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Abstract

We consider the following fractional reaction-diffusion equation

m@+@AgaﬁM@—$®=ﬂﬂw

where g, (t) = t*1/T'(a) (0 < a < 1), f € C(]0,00)) is a non-decreasing
function, v > —1, and A is an elliptic operator whose fundamental solution
of its associated parabolic equation has Gaussian lower and upper bounds.
We characterize the behavior of the functions f so that the above fractional
reaction-diffusion equation has a bounded local solution in L"(£2), for non-
negative initial data ug € L"(2), when r > 1 and  C R is either a
smooth bounded domain or the whole space RY. The case r = 1 is also
studied.
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35B33
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1. Introduction

Let © ¢ RY be a smooth bounded domain or the whole space RY.
Without loss of generality we assume that 2 contains the origin. We study

(© 2021 Diogenes Co., Sofia
pp. 11931219, DOI: 10.1515/fca-2021-0051 DE GRUYTER



1194 R. Castillo, M. Loayza, A. Viana

the local existence in Lebesgue spaces of the following problem

t
ug + 825/ ga(8)Au(t — s)ds =t7f(u), inQx(0,T),
’ Bu =0, on 0 x (0,7, (1.1)
u(0) =wup>0, inQ,

where g,(t) = t*1/T(a), 0 < a <1,y > —1, f :[0,00) — [0,00) is a
continuous and non-decreasing function, ug € L"(2), 1 < r < oo, and

(H.1) The pair (A, B) defines an unbounded operator A : D(A) — L?(2)
that generates a Cp-semigroup (e *4);>o in L2(Q), with Green’s
function (or fundamental solution) K such that

_tA /K x,y; t)(y)dy, (1.2)

for ¢ € C*(R2), that is, e~ t44) is the solution of the linear problem

up = —Au, in Qx (0,7),
Bu= 0, on ), (1.3)
u(0) = 1, in Q.

Here, the set C2°(§2) denotes the space of infinitely differentiable
functions with compact support in 2.
(H.2) K has a Gaussian upper bound

2
K(z,y;t) < Oyt N2 exp ()\1 [ ty| ) , fort > 0,z,y € Q, (1.4)

with positive constants C1, Aq.
(H.3) K has a Gaussian lower bound: in the case 2 = RV

2
K(z,y;t) > Cot—N/2 exp <)\2 [ ty| > , fort > 0,z,y € RY, (1.5)

with positive constants Ca, \o; and in the case that Q ¢ RV is a
bounded domain

=yl

t
and 0 < ¢t < min{1, d?(y, 09)/8}, where Q' is a convex subset of
such that d(£,00Q) > 0.

The most simple example of such A is the Laplacian operator —A with
Dirichlet boundary conditions. Nevertheless, we can consider more general
operators such as

N
Au = — Z @i (T) Uy, — Zb T)ug; — c(x)u

i,j=1

K(z,y;t) > Cot—N/2 exp <)\2 > , forz,yc Q' cQ, (1.6)
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with Robin boundary condition, considered also by Fujita and Watanabe
[12]. More details in Section 5.
On one hand, the local existence of the semilinear parabolic problem

up — Au = f(u), in Q x (0,7),
u =0, in 092 x (0,7T), (1.7)
u(0) =wup>0, inQ,

has been studied by Brezis and Cazenave [6], Celik and Zhou [7], and
Weissler [24, 25, 26], for f(u) = uP, p > 1 and ug € L"(Q2),up > 0. More
precisely,
(i) Problem (1.7) has a local solution C([0, T, L"(€2)),r > 1 if and only
ifr>N(p-1)/2.
(ii)) f1 <r < N(p—1)/2 or r = N(p—1)/2 = 1, then there exists
an initial data ug € L"(2),ug > 0 such that problem (1.7) does not
admit any non-negative solution C([0, 7], L"(2)).
Such results were recently obtained, for a more general f, by Laister et al.
[14] in the following way.
Let f:]0,00) — [0,00) be a continuous and non-decreasing function.
(i) Assume that € is a bounded domain.

(a) Problem (1.7) has a local solution for every ug € L"(2) with
r > 1 if and only if

limsup 7~ 27/N) £(7) < o0. (1.8)
T—00
(b) Problem (1.7) has a local solution for every ug € L'(Q) if and
only if
/ 72N B(7)dr < oo, where F(r) = sup f(o)/o. (1.9)
1 1<o<T

(ii) When Q = RY, the statements (a) and (b) remain valid if we re-
placed conditions (1.8) and (1.9) by

lim sup 7’7(1+2T/N)f(7') < oo and limsup f(7)/7 < o0,

T—00 T—0

/ 72N B(7)dt < 0o and limsup f(7)/7 < oo,
1

T—0
respectively, where F' = SUpp<,<, f(0)/0
It is worth point out that these results were extended by Kexue Li
in [16] for problem (1.7) with the fractional Laplacian (—A)® with either

