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Abstract. The non-Markovian wave function method (NMWF) using the
stochastic unravelling of the master equation in the doubled Hilbert space is
implemented for quantum Brownian motion. A comparison between the sim-
ulation and the analytical results shows that the method can be conveniently
used to study the non-Markovian dynamics of the system.
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1. Introduction

The theory of open quantum systems has recently received a huge deal of attention
because it allows both to address fundamental questions such as the quantum mea-
surement problem and to investigate the effect of decoherence and dissipation in the
emerging quantum technologies [1]. One of the most common assumptions for de-
scribing open quantum systems is the so-called Born–Markov approximation which
basically consists in neglecting memory effects of the reservoir. In other words one
assumes that the correlation time of the reservoir, characterizing the time scale on
which the reservoir memory would feed back to the system, is much shorter than
the typical relaxation time of the system.
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When such condition is satisfied it is possible to derive a master equation de-
scribing the time evolution of the dissipative system for times longer than the cor-
relation time of the reservoir. Under this approximation the resulting equation of
motion for the reduced density matrix of the system is called Markovian master
equation.

In 1976 Lindblad [2] and Gorini–Kossakowski–Sudarshan [3], demonstrated in-
dependently the most general form for a Markovian master equation, known there-
after as Lindblad form. Their theorem ensures that the density matrix satisfying
a Lindblad master equation is positive at all times. A Lindblad master equation
can be numerically solved by means of the powerful Monte Carlo Wave Function
(MCWF) simulation methods [4–7] to study the system dynamics. These methods
are based on stochastic Schrödinger equations for the state (quantum trajectories),
driven by a classical stochastic process, such that the ensemble mean of the quantum
trajectories recovers the density operator.

The Markovian approximation, however, does not hold for systems interacting
with structured reservoirs, such as atoms decaying in photonic band gap materials
or atom lasers [8]. Such physical systems, indeed, are usually characterized by
reservoir correlation times longer than their typical relaxation times. In order to
describe correctly their time evolution, therefore, one needs to develop approaches
not based on the Markovian assumption. Another reason motivating the study of
non-Markovian descriptions of the dynamics is that, very recently, the potential
interest of non-Markovian reservoirs for quantum information processing has been
demonstrated [9] and a non-Markovian description of quantum computing, showing
the limits of the Markovian approach, has been presented [10].

Non-Markovian generalized master equations are, in general, extremely difficult
to treat, even numerically. For this reason recently some methods extending the
concept of stochastic unravelling from Markovian to non-Markovian evolution have
been presented [11,12]. In this paper we focus on the non-Markovian wave function
method (NMWF) using the stochastic unravelling of the master equation in the
doubled Hilbert space [1, 11]. We describe how to implement the NMWF method
for the study of quantum Brownian motion. We use Monte Carlo (MC) meth-
ods both to confirm the validity of the involved analytical solution and to demon-
strate that these methods can be used to study the heating dynamics of a quantum
Brownian particle in very general conditions. One might think that it is straight-
forward to apply MC methods, e.g. the NMWF method, once the master equation
of the system and the corresponding jump operators are known. However, there
exist situations in which the MC simulations become exceedingly heavy from the
computer resource point of view [13, 14]. In this paper we show that, in our case,
MC methods can be used conveniently to study numerically the non-Markovian
system dynamics.

The paper is structured as follows. In Section 2 we review the NMWF method
in the doubled Hilbert space. In Section 3 we apply the method to study quantum
Brownian motion. Finally in Section 4 conclusions are presented.
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2. Non-Markovian Wave Function Simulations in the Doubled

Hilbert Space

The most general form of the master equation obtained from time-convolutionless
projection operator technique reads [1, 11]

∂

∂t
ρ (t) = A (t) ρ (t) + ρ (t)B† (t) +

∑
i

Ci (t) ρ (t)D†i (t) , (1)

with time-dependent linear operatorsA (t), B (t), Ci (t), andDi (t). The unravelling
of the master equation can be implemented by using the method of stochastic
unravelling in the doubled Hilbert space [1] H̃ = HS ⊕ HS , where the state of the
system is described by a pair of stochastic state vectors

θ (t) =

(
φ (t)
ψ (t)

)
. (2)

