
∫

dτH(τ) exp(iωτ) is the Fourier transform of H(τ). Thus an in-
variant relative momentum dependent BEC appears.

Guided by the result of the previous section, we use an asymmetric Lévy distri-
bution for the longitudinal proper-time density distribution. Thus the correspond-
ing BEC function has an analytic, although somewhat complicated form [9,10]:

R2(Q
2,mT) = γ

[
1+λ cos

(
τ0Q

2

mT

+ A

(
ΔτQ2

mT

)α

2

)
exp

(
−

(
ΔτQ2

mT

)α

2

)]
B , (12)
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where the parameter τ0 is the proper-time of the onset of particle production, Δτ
is the width of the proper-time distribution, A = tan(1

4
απ) and B = (1 + δQ).

After fitting for various mT interval we find that the quality of the fits is sta-
tistically acceptable and the fitted values of the model parameters are stable and
within errors the same in all investigated mT interval. The τ model with a one-
sided Lévy proper-time distribution describes the data with parameters τ0 = 0 fm,
α ≈ 0.80± 0.05 and Δτ ≈ 2.0± 0.6 fm.

4. The Shortest Movie: Reconstruction of Particle Production

at LEP

In order to reconstruct the space-time picture of the emitting process we assume
that the emission function can be factorized in the following way:

S(r, z, t) = I(r)G(η)H(τ) , (13)

where I(r) is the single-particle transverse distribution, G(η) is the space-time ra-
pidity distribution, which approximately coincides with the single-particle rapidity
distribution, and H(τ) is the observed proper-time distribution.
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Fig. 2. Two views of the longitudinal part of the source function normalized to
the average number of pions per event

With these assumptions one can reconstruct the longitudinal part of the emis-
sion. It is plotted as a function of t and z in Fig. 2. It has a maximum at low t and
z but with tails reaching out to very large t and z values, a feature already observed
for hadron–hadron [13] and heavy ion collisions [14].

The transverse profile, which follows from Eq. (8), has the following form:

d4n

dτd3r
=

m3
T

τ3
H(τ)N1

(
k =

mTr

τ

)
. (14)

This equation describes the particle production in coordinate space as a function
of the proper-time τ . It describes the expansion of the source as the proper-time
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increases. The particle production probability is proportional to the proper-time
distribution H(τ). Figure 3 shows the transverse part of the emission function for
various proper-times. Particle production starts immediately, increases rapidly and
decreases slowly. A ring-like structure, similar to the expanding, ring-like wave
created by a pebble in a pond, is reconstructed from L3 data, as shown in Fig. 3.
An animated gif file that shows this effect is available from [15]. Note that this is
the shortest film ever made of a process of nature.
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Fig. 3. The source function normalized to the average number of pions per event
for various proper-times
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5. Conclusions

The assumption that the source has a Gaussian shape is too simple. A good de-
scription of the Bose–Einstein correlation function is achieved using Lévy stable
distributions as the source function. The source function is reconstructed using the
τ model which predicts Q dependence.
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14. A. Ster, T. Csörgő and B. Lörstad, Nucl. Phys. A661 (1999) 419.
15. http://www.hef.kun.nl/∼novakt/movie/movie.gif



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [7200.000 7200.000]
>> setpagedevice