Q) = Bp is the ball or Q = R™. Similar result for weakly coupled systems
were obtained recently by Aparcana et al. in [1].
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On the other hand, the integral version of the fractional diffusion equa-
tion

ug(t, ) = O(ga * Au)(t,x) + f, t>0, z €Q, (1.10)

where Q C RV, was studied initially by Schneider and Wyss [22], with
f =0. In [19] the authors present an extensive list of systems displaying
anomalous dynamical behavior of subdiffusive type that can be modeled by
(1.10). We emphasize that (1.10) and

oOfu=Au+f,t>0,2€Q, 0<a<l, (1.11)
where O0fu denotes the Caputo fractional derivative of u, are equivalent
only for f =0, but not in general. Other mathematical difference between
these two problems lies on the fact that, for f(u) = u”, p > 1, the critical
Fujita’s exponent for (1.10) pr = 1+ % (see [9, 23]) while it is pp = 1+ %
(the same as the heat equation, case o = 1), for (1.11), according to [27]. It
may suggest that the fractional parameter « plays a more influential role in
(1.10) than in (1.11). From the physical point of view, we emphasize that
considering a source in the diffusion process with memory as (1.10) avoids
the reaction to be affected by the memory effect, as observed by Metzler et
al. [18, p. 346], unlike in (1.11). Recently, Lophushansky et al. [17] studied
the existence and uniqueness of solutions in Bessel potential spaces, for an
equation that is equivalent to (1.11), by means of the abstract approach.
More recently, de Andrade et al. [10] proved, among other issues, a result on
the local well-posedness for (1.10) with up € L(2) and for f(u) ~ u”,p > 1.
More precisely, their existence results can be read as follows: let vy € L1(Q2),
if either

(i)g>1,q> O‘QN(p—l), and pa > 1; or
(i) g > pand ¢> §(p—1); or
(iii) 1<g<pand ¢ > ];/(p—l); or
(iv) 1< g=*(p—1) and pa > 1;
then, there exist 77 > 0 and R > 0 such that (1.10) with initial condition
ug € Bra(q)(vo, R/4) has a L7%-mild solution u : [0,T] — L%(2).
Therefore, the above mentioned results motivate us to study conditions

for the existence and non-existence of a L"-local solution for problem (1.1)
with ug € L" (see Definition 2.1 for the concept of solution we consider).

Our main result is the following.

THEOREM 1.1. Let f :[0,00) — [0,00) be a continuous non-decreasing

function, v > —1 and
2r(y+1)

pr=1 T (1.12)
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(i) Existence. Assume p* > (1+4)/a, r > 1 and

limsup,_,., 77" f(7) < oo, if Q is bounded
or
limsup, . 77 f(7) < co and limsup,_, f(7)/7 < 0o, if Q@ = RV,

Then, for every non-negative ug € L"(2), problem (1.1) has a non-
negative local L"-solution. For r = 1, existence holds with N = 1.
(ii) Non-existence. Let r > 1. Suppose that

limsup, . 77 f(1) = oo, if Q is bounded
or
limsup,_, . 77 f(7) =00 or limsup,_,, f(7)/7 = oo, if @ =RV,

Then there exists ug € L"(2),up > 0 such that problem (1.1) has
no non-negative local L"-solution.

REMARK 1.1. Here are some comments on Theorem 1.1.

(i) When v = 0 and o = 1, we recover Laister et al. [14] character-
ization in L". Indeed, our proofs work well for a = 1, with fewer
constraints.

(ii) When f(7) = 7P,7 > 0 and vy = 0, the condition p* > (1 +v)/a =
1/a in the existence part coincides with the one required in [9,
Theorem 1] to show the global existence.

(iii) As usual in local existence results, we do not require the smallness
of |Jug||zr as it was in [9, Theorem 1], where global solutions are

Nal 1
sought. We rather use that lim_ o+ ¢ 2 (Tfn)||5a(t)uo\|m =0, see
Lemma 3.1 for details.

In our second result, we consider a weakened assumption for the non-
existence result given in Theorem 1.1 for » = 1. Precisely, we have the
following.

THEOREM 1.2. Let f :[0,00) — [0,00) be a non-decreasing function,

[
F(s) =sup <, <, f(7)/7, and F(s) = supg.,<, f(7)/7. Assume that either

/ s7P F(s)ds = oo, if Q is a bounded domain,
1
or
/ sTP F(s)ds = 0o, if @ =RY,
0

where p* is given by (1.12) with r = 1. Then there exists ug € L*(2),uo > 0
such that problem (1.1) has no non-negative local L"-solution.
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Concerning our results, we observe that the case 7 = 1 offers some extra
difficulties in the application of the technique given in [14], mostly because
the Mittag-Leffler family S, (t)¢ does not enjoy the semigroup property
T(t+s) =Tt)T(s), see e.g. [20]. Moreover, L' — L° bounds for S, (),
with N > 2, are not available in the literature, and it is a sensitive subject
indeed. We overcame the earlier barrier but not the latter one. Therefore,
our existence results in L' holds for N = 1. The precise results are in
Subsection 4.2. On the other hand, this work extends Laister et al. [14]
in by considering a nonlinearity with temporal weight and the fractional
diffusion. Our results are of the same nature as those in [14], recover and
extend them (except for N = 1). We follow the methodology used in [14],
but difficulties inherent to nonlocal-in-time problems had to be overcome as
well as the analysis with the time-dependent nonlinearity demanded more
effort.

This work is organized as follows. In Section 2, we prove some lower
bounds and L? — L" bounds for the Mittag-Leffler family (S, (t))t>0. The
proofs of existence and non-existence results are split into two cases: r > 1
and r = 1, which are subjects of Sections 3 and 4, respectively. In Section 5,
we gather some results on Gaussian bounds for the heat kernels associated
with some more general elliptic operators in order to exhibit existence and
non-existence results on fractional reaction—diffusion equations involving
such general elliptic operators.

2. Auxiliary results

2.1. The parabolic equation. We denote by B,(z) C R the ball cen-
tered at x with radius p, by x, the characteristic function on B,(0), and
by wy the volume of the unit ball in RY.

In view of our assumptions (H.1)-(H.3) on the operator (A, B), we can
obtain an estimate from below of the solution of the linear problem (1.3).