The time evolution of θ (t) can be described as a piecewise deterministic process
(PDP) [1]. The deterministic part of the PDP is obtained by solving the following
differential equation

∂

∂t
θ (t) =

[
F (t) +

1

2

∑
i

‖Ji (t) θ (t) ‖2

‖θ (t) ‖2

]
θ (t) , (3)

with

F (t) =

(
A (t) 0

0 B (t)

)
(4)

and

Ji (t) =

(
Ci (t) 0

0 Di (t)

)
, (5)

where A (t), B (t), Ci (t), and Di (t) are the operators appearing in Eq. (1).
The stochastic part of the PDP is described in terms of jumps inducing transi-

tions of the form

θ (t)→
‖θ (t) ‖

‖Ji (t) θ (t) ‖

(
Ci (t)φ (t)
Di (t)ψ (t)

)
. (6)

The jump rate for channel i is given by

Pi(t) =
‖Ji (t) θ (t) ‖2

‖θ (t) ‖2
. (7)

Finally, the solution for the reduced density matrix is obtained as

ρ(t) =

∫
DθDθ∗|φ〉〈ψ|P̃ [θ, t], (8)

where P̃ [θ, t] denotes the probability density functional and the integration is carried

out over the doubled Hilbert space H̃ [1, 11].
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3. Implementation of the Method for QBM

The dynamics of a harmonic oscillator linearly coupled with a quantized reservoir,
modelled as an infinite chain of quantum harmonic oscillators, is described, in the
secular approximation, by means of the following generalized master equation [15,
16]

dρS(t)

dt
=

Δ(t)+γ(t)

2

[
2aρS(t)a† − a†aρS(t)− ρS(t)a†a

]
+

Δ(t)−γ(t)

2

[
2a†ρS(t)a− aa†ρS(t)− ρS(t)aa†

]
. (9)

In the previous equation, a and a† are the annihilation and creation operators, and
ρS(t) the density matrix of the system harmonic oscillator. The time dependent
coefficients Δ(t) and γ(t) appearing in the master equation are known as diffusion
and dissipation coefficient, respectively [15, 16].

The doubled Hilbert space state vector for the quantum Brownian particle reads

θ(t) =

(
φ (t)

ψ (t)

)
=

( ∑∞

n=0 φn(t)|n〉∑∞

n=0 ψn(t)|n〉

)
, (10)

where φn(t) and ψn(t) are the probability amplitudes in the Fock state basis.
By comparing Eq. (1) with the master equation (9), the operators A(t) and

B(t) in Eq. (4) have to be chosen as

A(t) = B(t) = −iω0a
†a−

1

2

{
[Δ(t) + γ(t)] a†a

+ [Δ(t)− γ(t)] aa†
}
. (11)

Accordingly, the operators Ci and Di are

C1(t) = D1(t) =
√
|Δ(t)− γ(t)|a†,

C2(t) = D2(t) =
√
|Δ(t) + γ(t)|a (12)

and the corresponding operators Ji, given by Eq. (5) become

J1(t) =
√
|Δ(t)− γ(t)|

(
sgn [Δ(t)− γ(t)] a† 0

0 a†

)

J2(t) =
√
|Δ(t) + γ(t)|

(
sgn [Δ(t) + γ(t)] a 0

0 a

)
. (13)

When the system dynamics and occupation of the states is restricted to the two
lowest Fock states the equations resemble closely the ones used for the study of
Jaynes–Cummings model with detuning [11].
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The statistics of the quantum jumps is described by the waiting time distri-
bution function Fw(τ) which represents the probability that the next jump occurs
within the time interval [t, t+τ). Fw(τ), derived from the properties of the stochas-
tic process, reads

Fw(τ) = 1− exp

⎡
⎣− ∫ τ

0

∑
i=1,2

Pi (s) ds

⎤
⎦ , (14)

where for channel 1 (jump up, the system absorbs a quantum of energy from the
environment)

P1(t) =
|Δ(t) − γ(t)|

‖θ (t) ‖2

∞∑
n=0

(n+ 1)
[
|φn(t)|2 + |ψn(t)|2

]
, (15)

and for channel 2 (jump down, the system emits a quantum of energy into the
environment)

P2(t) =
|Δ(t) + γ(t)|

‖θ (t) ‖2

∞∑
n=0

n
[
|φn(t)|2 + |ψn(t)|2

]
. (16)

When the jump occurs, the choice of the decay channel is made according to the
factors P1(t) and P2(t). The times at which the jumps occur are obtained from
Eq. (14) by using the method of inversion [1].