LEMMA 2.1. Assume that 2 is bounded and let p > 0, § € (0,1) such
that B,195 C €. There exist positive constants c, and co, which depend
only on N,CY,v1,q,r, and N, Cy, s, respectively, such that

N(1_1
leollr@ < ext™> ) gl acen, (2.1)
for1 < g <r<oo, and
N
—tA p
e > ¢ , 2.2
Xp =0 (max{p,\/t}> Xotvi (2.2)

for all 0 < t < 6%/8.
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P r o o f. We first note that the identity (1.2) holds, for ug € L"(Q2),1 <
r < oo. Indeed, it follows either from (1.4) and the density of C§° in L"(€2),
with 1 < r < oo or from [2], in general. To show (2.1), we use (1.2),
(1.4), and the Young inequality in the following standard way: define p by
, =14 —,, then

el = | [ K tretmay
Q Lm(Q)

- ( |'|2>
eXp\ —7 "

_N,N
<et 22| ol Laq)

<Cy

[xa®ll Lo @)
LP(RN)

_N(1_1
=il ¢ T>HSOHL‘1(Q)-

Next, we argue as in the proof of [14, Lemma 2.1]. From (1.2) and
(1.6), for Q" = B,;5(0), we have that d(€,09) > ¢. Thus, for 0 < ¢t <
min{1,6%/8} = 62/8 and |z| < p + v/t we have

ey (x) = /QK(w,y;t)xpdy

2
Z C2t—N/2/ eXp(_fYQ‘xt y‘ )dy
lyl<p

> Cg/ exp(—fyg\z]2)dz.
Bp/\/t((1+ \l/7t )u)

Since |z — (1 + \Z)u| <|z—2u|+|(1 - jt)u| we conclude that B;(2u) C
B, ((1+ 7)) if V't < p. Then,
S(t)xp > Cg/ exp(—2|2|?)dz.
Bi(2u)

On the other hand, if v/t > p, we have S(t)x, > Cawn exp(—972)(p/Vt)".
These lead to (2.2). O

REMARK 2.1. Since the proof of Lemma 2.1 is based on the lower
bound of the Green function K, it is possible to conclude, using (1.5), that
estimate (2.2) also holds for Q = R" and for all ¢ > 0. The same proof for
(2.1) works when Q = RY.

2.2. The fractional problem. We recall some facts on the resolvent fam-
ily associated to the equation
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t
up + at/ Ja(s)Au(t —s)ds =0, in Q x (0,7,
0

Bu =0, on 9 x (0,7,
u(0) =up >0, in Q,
Indeed, after integrating (2.3), we rewrite it as the following abstract Volterra
integral equation

(2.3)

u(t) = up + /0 9o (8)Au(t — s)ds. (2.4)

Recalling that A is the generator of a Cp-semigroup in L2(Q), the subordi-
nation principle in [5] gives that A also generates the resolvent family

1
S,(t) = ) / MNTEAY 4 A)7dN, ¢ >0, (2.5)
i
for an arbitrary Hankel path H,, and that satisfies
oo
Sa(t)p = / M, (0)e " Apdo, (2.6)
0
for every distribution ¢, where M, is the Wright function
o0
(—2)"
M = . 2.7
a(2) nzzonll“(—om—a—i-l) 27)

This family (Ss)i>0 of bounded operators in L?(2), with S,(0) = I, is
called the Mittag-Leffler family associated to the operator (A, B), and is
the same given by the formal application of the Laplace transform in (2.3).
Clearly, the above reasoning works well with a Banach space X in place
of L?(Q), provided that A generates a Cp-semigroup in X.
The case of Q = RY can also be approached by means of the Duhamel
principle applied to (2.3), and by recalling that the Mittag-Leffler function

E,(—z) is an analytic Laplace transformable function obeying E@O‘) (N =
Aa—l

Nops and

Ey(—2) :/ My (t)e *'dt, z¢€C.
0

We will use the following properties of the Wright function: M,(t) > 0
for all t > 0,

/OO My (o)do =1, (2.8)
and ’
r'Go+1)

if —1. 2.
s+ 1)’ it §> (2.9)

/ M, (0)o’do =
0
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LEMMA 2.2. Let 1 < ¢q<r < oo besuch that 1/q—1/r < 2/N, then

_aN(l_l)
[Sa®)ellrr ) < Co(N,a,q,m)t 2\ "I p] L),
where C, > 0 depends only on N, «a,q, and r.

P r o o f. Combining (2.6), (2.1), and (2.9), we have
1Sa(ellr < /0 Mo (o) e~ A rdo

cerod (- / " M@)o G do gl e
0
N

1_1

— o G ol
O

LEMMA 2.3. Let p >0, 6 € (0,1) such that B,9; C Q. There exists
a constant ¢y > 0, which depend only on N,Cy and ~» and such that

N
~ p
Salt > o 2.10
(t)xp = o (max{p, \/75“}) Xp+/t ( )

for all 0 < t* < 62/16.

Proof From (2.6) and Lemma 2.1
Sa(t)Xp = fooo Ma(a)e_ataA Xpda

N
t_o‘52/8 P
0 Ma(a) (HlaX{Pﬂ/ota}) XPJF\/UtO‘ do

Y

€o

v

N
t=52/8 _N
&Y <maX{:J),\/t°‘}> Xoptvie Ji Mo(o)o™2do (917)

N
= 27N/200 f12 Ma(U)dJ <max{pp,\/ta}> Xpv/te

N
_ p
= ¢ <max{p,\/t°‘}> XP+\/tO"
where ¢y = 27 V/2¢ f12 M, (o)do. O

REMARK 2.2.

(i) When Q = R, from Remark 2.1, it is possible to observe that
estimate (2.10) holds for all ¢t > 0.
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(ii) The smoothing effect in Lemma 2.2 holds for o = 1, without the
constraint 1/q —1/r < 2/N, actually, it is Lemma 2.1. Such a con-
straint makes ranges tighter and restricts the dimension for distant

exponents. For instance, Lemma 2.2 holds for (¢,r) = (1,00), only
when N = 1.

The local L"-mild solutions for the problem (1.1) are understood in the
following sense.

DEFINITION 2.1. Given ug € L"(2), » > 1. We say that u €
L>((0,T),L"(92)) is a local L"-mild solution, or simply, a local solution
of problem (1.1) when there exists 7' > 0 such that

w(t) = Su(t)uo + /0 Sult — 0)0 f(u(o))do, (2.12)
for t € (0, 7).

We also need a comparison principle for equation (2.12). So, it is con-
venient to define what we understand by a supersolution for (2.12).

DEFINITION 2.2. Given ug € L"(€2), r > 1, a non-negative function
u € L>®((0,T),L"(£2)) is a local L"-mild supersolution, or simply, a super-
solution of (2.12), if

a(t) > Sa(t)up + /0 St —o)o? f(u(o))do.

Subsolutions are defined analogously, with reversed inequality.

LEMMA 2.4. Assume thatr > 1 and f : [0,00) — [0, 00) is a continuous
and non-decreasing function. Let ug € L"(§2) be a non-negative function.
Then, problem (2.12) admits a local solution in L*°((0,T),L"(2)) if and
only if it admits an supersolution in L*°((0,T), L"(2)).

P roof. It is clear that every solution is also a supersolution of the
problem (1.1). We must prove the converse. In fact, we follow the argument
used in [21]. Suppose that there exists a supersolution @ of the problem
(2.12) in (0,7'), and define the operator F by

F0)(t) = Saltyuo + /0 Salt — 0)0 f(v(0))do,

for t € (0,T). Note that « > F(u) in (0,T).

Using the monotonicity of f and the positivity preserving of S, (t) (see
[9]), we obtain that F is a non-increasing operator in the set of the non-
negative and measurable functions. Now, consider the following sequence
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{]—'k(ﬂ)}kzo, where FF+1(a) = F(F*(a)). By @ > F(u) and the mono-
tonicity of the operator F, we conclude that the sequence {.7-" k(ﬁ)} k>0 1S @
non-decreasing and non-negative sequence in (0,T). Taking the pointwise
limit
u(z,t) = lim [}'k(ﬂ)} (x,t) whenever there exist,
k—o00

we have that u verifies (2.12). Indeed, for continuity of f and by the mono-
tone convergence theorem, it is possible to conclude that limy_, o F(ug) =
F(u) ae. in Q x (0,T) where F*(u) := uy, for all k € N. Thus, due to
the construction of the sequences we have v = F(u) a.e. in Q x (0,T).
Moreover, since @(t),up € L"(Q) and f is a non-decreasing function, we
have

0 < F(u(t)) < Sa(t)ug + /Ot So(t —o)o u(o)do,

whence
TY+1
F(u(t))||r < C. r+ C.
[F(@(®))||zr < Culluollzr + 1
by Lemma 2.2. Now, the monotonicity of the operator F implies that the
sequence {Jfk(a)}k>0 belongs to L"(2), by induction, and so u(t) € L"(Q),
a.et> 0. B O

||27JHL°°(O,T;L7")’ (213)

3. Proof of Theorem 1.1

In this section, we give two preliminary lemmas, and we present the
proof of Theorem 1.1, divided into two parts: existence and non-existence
in L".

LeMMA 3.1. Let a € (0,1), up € L"(Q), and 1 < r < n < oo. If

157(17717) < 1, then

r . Na(l_l)
lim ¢ 2 ‘v~ n7||Sy(t)upl|Ln = 0.
t—0t+

Proof. Given ug € L"(Q), there is a sequence (p,) test functions
converging to ug. Hence, Lemma 2.2 gives

1_ 1_

¢ G 1sa ol <t G 18w — on) o0

aN(1_1
T IR

1_

aN( 1)
<Clluo = @nller +¢ >\ "/ lop[Ln.

The result follows now by passing the limit as ¢t — 0, and then n — 0. O
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The next lemma ensures that the constants appearing in the proof of
Theorem 1.1 are finite and allows us to use the fixed point method to prove
the existence of solutions for the problems 3.2 and 3.6.

LEMMA 3.2. Letr > 1,7 > —-1,aa >0, N> 1,p" =1+ QT%”

and B = *N (L - 717) Assume that p* > (1 + 7)/a. Then, there exists

n > r,n > p* such that

3.1. Existence. We consider two situations.

Case 1.  is a bounded domain. Since limsup 7" f(7) < oo, there
T—00

exists a positive constant C7 such that

(7)€ 1 +77) (3.1)
for 7 > 0, where p* =1+ ZTS’;;U.
Next, we obtain a local L"-mild solution for the following auxiliary
problem

t
v — 815/ ga(8)Av(t — 8)ds = Cit'(1+vP"), in Q x (0,T),
0

B =0, on 00 x (0,7,
u(0) =wug >0, in Q
(3.2)
with ug € L"(2). Note that from the existence of a solution for problem
(3.2), Lemma 2.4 and (3.1) we have the result.