For very low temperatures, the non-Markovian behaviour of the heating func-
tion of the quantum Brownian particle may occur when 〈n〉 is of the order of 10−10,
see Fig. 1. To reach such an accuracy, a MC simulation for the estimation of 〈n〉
would require more than 1010 realizations to be generated. This problem may be cir-
cumvented by an appropriate scaling of the time dependent coefficients Δ (t)±γ (t)
of the master equation. The method is based upon the following considerations. Let
us look at the properties of the Hilbert space path integral solution of the stochastic
process corresponding to the unravelling of Eq. (1). The Hilbert space path inte-
gral representation is essentially the expansion of the propagator of the stochastic
process T [θ, t|θ0, t0] in the number of quantum jumps [1]:

T [θ, t|θ0, t0] =
∞∑

N=0

T (N) [θ, t|θ0, t0] , (17)

where N denotes the number of jumps, and T (N) are the N jump contributions to
the propagator. As long as in the time evolution period of interest there is maximally
one jump per realization, it can be shown that, in the weak coupling limit and for
the initial conditions used here, the relevant contribution to the propagator is given
by the first two terms T (0), T (1). In this case the expectation value of an arbitrary
operator O is given by
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Fig. 1. Dynamics of the heating function 〈n(t)〉 in the short time non-Markovian
regime. For the high T , graphics (c), (f), (i), we have used r0 = ω0/KT = 0.1;
for the intermediate T , graphics (b), (e), (h) we have used r0 = ω0/KT = 1; for
low T , graphics (a), (d), (g), we have used r0 = ω0/KT = 100. We indicate with
solid line the analytic solution and with circles the simulations performed using
the NMWF method. In the right-lower corner of all graphics we indicate whether
the asymptotic long time value of the heating function is null (zero T reservoir)
or not

〈O〉 (t) =

∫
DθDθ∗〈φ(t)|O|ψ(t)〉

{
T (0) [θ, t|θ0, t0] + T (1) [θ, t|θ0, t0]

}
. (18)

The contribution from T (0) gives the initial expectation value 〈O〉 (0) plus a term
which is directly proportional to the decay coefficients Δ ± γ. Since T (1) is also
directly proportional to the decay coefficients we get as a result that the change in
the expectation value is also proportional to the decay coefficients

〈O〉 (t)− 〈O〉 (0) ∝ Δ± γ. (19)
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Thus, to ease the numerics and still to obtain the correct result, it is possible to
speed up the decay by multiplying the coefficients Δ± γ with some suitable factor
β, and to do the corresponding scaling down by dividing the calculated ensemble
average by the same factor at the end of the simulation. For the heating function the
validity of the scaling can be seen directly from the analytic solution (see Ref. [17]).
The scaling allows to reduce the ensemble size for the estimation of the heating
function from the unpractical 1010 to the more practical 104–105.

In Fig. 1 we compare the NMWF simulations with the analytic solution obtained
using the method discussed in [18] for different values of the reservoir parameters.
In more detail, we vary the temperature of the reservoir and the ratio r = ωc/ω0

between the reservoir cut-off frequency and the frequency of the system oscillator
[17]. For all the different regimes considered we obtain a very good agreement
between the simulations and the analytical results, thus confirming the usefulness
of the NMWF simulation method for the study of the non-Markovian dynamics of
a paradigmatic model of the theory of open quantum systems, namely the QBM
model.

4. Conclusions

In this paper we have discussed how to implement the non-Markovian wave function
method (NMWF) using the stochastic unravelling of the master equation in the
doubled Hilbert space for QBM. Starting from the time convolutionless master
equation in the secular approximation, the stochastic unravelling is derived, and
the short time non-Markovian dynamics of the system is simulated by averaging
over many quantum trajectories. A comparison between the simulation and the
analytical results for different regimes of the system-reservoir parameter space shows
that the method can be conveniently used to study the non-Markovian dynamics of
the system.
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