We use a fixed point argument, as in [6, 9, 10]. We warn that the
constant C, may vary along the proof. Keeping in mind the definition of
mild solution given by (2.12) with f(u(c)) replaced by C1(1 4 vP" (o)), we
define the operator ¥y : K — E by

Uy (v)(t) = Sa(t)uo + Cy /Ot So(t —0)o?[1 + 0P (0))do,

where E = L

loc

((0,T7),L"(2)), n is given by Lemma 3.2,

K = {UGE:UZOand t3)|v(t)|| o S(S},
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B=cN (71" — 717> , and § > 0 will be chosen later. The set K is a complete

metric space endowed with the metric d(v, w) = supc (1) v (t) —w(t)| n,
for all v,w € K.

It is easy to see that ¥;(v) > 0, for any v € K. From Lemmas 2.2 and
3.2 ((i), (ii) and (iv)) we have

7@ 1 (0) (8)]| o

t
< tﬁ||5a(t)uo||m+clt5/ o7 ||Sa(t — 0)1||pndo
0
t
+Clt5/ o7 ||Sa(t — )P (o) pndo
0
CiC
< t)Sa(uolln + 1;\\1\@@1%5
t *
—|—ClC*t5/ ot — )2 O =) |lu(o) 2 do
0
CiC
< B8 L (t *10 1/77t1+’7+5
< t7)|Sa()uollLn + 1+,YI |
* 1 70¢N(p*71) _ *
+C1C6P /(1—0) 2 U Tl g =P g, (3.3)
0
Let 6 > 0 be such that
1 *
C1C,0"" / (1—0)"" o =0l =B +14g < /2. (3.4)
0

From Lemma 3.1, there exists T > 0 such that 3| ¥ (v)(t)||zn < 6. So,
Uv e K.
Arguing similarly, it is possible to show that

7] W1 (0)(t) = W1(9)(t)]| o (3:5)

. ! N (p* .

< C1C° 1/ (1—0) 2 =) =B+ g sup tﬁ||v(t) —o(t)|| -

0 tc(0,7)

Thus, by (3.4), we have that ¥y is a strict contraction. Therefore, there

exists a fixed point v for the map ¥; : K — K, that is, v = ¥yv. Since,

ve E, n>r,and  is bounded, we have that v € L>((0,T"); L"(£2).
Thus, we obtained the existence of a local L"-mild solution for (3.2)

when (2 is a bounded domain.

Case 2. Q =R". Since

limsup f(7)/7 < coand limsup 77 f(7) < oo,

T7—0 T—>00
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we have that there exists a constant Cy > 0 such that f(7) < Ca(7 + 777).
With small modifications in the arguments of the Case 1, it is possible to
prove the existence of a solution of the following problem

t
- 825/ ga(8)Aw(t — s)ds = Cot?(w +wP"), in RN x (0,T),
0

u(0) = up, in RV,
(3.6)
in the space E = L{° ((0,T),L"(RN) N L>=((0,T),L"(RY)). Indeed, let
M > ||lupl||zr, and o < 1, which will be chosen later. The set

Ko = {v €E:v>0,|)r < CM + 1,8 u()| 10 < 50} ,

is a non-empty complete metric space endowed with the metric

do(v, w) := maX{ sup |[v(t) = w(t)||rr, sup ¢7]o(t) — W(t)HLn} -
te(0,7) te(0,7)
The values of n and 8 are given as in the Case 1. Let ¥y : Ky — FE be
given by
t t
Wy (v)(t) :Sa(t)u0+02/ Sa(tU)U/yU(U)dJ+CQ/ So(t—o)o v (0)do.
0 0

Using Lemma 3.2, and arguing as in the derivation of (3.3) and (3.5), we
have

[Wa(v) ()| Lr
t
C'*||u0HLr+C'QC*/ o’ ||lv(o)||Lrdo
0

IN

t _aN(p*_l)
+@a/amw > U = (o) |2, do
0

1+~ * 1
1+~ 0

aN (p* 1 A
o =0 )7 PP g,

IN

and
7] @ (0) (8| o

t
tBHSa(t)uOHLn +027f6/ O"YHU(U)HLndU
0

IN

t o *
+@@w/am@-ﬂp ) [o(o) |17 do
0

02t1+
-8

_aN p*_l _ *
S

IN

PS4 (t)uo]| o + 6+ CrC.8 / (1-o0)
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Similarly, it is possible to show that
[Wa(v)(t) = Wa(w)(t)] -

CQC t1+7 —1 1 _aN p*_l
* CoC,oF 1-0) 27 )g
t7] W (v) (1) = Wa(w)(t)| n
02t1+’7 _1 1 7aN(P*71)
+ CyC0P° /10 2 4 ") ) d(v, w).
([ e [a-o (.0
From these estimates and Lemma 3.1 we observe that Wy is a strict con-
traction if dg > 0 and 7" > 0 are sufficiently small. Therefore, there exists
a fixed point of Wy, which is the desired solution. O

3.2. Non-existence. We show the non-existence part of Theorem 1.1. As-
sume first that limsup,_,., 77 f(7) = oo. Then, there exists a sequence
{2k }ken such that

2k >k and f(z) > zg*ek‘/’". (3.7)

Let r, = (k:_2z,;1)r/N. Since limg_,o 7 = 0, we can suppose that rp < 1
and Bs,, C (), for all k € N. Now, define u;, = Eo_lzerk and

[o.¢]
Uy = Z ug, (3.8)
k=1

where ¢y is the constant of Lemma 2.3. Then,

o o
luollzr < D unller =wy et Yk < .
k=1 k=1

We argue now by contradiction and assume that problem (1.1) has a
solution, in the sense of (2.12), for every initial data in L"(2). In particular,
for ug there exists a function u € L*((0,7"), L"(Q2)) verifying (2.12).

By the non-negativity of S, (), we have u(t) > S (t)ug > Sa(t)uy for
t € (0,7). Thus, from (2.12) we obtain

u(t) > / ' 018u(t = 0) £ (Sa(e)ue)do, (3.9)
since f is non-decreasing. Eemma 2.3 implies that
Se(o)ur, = &5 Sa(0) (26 Xr,) > 2k Xop /oo = 2k Xrys
for all 0 < o < r?/16. Hence,

fSa(o)ur) = f(zexry) = f(26) X, (3.10)
for 0 < 0® < r?/16. From (3.10) and Lemma 2.3 we obtain

Salt = 0)f(Salo)ur) = & f ()X, (3.11)
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for 0 < 0@ < t@ < r2/16. Now, define t, = (r2/16)"/*. For t € [tx/2, 4],
we use (3.9) and (3.11) to obtain

u(t) > /OJVSa(tJ)f(Sa(J)uk)da

tr/2
s s [
0

G2~ 0HDAF/A) 5 1)
= @

This and (3.7) imply

lu@) e > Cri ™ pye”
= o ()

> Ok ek o,

as k — oo. This contradicts the fact that u € L*((0,7), L"(£2)).

For the case Q = RV, assume that limsup,_,o+ f(7)/7 = oo. Then,
there exists a sequence {\}r>1, with A < k=2 such that f(\) > eF A.
Let pr, = (A\ek?)™"/N > 1 and vy = Y peq Vg, With vy = EalAkka. Thus,

[e.9]

o
leollzr <3 el = & 'y D k™2 < oc.
k=1 k=1
As in the anterior case, we argue by contradiction and assume that problem
(1.1) has a solution, in the sense of (2.12), for every initial data in L"(R").
In particular, for vy, there exists a function v € L>((0,T), L"(RY)) veri-
fying (2.12). Arguing as in the derivation of (3.9)-(3.11) it is possible to

obtain

SOé(t - O_)f(sa(O')Uk) Z EOf()‘k)kav
for 0 < o“ <t* <1< p?. So, for t € (0,1) we have

v(t) > /OO"ySa(tO')f(Sa(O')Uk)dO'
Gttt

(v + 1)f()‘k)ka'

Therefore,

Cr T f oy
CeFt k=2 = oo,

as k — oo. This contradicts the fact that v € L>((0,T), L™ (RY)). 0

lo(®llzr >
>
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4. Initial data in L!(Q)

In this section, we prove the non-existence result in L'. To do this, we
first give sufficient conditions for the non-existence and recall the Lemma
from [14] that identify the assumptions in Theorem 1.2 with such condi-
tions. We also discuss the existence in L'. The combination of the results
gives optimal conditions of existence in L', only for N = 1.

4.1. Non-existence. Note that, in the statement of the following propo-
sition, we do not require f to be continuous.

PROPOSITION 4.1.  Assume f : [0,00) — [0,00) is non-decreasing and

that there exists a sequence {sy }r>1 such that sy, > 05y, for some constant
0 > 1, and

Z S;[1+2(7+1)/(04N)}f(8k) — . (4.1)
k=1

Then, there exists a non-negative initial condition ug € L'(§2),uo > 0 such
that the problem (1.1) has no local L' solution.

Proof Let pp = Ealsk, where ¢y is given in Lemma 2.3. Set u,, =
7112 05}(1/9”, where 0,, = (nngn)l/N, and pg, to be chosen later. Set uy =
Z;L’O:no Uy, with ng chosen such that 1/6,,, < dp := 1/3inf,cpq |z|. Remem-
ber that we are assuming that 0 € Q.

Note that, 1/60, < do and so B g, 425, C €2 for all n > ng. Also,

0o 00 0o
luollzr < Y unllr < ]l =wn Y n? < oo,
n=1 n=1

n=ng

First, we will see the action of S, (o) over every function w,. Choose
p=1/0, and § = §y in Lemma 2.3, thus

o oN

n2’ (1 . 02/QJ>QN/2

Sa(o)un = “X1/0, 4v/oo 2 €0 PEX1/g, oo (42)

_Q)Q/aN )

for o0 < t, = min{ég/l& (” — GQ/Q}, pr < n720N ) and |z| <

Pk
1/0,, + /oo
Now, suppose by contradiction that there exist u € L*((0,7T), L*(Q))
a local solution of problem (1.1) with initial condition ug. We can assume
that with T < 62/16. Thus, by using the non-negativity, Lemma 2.3,
estimate (4.2), and that f is non-decreasing, we have



1210 R. Castillo, M. Loayza, A. Viana

t
/Qu(t)dx > /Q/o 07Sa(t — o) f(Sal(o)up)dodx
tk
> ;/Q/tk_H 07Sa(t — o) f(Sa(o)ug)dodz
tg
= ;/WFI/QJWSO,@U)f(Sa(a)uo)dxdo
tk
> C;f(éopk)/tk+l/9075a(f0)X1/0n+¢aa dzdo
) b 1 A
> C’Z/LC:J”(COPIJ/%r1 o’ (9n +Vo > do
> CZf(Eopk)/tk o7 N de, (4.3)
k trt1

for n > ng, where the sum in k is taken over those values for which 0%\’ <

[

9 1 aN/2
n < (t+ 6’72/0‘) .

Consider the following additional constraint GZJ“;EQ < ; Since Sg41 >
Osy, for each k we have
Tk o
/ o+ do
tht1
_ 1 t1+7+°‘2N _t1+7+a2N
1+vy+aN/2 F k1
Lyt

B 1 <n2)2/°‘N 1
14+ vy+aN/2 Dk 92/
n=2 2/aN 1 1+7+02N
(Pk—i—l) - «972/0‘]
2 T4y+eN
_ 1 n=2\ an 1FN+1 AL~ av ]2
1+vy+aN/2 \ pg n=26N

2 ] Ty+9"

2
( Pk >“N(1ﬂ)+l 1 ( Ph+1 )aN
Pk+1 n=208
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1 2 e (1L a1\ oM s
> 1—
T 144+ aN/2 \ pg n=20N
ok A+ ) . 2, Tyt oY
- (Pk+1> - (“_2920
aN
1 n=2 an (14 +1 Pk+1 KT
> 1—
T 144+ aN/2 \ pg n=20N
N+
aN
% 1( Pk )
Pk+1
=2\ an (1FN+1
> C( > . (4.4)
Pk
Thus, from (4.3) and (4.4) we have
tk aN
/u(t)dx > C’Zf(éopk)/ o't do
Q k tk+1
2
~ n—2 aN(1+’Y)+1
> CZf(cw%)( )
A Pk
= Cn 2 0l ST L T (g )

k

Note that, by all the constraints above, the previous sum is taken over

the set
N/2
k: 2 <n_2<n_2< t+ ! "

A 2/« ’

also, for any fixed 0 < t < 5(2] and n sufficiently large that tn*/*N > 1,
previous set contain the following set

1
{k::lgpkandpng2p§n}:{k:k0§k§kn}

where kg is the smallest value of k for which pp > 1, and k,, is the maximum
value. By choosing &, such that pg, 41 < %pgn we can achieve any desired

. [ A0 1 . :
sequence ky, and since that » - ; S, Lo () F }f(sk) = o0, it is possible to

obtain
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[ ()41 Z v DT ey o oo,
k=ko
as n — oo. This and (4.5) imply a contradiction. O

Recall the following characterization by Laister et al. [14, Lemma 4.2].

LEMMA 4.1. Suppose that f : [0,00) — [0,00) Is non-decreasing and
q > 1. Then the following two conditions are equivalent:
(i) There exists a sequence {si }ren such that spiq > 0sg, 6 > 1 and

D sy f(sk) = oo
k=1
(i) [ s9F(s)ds = co, where F(s) = sup;<,<, f(7)/T.

Now, we use Proposition 4.1 and Lemma 4.1 to conclude Theorem 1.1.

Proof of Theorem 1.2. In fact, assume that [ s77 F(s)ds = oo
Using Lemma 4.1 and Proposition 4.1 the result follows. The same argu-
ment can be used in the case [;* s7P"F(s)ds = oo, with small modifications
in the proof of Proposition 4.1.

4.2. Existence. Here, we will discuss the existence of solutions for ug €
L'(©). We start by mentioning that L' — L° bounds for S,(t), with
N > 2, are not available in the literature, and it is a sensitive subject
indeed. For instance, if N > 2, we cannot take (¢,7) = (1,00) in Lemma
2.2, nor in previous results such that those in [9, 13]. Thus, we study the
existence in the case N = 1.

THEOREM 4.1. Assume that N = 1, and

/OO T <1+2H‘j1)) sup f(tt) dr < 0. (4.6)
1

1<t<r

Then, for every ug € L1(Q), there exists a local L'-solution for (1.1).

P roof. The proof follows the idea from [14], except for the extra
effort we have to circumvent the use of the semigroup property there. If
ug = 0, we have that v(t) = xq is a supersolution. If uy # 0, we assume
that 7 — f(7)/7 is a non-decreasing function, for 7 > 1. Otherwise we
define f(7) = f(r) for 7 € [0,1] and f(r) = 7F(7) for 7 > 1, where F is
defined in Lemma 4.1 (ii), and look for a supersolution of
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ug + 8,5/0 ga(t — 8) Au(s)ds = f(u).

Let v(t) = bSy (t%) up + xq, where b > 0 will be chosen later. Recall
the assumption (4.6). Then,

F()(t)

= Sa(t)up + / Sa(t —0)a7 f(v(o))do

_ (bSl( “uo + xa) o
Huo + / St b5, (o 1 vy (0516 o + Xa) do
J (bS1(c%)uo + xa)
< S, (t 7S, (t — bSi(c® do.
< Sa(t)uo +/0 bS1(c®)ug + xa Looa (t =) (b51(0%)uo + xa) do
‘We notice that
Sa(t —0)S1 (0¥ uy = Mo (n)S1 (n(t — 0)* + 0®) uodn
0
o0 N
< [ M@=+ oY ol
< 072 [lugl; - (4.7)
Then,
t (bS1(0Y)up + xq) o
F t) < S,(t T | bo 2 do.
©)0) < Saltpo [ |70 7 oo gl + xo] do

From bS) (0®) ug + xa < bo~ 2 |Ju|[ 1 + 1, we have

)
Hf (68100 +xa) | _ f(bo™ 3 fluollps +1) (48)
bSl Ja UO+XQ =S bO'_QHU()HLl +1
since 7+ 7 is non-decreasing. Hence
F(v)(t) (4.9)

f (b5 ol +1)
bo~ 2 ||ugl| 1 + 1

9 [ _ 2(y+1)
=Sa(tyuo + @0fuollp) 2 ) p iy, (410)

e
& Jobfuo| 13

7 [ fluollr +1]

where we took ¢ > 0 so small that bo~ 2 |ju|[1 > 1, for all o € (0,t), and
that the second portion in (4.10) is less than 1. From Lemma 2.2, we have

So(t)ug <72 |uol| 1 - (4.11)
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Moreover, from (4.11) and (1.5), we have

« |z— ‘2
S (to‘) > Cyt™ 2 // o= Ao tay uo(y)dy
C _ Aglz— |2
- HU0|2|L1 //6 e ug(y) dy Sa(t)uo, (4.12)

for 0 < t < d*(,09)/8, where z € . For T > 0 sufficiently small, we
can take b > 0 such that

bC _ Aglz—yl?
l|uoll 1 //e e up(y)dy > 1,

and S, (t) < bS1(t%), for all t € (0,T"). Accordingly,
Flo)(t) < o(t), te(0,T).
We proved that v is a supersolution of (1.1). Then, Lemma 2.4 concludes

the proof. O

5. Examples

In this section, we gather some results on Gaussian bounds for the
heat kernels associated with a general elliptic operator, and then we apply
Theorem 1.1 yielding new results of existence and non-existence of solutions
in Lebesgue spaces.

5.1. Fractional diffusion with general elliptic operators in RV. As
commented in the introduction, we consider the operator A given by

N N
Au = — Z aij(x)uzixj - Z bj(x)u%’ = c(z)u.
i,j=1 J=1

Assume that:
(i) for all ¢ € RN and for almost all z € RY, a;;(x,1)€;&; > v|é|%
(ii) the coefficients of A are bounded measurable functions.
From [3], we have that the fundamental solution K of
ur +Au =10

satisfies (1.4)-(1.5), and from [2], A generates a semigroup written in terms
of the fundamental solution K through (1.2). Therefore, Theorem 1.1 can
be applied to obtain the following result.

THEOREM 5.1.  Let A fulfill the above assumptions (i)—(ii), f : [0,00) —
[0,00) be a continuous non-decreasing function, v > —1 and p* be as in
(1.12). Then, for p* > (14 ~)/a, r > 1, we have

limsup 7" f(7) < oo and limsup f(7)/7 < o0

T—00 T—0
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if, and only if,

t
up + 3t/ ga(8)Au(t — s)ds =t'f(u), in RN x (0,T),
0
uw(0) =wug >0, inRY,

has a local solution for every ug € L"(RY) . For the non-existence part,
the condition p* > (1 4 «y)/« is dropped and r = 1 is included. For r =1,
existence holds with N = 1.

(5.1)

5.2. Fractional diffusion with general elliptic operators with Robin
boundary conditions. Now, we conbider the operator A given by

N
Au = — Z @i (T) Uy, — Zb T)uy; — c(T)u
i,j=1
with Robin boundary conditions:

Bu(a, 1) = f(x) 0" (2,0) + [1 — Ba)ula, ),

where 0 < (z) <1 and 6u/6u is glven by

Z e, (2)n (@)

i,j=1
with n(z) = (n1(x), ..., nN(x)) being the unit outer normal at « € (2. Here,
= a;; is symmetric and satisfies the uniform ellipticity condition

k|y|2 < Z az] yzy] < |y| [k, VxeQ,Vye RNa
i,7=1
for some k > 0. Moreover, the coefficients have the following regularity:
aij € C?T2(Q),b; € CT(Q),c € CY(Q), an.d B € C*T(5Q).

From [2], the realization A of (A, B) generates a semigroup (S(t))t>0
in L?(Q) with kernel K satisfying (1.4). For the lower estimates, we recall
that Laister et al [15] noted that a combination of [12, Lemma 2.4] and [4,
Theorems 8,9] implies (1.6).

Alternatively, we could consider the following assumptions:

() the matrix (a;;(z,t)) is symmetric for any (x,t) € Q;

ii) a;; € WHe(Q), by, c € CH(Q);
(i) ai;(x)&& > NEP, (2,t) € Q,€ € RY
(iv) HaZ]HV[ﬂOO(Q) + kuHLOO +llellpee () < 4

(v) B e C(0);
where A > 0 and A > 0 are two given constants. In particular a;; € L>(2),
B,c € L>®(Q), and b; € W1>°(Q). We still have that the realization A of
(A, B) generates a semigroup (S(t));>o in L%(Q) with kernel K satisfying
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(1.4). If further B € C(09), ¢c € C1(Q), and Q is bounded, smooth and
convex (or, more generally, satisfies the chain condition in [8]), then (1.5)
holds, by [8]. These latter assumptions on A are weaker than the earlier,
but have a stronger assumption on the domain.

In both cases, Theorem 1.1 applies, and we have the following result.

THEOREM 5.2. Let (A, B) and § be as above, f : [0,00) — [0,00) be
a continuous non-decreasing function, v > —1 and p* be given by (1.12).
Forr >1and p* > (1+7)/«,

limsup 77" f(7) < 0o
T—00

if, and only if,
t
U + 8,5/ Ja(8)Au(t — s)ds =t7f(u), inQx(0,T),

6(x)gl’f (ac,t)o—i— 1 — B(x)|u(z,t) =0, on 09 x (0,7),
u(0) =wup >0, inQ,

(5.2)

has a local solution for every uy € L"(2). For the non-existence part, the
condition p* > (1 + 7)/a is dropped and r = 1 is included. For r = 1,
existence holds with N = 1.

5.3. Nonlinearities. Besides f(¢,7) = t77P, the same f(t,7) = [1052;:77)]%”
similar to that in Laister et al in [14, Sec. 4.4], can be considered as an

interesting example here.

On the other hand, consider f(t,7) = t7e*". It is seen that, for any r >
1 and k£ > 0, there exists an initial condition ug € L" that does not admit
the existence of a local L"-mild solution of (1.1), no matter what value ~
takes. Nevertheless, solutions of (1.1) with exponential nonlinearities can
be considered in Orlicz spaces or uniformly local Lebesgue spaces, see e.g.
[11]. In contrast, if £ < 0, (1.1) always admits a local L"-mild solution, for
a initial datum ug € L.
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